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Integral representations of inverse functions of nonlinear mappings
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1. Introduction

The 2nd author of this paper considered that for any
mapping ¢ from an arbitrary abstract set into an ar-
bitrary set, he tried to consider the representation of
the inversion ¢! in terms of the direct mapping ¢ and
he obtained some simple concrete formulas from some
general ideas in {[1]). In this paper, from its general
ideas, we shall give practical representation formulas of
some general functions. Here, we shall give furthermore
some general methods and ideas for the inversion formu-
las for some general non-linear mappings. We shall first
state the principles for our methods for the representa-
tions of inverses of non-linear mappings based on ([1]):
We shall consider some representation of the inversion
¢~! in terms of some integral form - at this moment,
we shall need a natural assumption for the mapping ¢
. Then, we shall transform the integral representation
by the mapping ¢ to the original space that is the de-
fined domain of the mapping ¢. Then, we will be able
to obtain the representation of the inverse ¢! in terms
of the direct mapping ¢. In {1], we considered the repre-
sentation of the inverse ¢~! in some reproducing kernel
Hilbert spaces, and in [4], we considered the representa-
tions of the inverse ¢! for a very concrete situation and
we gave a very fundamental representation of the inverse
for some general functions on 1 dimensional spaces.

Indeed, note that
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is the reproducing kernel for the Sobolev Hilbert space
Hyx whose members are real-valued and absolutely con-

tinuous functions on [A,B] and whose inner product is
given by
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For a function y = f(x) that is of C! class and a
strictly increasing function and f/(x) is not vanishing on
[a,b] (f(a) = A, f(b) = B), of course, the inverse func-
tion f~1(y) is a single-valued function and it belongs to
the space Hg and from the reproducing property, we
obtain the representation, for any yq € [f(a), f(b)]
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From this representation, we obtained in ([4]) the very
simple representation
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Furthermore, by using the several reproducing kernel
Hilbert spaces from [2] as in (3), we calculated sim-
ilarly with the related assumptions, however, surpris-
ingly enough, we obtain the same formula (4). For the
formula (4), we note directly that we do not need any
smoothness assumptions for the function f(x), indeed,
we need only the strictly increasing assumption. The
assumption of integrability does not, even, need for the
formula (4). Now, we would like to obtain some multi-
dimensional versions. At this moment, it seems that we
can not find some simple representations as in (3) by
some concrete known reproducing kernels for some gen-
eral domains, and indeed, we know the reproducing ker-
nels only for special domains and for special reproducing
kernel Hilbert spaces. In order to consider some general
integral representations for some general functions, we
shall recall the fundamental facts: We can represent a
function f in terms of the delta function ¢ in the form

ﬂ@=/f@ﬂ%wwq (5)
D
in some domain, symbolically. Meanwhile, a fundamen-

tal solution G(p— q) for some linear differential operator
L is given by the equation, symbolically

LG(p—q)=6(p—q) (6)
So, from (5) we obtain the representation
#0) = [ 10160 - i ©

Then, we can obtain the representation symbolically,
by using the Green- Stokes formula, for some adjoint
operator L* for L,

flg) = /DL*f(p)G(p — g)dp + (boundary integrals).
' (8)

2. 2-dimensional formula

We are interested in some very concrete results that
may be realized by computers. So, we considered very
concrete cases in the 2 dimensional spaces. It seems
that the results will depend on dimensions, domains
and functions spaces dealing with. In [5], we consid-
ered the following typical problem: Let D C R? be a
bounded domain with a finite number of piecewise C*
class boundary components. Let f be a one-to-one C*
class mapping from D into R? and we assume that its
Jacobian J(z) is positive on 1. We shall represent f as
follows:

y1 = filz) = fi(z1,22) yo = fa(z) = falzr,72) (9)
and the inverse mapping f~! of f as follows:
1 (™ nly) = (F (v, v2)

r2 = (Fa2(y) = (F 2y, 92)- (10)

Then, we represented ((f 1)1 (y*), (f71)2(y*))" in terms
of the direct mapping (9).
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Of course, we are interested in some numerical and
practical solutions of the non-linear simultaneous equa-
tions (9) and we obtained

Theorem 1 For the mappings (9) with (10), we obtain
the representation, for any y* = (yi,y5) € f(D).
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3. 3-dimensional formula derived from
the Poisson integral formula

Let D be a bounded domain in R3 with a finite num-
ber of C' boundary components D. Let f be a one to
one C? class mapping of D onto f(D) in R?® with sense
preserving and we assume that its Jacobian is positive
on D. We set

y=f(z) =

and its inversion f~?

(fi(x1, w2, 3), fo(z1, w2, 23), f3(21, 22, w3))"

as follows:

e = ((F (1 y2,98), (FDayr, v2,9s), (F 7 H3(y1. v2. 93))!

Let A = ddef 4+ 4 %ZL and %% = .J be the Jacobian of
Yy = (y1, - ,yn) with respect to z = (x1, -+ ,3,). For
a matrix A, let (A); be the i low vector of A and (A);;
the i, j element of A.

We set the vector fields
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Then, we obtain the theorem:

Theorem 2 For any point yo € f(D), we obtain the
representation,

(f~ 1) (o)

tar | L e

4. n-dimensional formulas
We shall give the very beautiful representation

T)(z) - dA. (14)

Theorem 3 Let D be a bounded domain in R™ with
a finite number D of C' class boundary components.
Let f be a C' class real-valued function on D. For any
Z € D and for any n € N we have the representation

f(@) = —cn(dj'(;v),d(}n(m~§:))+cn/ fz)*dGp (z~%)
oD

(15)

Here, forn <2,c, =1 and form >3, ¢, =n—2. % is

the Hodge star operator, G,, the fundamental solution of

the Laplacian A, and (,) the inner product of the vector

471'/// \?JO* mde( x)dz1dzades

space A®(D) comprising of the k order differential forms
over D with finite L? norms that is

(w,n):/Dw/\*n:/Dn/\*w (w,n € A¥(D)).

Theorem 4 In the situation of Theorem 8 and we as-
sume furthermore that f is a sense preserving C class
function on D in R™ with a single-valued inverse. Then,
for g € (D), we obtain the representation

(Filyo) = — / drs A f* % dGly = uo)
D

4 / i % dCuly — yo).  (16)
oD

Here, f;] denotes the 1 component of f ' and f* means
the pull back of the mapping f.

In particular, for n = 1, we obtain (4), directly.

For n = 2, we obtain (11) and this formula may be
represented as follows, from our general formula:
For any § € f(D), we have

1
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Some examples and some results of numerical experi-
ments using these our theory will be showed in the talk
on September 26.
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