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1. Introduction
  The  2nd  autlior  of  this paper considered  tl]at for any

rnapping  cb from an  arbitrary  abst･ract  sct･ i"to an  ar-

l)it,rary. set, he tried to co]Jsider  the  representatioll  of

the inversioiL ip-] in tcrms  of  the direct mappillg  {S and

hc obtainecl  somc  simple  concTetc  formulas from  some

general ideas  in ([1]). Iu this paper, frorn its gcneral
ideas, we  skLall  givc practical  rapresentation  formulas of

sorne  general fiinctions. Here, we  shall  gjve  furtherrriore
some  general methods  and  icleas for the  inversion tbrmu-

la,s f'or some  general iioii-linear  mappirigs.  MJe shal] first

state  thc. principles  for our  rriethods  for the representa-

tions of  inverses of  non-linear  lliappiiigs  based oll ([1]):
""e s}]all  considcr  sein{t represcntation  of  the  invcrsion

ip-i in t,erms of  some  iiitegral form  - at  this moment,

we  shall  lleed  a  natural  assumption  foT the  mapping  di
, Then, wu  shall  t･ransforrn the  integral representation

by  the mapping  th to t･he origina]  space  that  is the de-

fined domain oE' thc inapplng  ip. Then,  wa  will  be ablc

t･o obtain  ttTe i'epresentation  of the  invcrse g･5Ti in tGrms

of  the direct mapping  di. Iu ll], we  considered  the rcprc-

sentatioii  of  the jnverse ip-i in somc  repro(iucing  kcrncl

Hill)ert spaces,  and  iii [4] , wc  considered  the rcpresenta-

tions of  the inverse O- t foT a  ver.v  concrete  situation  and

we  gai,e a  x,cry  fundarnental rcpresentation  of  the iiivcrse

for some  geiieral functions oii 1 dimensional spaces.

  Tnde.ed. llote  that
               1

     K(yi .y2) =  Ee-1iVi-Y21 yi,y2 E [A. B] (1)

is the r'eproducing  kerriel for the  Sobolev Hi]bert space
HK  whosc  meinbers  are  real-valued  and  absolut,ely  con-

tiuuous fiinctioiis on  [A,B]
given by

arid  whose  inner product  is

            TB

  (J'i: f2)HK 
=

 L (fT (y)fi (y) +  A(y)f2 (y))dy

                 t  f-t (A)ft (A) +  fi (B)f'2 (B) (2)
  For a  fullcLion y =t  f(/L') that  ts of  Ci class  and  a

strictly  iiLcreasing fimction and  f'(x) is not  vaiiishing  on

[a, bl (i'(a,) =  A, f(b) ==  B), of  course,  the inverse fuiic-

tion f-i(y) is a  single-valued  fimction and  it belollgs to

the  space  HK  and  from the reproducing  property., we

obtain  the  represent･ation,  fbr nny  yo E If(a),fCb)]

  fri(yo) .=  (,t'-i(･),K(')Yo))JIK
     Vf(b)

   -t  (Cf-i)'(y)K,(y,yo)+f'i(y)K(y,yo))dy
     J.f(u)

               +(mK(f(a),yo)+bK(f(b),yo)-  (3)

R'om  this represeutation,  we  obtained  in ([4]) the  very

simple  representation

   f-] (y,) =  
";b

 -H l 
.[b

 sign(yo  -f(x)) dx (4)

Nirthermorc, by  usirig the  scveral  reproducillg  kernel

Hilbert  spaccs  frem  [2] as  in (3), we  calculatcd  sim-

ilarly with  thc related  assumptions,  however, surpris-

higly  enoubffh,  we  obtain  the same  formula (4). FoT the

forinula (4), wc  note  directly that we  do  not  nced  any

smoothness  assumptions  f'or the  functifm f(m), indeed,
we  need  oidy  the  strictly  increasing assumption.  The

assumptiori  of  integrability  does not,  cven,  need  t'or thc

forruula (4). Now,  we  would  likc to obeaiu  somc  multi-

dimensional versions.  At  this moineut,  it secms  that  we

can  not  find some  simple  representations  as  i]L (3) by
some  concrete  known  repi'oducing  kernels for soiue  gen-
eral  domains, and  indccd,  we  know  the  reproducing  ker-

nels  only  for special  domains  and  for special  reproducing

kernel Hilbert spaces.  In order  to consider  somE  gcneral
integral rcpreseutations  for some  general functions, we

shall  reeall  t,he fundamcnta,1 facts: ""e can  represent  a

functioii fin terms of  the  delta fiinction ti in the form

            f(q) ==Lt(p)6(p-g)dq  (s)
in s()!ne clomain,  syinbolically.  ]L'Teanwhiie, a  ftmdamen-
tal solution  G(p-q)  for some  Iincar differeiitial operator

L is given by the  equation,  symbolically

             LG(p-q)-6(p-q).  (6)
So, fi/om (5) we  obtain  the representation

           f(q) =  L, f(p)LG(p-v) dp (7)

Thei!, we  can  obt,aiii  the  reprcsentation  symbolicnlly,

by using  the  Gree.n- Stokes forrrmla, for some  adjoint

operator  I,' for L,

 i(q) =  Yl) L'f(i))G(p 
-
 q)dp + (boundary iiitegr als)

                                        (8)
2. 2-dimensionalformula
  We  are  interested  in somo  very  concrcte  results  that

may  be  realized  by  coinputers.  So, we  considered  very

eoricrete  cases  in Lhe  2 dimc?,nsional spaces.  Ie seems

that the rcsults  will  depend  oii dimeiisions, domains

and  functions spaccs  dealiiig with.  In [5], we  consid-

ercd  the  following typical problem: Let D  c  R2 be a

bounded  domain  wiLh  a  finite nllmber  oi' piecewise Ci

class  boundary components.  Lct f be a  one-t,o-orie  Ci

class  mapping  from  D  into R2 aiid we  assume  that  its

Jacobian ,J(x) is positive on  D. We  shaJl  represent  f as

fbllows:
 Yi ==  fi(X)= fl(Mi.M2) Y2 =  f2(X)=f2(Xi,X2) (9)

ancl  the  inveTso mapping  f-i of  f as  fo11ows:

.,  -  (f-i),(y)=<f-i),(y,,y,)

.,  =  (f-i)2(y)=(f-i),(y,,y,).(10)
Then, wc  repre$ented  ((f-i)i(y'), (f-i)2(y'))t iii terrns

of  the  dircct mapping  (9).
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  Of course,  we  arc  interested in $ome  nurnericAl  arid

practical solutions  of  the non-linear  simultaneous  equtv

tions (9) and  we  obtaiued

Theorem  1 Fbrthe  7nappiv,gs  (9? with  (10?, uJe  obtatTJ

the rcpresentat･io･n,,  for any  y' =  (yl, yl) E  f(D).

  (:l;l::li) =  t;., Y£.  (':l)dArctan,liill I :i.
rm
 ;. f L lf(.) 

1-
 
y.12

 "djJ(:')  ()tl::I I :l/)dtidx2
                                        (11)

3. 3-dimensional  fbrmula  derived  from
the  Poisson  integral  formula
  Let D  be a  bounded dornain in R3  with  a  firiite num-

ber of  Ci  boundary  components  eD. Let f be a  one  to
or]c C2 class  mappirig  of  D  onto  f(D) in R3  with  seTise

prcscrving and  we  assurne  that its Jacobian is positive
on  P. XVe sct

Y =:
 f(X) =  (fi (fi.,1. ,V2, ,r3), f2 (X], ,i,2, :,3),  J'3 (Xl, X2,  U;3))t

arid  its inversion f-i as  follows:

.  =  ((f-i), (y,,y,, y3), (f-L),(y,,y,,y3), (f-i)3(y,, y,, y3))t

Let A = Sli'?2 + ･ ･ ･ +  tOy2., and  
-oOg

 ==  J be the Jacobian of

y  =  (yi,-･･ ,y.)  with  respect.  to x  =  (xi,･･- 
,/c.).

 For
a  matrix  A, let (A){ bt.' the  i low i,ector  of  A  and  (A){j
the  i,, )' eleiiieiLt  of  A.

  Wd  set  t,he vector  fields

           s,(x)-t9., 
aC2,(fi,)ft'

 ,2, (i2)

[Il (m) =

n/i.lyo

 
-

 f(x)12

3

(adj(J))t (/yu-f(x))Eoj=]e=j'

 (13)
T. hen. we  obtain  thc theorem/    'Theorem

 2  M)r any  poi,nt yo E  f(D), we  obtain  the

rcpre,yento,tz'o･n,

  (iri)z(yo) ==  
-tiF

 f1 71, lyo -lf(.)l 
divSz(r)d'ilidm2dm3

     +  ". f ,4.  :y, -lf (.)1(SL 
-
 TL)( n) dA. (14)

4. n-dimensional  formulas
  W6  shall  give tlie very  beautifu1 represelltatioii

Theorem  3 Let D  be a  bou7tded do･ma･in i,n R'L vvith

a  finite nuTnber  OD  of  Ci  cgass  bo'tindary component.s.

Let f be a  Ci class  
･raal-'t,(ti'tteal

 fhinct･io" on  D. JJbr any
th E  D  and  for aT)y  w  E  N  we  ha･z,e t}te nzpresentation

f(th) 
=

 
-c.((if(/c),

 dan(x-2))+cn  Y[l. f(x)xdGTi (m-th)
                                       (15)
Here, forn S 2,c.. =  1 and  for 'rt }l 3, c.  =  n-  2. t  'is

the Hodge  ,staT' operator,  G. the,frt7xdaTnentai solution  o,f

the Laplactan A., and  (, ) the 'tnn,er' pT'oduct  of the ver:tor

space  Ak(D) compri,sing  of  the k order  d(fferential forms
o?;er  D  u)i,th finite L2  no7'ms  that is

(w,ny)=:LwAt" =:  71,nAtw (w 7]EAk(D))

Theorem  4  ln the sit'ttctti,on of  Theore7n 3 and  we  as-

sun?.e  jurth.ermore that jL' 
･i.s

 a  sense  p･resert,i,ny Ci r:lass

fim,etion on  D  i,n R"  with.  a  .single-valued ol'nn,c'rse. Then,

for P E f(D), we  obtain  the representation

(f-i),(yu) ==  
-
 Yl, alx, A f" t dG.(v - yo)

                +.IZ.X7･t"'dGn(y-ye).(16)
Here, fi-i denotes thc i co'mpovtent  off  

i
 a7tdf'  mean,s

the p?tlt back o,f th,e Tnappi･Ttg  f.

  In particular, for n  =  1, we  obtain  (4), directly.

  For n  =  2, we  c)btaii]  (11) and  this formula may  be
represeuted  as  fellows, from our  general tbrrrmla:
For any. gc f(D), wehavc

      fi-i (g) -  ;. (11. ",ale, - .11, di, A de,)
Hcre, ei =  Arci aii kL IXIe.I , 02 = -Arctan 2i.=.IIe-? .

  Somc  examples  and  soine  resllIts  of  numerical  experi-

me"ts  using  these  oiir  theor:r will  be  showed  in the talk

on  September 26.
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