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                                       ABSTRACT

 An  isotropic hardening elastoplastic  model  for soil, which  can  describe typical deformation and  strength  behavior of

normally  and  over-consolidated  soils in general stress  conditions,  is presented, This model  can  take  into consideration

the influence of  density and!or  confining  pressure on  the deformation and  strength  characteristics  of soils. Further, it

also  takes into account  the influence of  intermediate principal stress  on  the deformation and  strength  of  soil  and  the

stress path dependency on  the  plastic flow, as did other  previous versions  of  this model.  For considering  the intermedi-

ate  principal stress on  the deformation and  strength,  the concept  of  modified  stress tij is employed  in the same  way  as

the previous models.  With respect  to the subloading  surface  concept,  the previous models  are  revised  and  extended  into

one  in which  the influence of  density and!or  confining  pressure on  the deformation and  strength  of  soil  can  be

considered.  Furthermore, the  infiuence of  stress path  dependency of  the direction of  plastic flow is considered  by

dividing the plastic strain  increment into two  cornponents  - i.e., a  component  satisfying  associated  fiow rule  and  a

component  of  isotropic compression.  In the present model,  only  one  material  parameter  a  for representing  the

infiuence of  density andlor  confining  pressure is added  to the parameters  ef  the previous model,  which  are  fundamen-

tally the same  as those of  the  Cam  clay  model.  The  validity  of  the present model  is checked  by monotonic  and  cyclic

loading tests not  only  on  normally  and  over-consolidated  clay  but also  on  loose and  dense sands  in three-dimensional

stresses.
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INTRODUCTION

  For appropriate  prediction of  the deformation and

failure of  soil,  we  have to carry  out  numerical  analysis

using  a simple  and  generalized constitutive  model  for
soils. The Cam  clay  model,  which  was  developed at

Cambridge University (e.g., Schofield and  Wroth, 1968),
was  the first elastoplastic  model  applicable  to the practi-
cal deformation analysis  of  ground.  This model  is

certainly  very  simple,  i.e,, the number  of  material

parameters is few, and  the meaning  of  each  parameter is

clear.  However, the Cam  clay  model  encounters

problems  for description of  soil behavior in the following
  ,pomts:(i)

 Influence of  intermediate principal stress on  the

    deformation and  strength  of  soil

(ii) Stress path  dependency on  the direction of  plastic
    fiow

(iii) Positive dilatancy during strain  hardening

(iv) Soil anisotropy  and  non-coaxiality

(v) Behavior  of  soil  under  cyclic loading

(vi) Infiuence of  density and!or  confining  pressure on

    the  deformation and  strength

(vii) Behavior of  structured  soil

(viii) Time  effect and  age  effect

Although  many  models  have been proposed  since  the

Cam  clay  model,  most  of  them  are  much  more  complex

than  the Cam  clay rnodel,  and  their applicability  to  prac-

tical problems  is still limited. We  also  have developed
simple  constitutive  models  for clay  and  sand  - narned  tij-

clay  model  (Nakai and  Matsuoka, 1986) and  tij-sand

model  (Nakai, l989) - and  applied  them  to the analysis  of

practical geotechnical problems. In these models,  the  in-

fluence of  intermediate principal stress on  the deforma-
tion and  strength  of  soil  and  the stress path dependency
of  plastic fiow are particularly taken into consideration.

However, the  tij-clay model  is applicable  to normally  con-

solidated  clays  but cannot  describe the elastoplastic  be-

havior of  over  consolidated  clays  with  positive dilatancy,

and  some  material  parameters  of  the tij-sand model  de-

pend on  the density andlor  confining  pressure even  for

the same  sand.  On  the other  hand, even  when  the clayey

ground  is initially normally  consolidated,  the  ground

condition  can  change  to over-consolidated  during loading
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and  unloading  processes. The  void  ratio  of  sandy  ground
also  can  change  during deformation. Then, in order  to

predict the ground  movements  and  its failure behavior
precisely, it is necessary  that the model  used  in the analy-
sis  be capable  of  describing the deformation  and  strength

accurately  under  a  wide  range  of  soil density andlor  con-

fining pressure with  unified  material  parameters,

  In the present study,  the  above  models  for clay  and

sand  are extended  to a  simple  model  that can  take  into
account  the infiuence of  the density andfor  confining

pressure on  the deformation and  strength  of  soil, as well

as the infiuence of  intermediate principal stress on  the
deformation and  strength  and  the infiuence of  the stress

path  on  the plastic flow. After describing the concept  of  tij
and  the outline  of  the Cam  clay  model,  we  will  show  the
formulation of  the present model  and  its validation  by
experimental  results.

EXPLANATION  OF  7}J-CONCEPT  AND  OUTLINE
OF  CAM  CLAY  MODEL

Concept of t,j
  In most  isotropic hardening models  such  as  the  Cam
clay  model,  yield functions are formulated using  stress

parameters  (mean stress  p  and  deviator stress q) and

assuming  flow rule  in ordinary  stress space  oij, However,
such  models  cannot  describe stress-strain  behavior and

strength  in three-dimensional stresses  in a  uniform

manner.  Figure 1 shows  the results  of  drained triaxial
compression  and  extension  tests on  Fujinomori  clay  un-

der constant  mean  principal stress, in terms of  the rela-
tion between stress ratio  (qip), deviatoric strain  (ed) and
volumetric  strain (E.). It can  be seen  from this figure that
the deformation and  strength  characteristics  of  soils

cannot  be explained  adequately  using  these stress and

stram  parameters. Nakai  and  Mihara (1984), then,

proposed a  method,  which  has been called  the ti.+-concept,
to take  into account  adequately  the infiuence of  inter-
mediate  principal stress on  soil  behavior, by introducing
the modified  stress tensor tij and  assuming  the fiow rule  in
a modified  stress space.  The  stress and  strain  increment
tensors and  their parameters  using  the ordinary  concept

and  4j-concept are  compared  in Table  1, As shown  in
Fig. 2, the  stress tensors and  parameters  in the ordinary

models  are  defined as  the  quantities related  to  normal  and

parallel components  of  aij to the octahedral  plane. On  the
other  hand, as  shown  in Fig. 3, the stress  tensors and
stress  parameters  of  the tij-concept  are  those of  normal

and  parallel components  of  the modified  stress tij to  the
spatially  mobilized  plane (briefiy SMP;  Matsuoka  and

Nakai, 1974). Here, aij is the symmetric  tensor whose

principal values  are  determined by the direction cosines
(ai, a2 and  a3) of  the normal  to the SMP.  The  tensor aij
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ly-space

Fig. 3. Itlustration of  stress quantities in tlj-space which  are  "sed  in the

   tij cencept

and  its principal values  are  expressed  as follows using  aij

(Nakai, 1989):

aiJ=.Vll'riri=.x/IE'(a,k+L2ti,k)(iLiakj+i,]tik])-'  (i)

         a, ;:  .VI:2  a-  i, 2, 3) (2)

where  ai  (i= 1, 2, 3) are  the three principal stresses,  Ji, h,
and  E are  the first, second  and  third invariants of  oij, and

Li, Ir2 and  L3 are  the  first, second  and  third invariants of

rij, which  is the stress tensor to the one-half  power,  such

that rikrkj=  oij. These invariants are expressed  using

principal stresses  and  stress tensors as

Jl=:a1+o2+a3=aii

                  1
h=aTa2+U2a3+a3Ul=2{(a,,)2-a,Jal,}

4=olo2a3=eijkailapak3

irt=Vil+5+VIil=rii

                      1
L2=fu+fu+fu=2{(rii)2-njrji}

L3= aQ2a]=eiikrilG2rk3

(3)

(4)

where  eijk is the permutation symbol.  As can  be seen  from

the above  equation,  aij is a function of  the stress  ratio  and

its principal axes  coincide  with  those of  aii (the methods
to calculate  aij in plane strain, axisymmetric  and  general
3D conditions  are  shown  in Appendix I), The  modified

stress tensor is then  defined by the product  of aik and  akj

as  follows:

                 4j=aikakj (5)

The  principal axes  of  tij coincide  with  those of  oij, because

the  principal axes  of  aij and  oij are identical.

  In the  isotropic hardening  model  based on  the tij-

concept,  we  formulated  the yield function using  the stress

parameters  (tN and  ts) instead of  (p and  q) and  assumed

the flow rule  not  in a[j space  but in tij space.  The validity

of  this concept  was  confirmed  by  the test results on  clay

(Nakai and  Mastuoka,  1986; Nakai, et al,, 1986) and

sand  (Nakai, 1989) in general stress  conditions.

Brief Description of CZim Clay Model
  The yield function of  the Cam  clay  model  (e.g.,
Schofield and  Wroth, 1968), which  is the same  as the

plastic potential function, is represented  in Fig. 4, and  it

is given by a function of  mean  principal stressp  and  stress

ratio  ny.

            f-lnp+k-lnpT=o  (6)

Here, M  is the stress ratio  at critical state  nycs and  is

represented  by using  the principal stress ratio  at critical

state  in triaxial compression  RcsE(ai!a3)cs¢ omp,)  as

                  3(Rcs-1)

               
M=

 Rcs'4'2- 
(7)

In Eq. (6),pi is related  to the strain hardening parameter

(plastic volumetric  strain  ee) as follows:

          se=cbinZ-i  (q-t'ii) (8)

wherepo  is the value  of  the initial yield surface  at p-axis,

andpi  is that of  the  current  yield surface.  The symbols  e,

A and  K  denote void  ratio,  compression  index and

sweiling  index, respectively,  and  eo is the void  ratio  at

reference  state. The flow rule  and  the  proportionality
'constant

 are  represented  as

                 de ?, 
=A

 ofl;,, (g)

                  of do,, 
of

 do,,

          A=fiit3.=aa]h, 
=oloiJ

 
of
 (lo)

                         Cp  Oakk

The loading condition  is expressed  as  follows:

       iZ[li:O, 
i!i,f,=O""ddfb=a3;,,dUi]'O

 (ii)

 Now,  the  coaxiality  between  stresses  and  plastic strain

 increments and  normality  condition  give the  following

 equation  between the stress parameters  and  the plastic

 strain  increment parameters:
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Fig, 6. Yield surface  of  proposed  model  on  tN-ts plane

             p･dee+q･de:-O  (12)
Then,  the plastic strain increments whose  direction is
normal  to the yield function in Eq. (6) satisfy  the
following stress ratio-plastic  strain  increment ratio

relation  (see Fig. 5):

               ds e.
                  

==M-n
 (13)

               deE

FORMULATION  OF  SUBLOADING  7iJ MODEL

Model  Satiofying Associated FVow  Rule  in tij Space
  Usually, the yield function of  soil is presented as  a
logarithmic function of  the mean  stress plus an  increasing
function of  stress ratio.  Using the stress parameters  of

tij-concept in Table  1, we  give the  yield function in the
following form:

             f=  ln tN +  g(X)  
-

 In tNi

                  tN                            tN1

              
=ln

 }fi+g(M-ln ?IE 
==O

 (14)

     g(X)=h  (ilil)fi es: materiai  parameter) (is)

Here, tN and  X=- tsltN are  the mean  stress and  the  stress
ratio  based on  the  ti.t-concept, and  tN] determines the  size
of  the yield surface  (the value  of  tN at X=O).  Figure 6
shows  a  two-dimensionai  representation  of  the yield
surface  on  the tN -  ts plane. The  value  of  M"  in Eq. (15) is
expressed  as  follows using  principal stress ratio  X ℃s!

(ts!tN)cs and  plastic strain  increment ratio  Yesii(dsg'Mpl
d?gPMp)cs at critical state:

            M*=(xes+x{Igiyk,s)ilfi  (16)

 and  these ratios  Xk]s and  Y6s are  represented  by the

 principal stress ratio  at critical state  in triaxial compres-
 '

 sion  Rcs (see Appendix II for the detailed derivation proc-
 ess  of  Eqs. (16), (17) and  (18)):

           k,--n3(ma-k)  a7)

            ks=n(lv'ftaffo.s) (ls)

Frorn the normality  condition,  the  following relation

holds between the stress parameters  and  the plastic strain
increment  parameters based on  the tii-concept.

            tN･dEgP.,,+ts･d7'sPMp=O (I9)
Here, the directions of  d£k'Mp and  d7's"Mp coincide  with

those of  tN and  ts, respectively,  because coaxialty  between
stress  and  plastic strain  increment are  assumed.  The  stress
ratio-plastic  strain increment ratio  relation  in the  follow-
ing equation  (see Fig. 7) is obtained  from  Eqs. (14), (15)
and  (19),

                  (M*)fi-J\fi
               

Y-
 xfi-i (2o)

The difference of  shape  of  the yield surfaces  between the
present model  and  the  previous models  (Nakai and
Matsuoka,  1986; Nakai,  l989), and  the merits  of  the
present model  are  described by Chowdhury  and  Nakai

(1998). In the previous  models,  we  assumed  a liner
relation  between the stress ratio and  plastic strain  incre-
ment  ratio so that their yield surfaces  have singular  points
at the origin  and  tN-axis. In contrast,  the present model
has no  singular  point on  the yield surface.  The plastic
strain  increment  can  be calculated  by  assuming  the
associated  flow rule  in tij space.

                de:-A2;Ztl (2i)

Here, A  is the proportionality constant  which  represents

the  magnitude  of  the  plastic strain  increment  in the same

way  as  in ordinary  elastoplastic  models.

  Now,  for the previous model  for normally  consoli-
dated clay  (tij-clay model),  tN] in Eq. (14) is linked with
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the plastic volumetric  strain  ee as indicated by Eq. (8) in
the same  manner  as in the Cam  clay  model.

          se･ 
==

 cb in k'i (cb=ti ,K,) 
(22)

This equation  is obtained  from the condition  that the

plastic volumetric  strain (or void  ratio)  of  normally

consolidated  clay  at  elastoplastic  region  is determined by
the present stress state alone  and  is independent of  the

stress path history (Henkel, 1960), and  the mean  stress tN

based on  tij-concept coincides  with  the ordinary  mean

principal stress p  at isotropic stress  condition  (X=O).
Here, eo is the void  ratio at reference  state (X=O and

p=tN=tNo). Then, from Eqs, (14), (21) and  (22) and

compatibility  condition  (cV'=O), we  obtain  the following
    ,equatlon:

              avr=  ol;,j daij 
-zll

 dee

               =ol;,  dau-iS  A  oll{,,=o 
a3)

Then, the proportionality constant  A  is expressed  as

follows in the same  way  as the previous model  (Nakai and
Matsuoka, 1986):

                 
Cif

 daij 
Clf

 daij

         A=313,l=Oaih,, 
=afiJ

 
af
 (24)

                         c, etkk

where,  denominator hP is the plastic modulus  that

represents  the stiffiiess of  plastic components.

  On  the  other  hand, an  over-consolidated  clay  does not
satisfy  Eq. (22), and  its stifftiess is larger (h' of  over-

consolidated  clays  is larger than  that  in Eq.  (24)). Figures

8 to 10 show  (a) observed  relations  between stress ratio

qlp,  deviatoric strain  ed and  volumetric  strain  a. of  triaxi-

al compression  tests on  Fujinomori clay  under  various

over-consolidation  ratios  (OCR=  1, 2 and  4) and  various

mean  principal stresses, and  (b) schematic  changes  of

void  ratio  in these  tests on  e-lpp  plane. Here,  the straight

lines NCL  and  CSL  in diagram (b) are  the  normally

consolidation  line (X=O) and  critical state Iine (X 
==

 .\bs).
We  can  see  from  these  figures that  the  stiffhess of  stress

ratio  against  strains  increases with  an  increase of  the over-

consolidation  ratio  but is independent of  mean  stresses.

Taking  into consideration  the above  test results  and

referring  to the subloading  surface  concept  proposed  by
Hashiguchi and  Ueno  (1977) and  Hashiguchi  (l980), we

will extend  the  previous  model  to one  applicable  to not
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   tion of  p

and  defini-

only  normally  consolidated  soils but also  to over-consoli-

dated soils.  According to the  subloading  surface  concept,

the yield surface  (subloading surface)  not  only  has to
expand  but also  to shrink  for the present stress state to lie
always  on  the surface,  and  the yield function represented
by Eq. (14) is rewritten  as

      f= ln L' +g(n  - ln "'i
           tN{]                       tNO

        
=ln

 k',+g(IY)- (ln 
ttN,Ji-ln

 
ttN.],")

 ==O  (2s)

Here, tNJ is the value  of  tN of  the yield surface  passing
through  the present stress  state in the same  manner  as

Fig. 6, and  tNi, is the  mean  stress  tN equivalent  to the

present plastic volumetric  strain  (or void  ratio),  which  is
defined as

          ee  
=[

 c, ln 
ttN.i,e

 (c, 
==
 i!ieK,) (26)

Although  tNi, coincides  with  tNi in normally  consolidated

states,  tMc  is larger than  tN] in over-consolidated  states.

The ratio  tMeltNi  corresponds  to the over-consolidation
ratio  in a broad sense,  Figure 11(a) shows  the yield  sur-

face (solid curve)  passing through  the present stress state
P and  its similar  curve  passing through  tNi, on  tN axis,
which  is the  yield surface  for a normally  consolidated  soil

with  same  void  ratio  (broken curve),  In the subloading
concept  by Hashiguchi (1980), the solid  curve  and  broken
curve  are called  subloading  surface  and  normal  yield
surface,  respectively.  Assuming  a rational  evolution  rule

for the  size of  both curves  with  plastic strain  develop-
ments,  Hashiguchi  (1980) proposed a method  to describe
unconventional  plasticity behavior as seen  in over-con-

solidated  clay. Introducing this concept  directly, Asaoka
et al, (1997) extended  the Cam  clay  model  to one  valid  for
over-consolidated  clay  as well.  The previous tij-clay model

was  also  extended  using  the subloading  concept  and

others  by Chowdhury  et  al.  (1999). In the present study,
we  intend to revise the concept,  while  preserving the basic
idea of  Hashiguchi,  to make  it more  suitable  for observed
soil  behavior and  easier  to apply.  Now,  the points A  and

B  on  the  e-lntN  diagram in Fig. 11(b) indicate the void

ratios  of, over-consolidated  soil and  normally  consoli-

dated soil at the  same  stress  state  P. The  difference of  the
void  ratios  p between A  and  B  can  be regarded  as an

index of  soil density, because  the stress ratio-strains

relations  of  soils with  the same  p are  identical regardless

of  mean  stress (see Figs. 8 to 10). In a  mechanical  sense,

void  ratio itselfis, therefore, not  suitable for representing
the soil density. We  can  see  from  Fig. 11 that there is the
following relation  between p and  the ratio  tNi,ftNi,

                  tN]e                                trvlr
       p=(A-K)ln                     

=(1
 +  eo)C,  ln                                          (27)

                  tNl                                tNl

From  Eqs. (25) to (27), we  can  obtain

             tN 1
        f-=ln-+g(M--
             tNo Cp

Compatibility eondition  (clf=

         of 1
     of-            daij 

--
         ecTij                C,

       
==a%,,dai]-il

 Setl,
(ds ?, 

-
 d (

O -d(

(ee- 1 +Pe,)

O) gives

   i +P eo))

    1 +P e,))=o

(28)

(29)

NII-Electionic  



The Japanese Geotechnical Society

NII-Electronic Library Service

The  JapaneseGeotechnical  Society

ELASTOPLASTIC  MODEL  FOR  SOILS 59

Here, we  assume  that the increment of  pl(1 +eo), which
represents  the change  of  density during plastic deforma-
tion, is influenced by the present density p and  mean

stress tN. Then,  it can  be given by the  following equation
using  a  function L(p,  tN).

           d(i +P e,) 
=A

 L(p, trw) (3o)

Therefore, from Eqs, (29) and  (30), the proportionality
constant  A for an  ever-consolidated  soil  is expressed  as

             af Qf
                           daii               daij
                        Oaii        cijL, aaij
                                       (31)     A

        
hp
 

hP
 zll (ol{,,-L (p, tN))

Here, L(p, tN) has to be formulated to explain  the behav-
ior from a normally  consolidated  condition  to an  over-

consolidation  state: i.e,, (i) whenever  plastic deformation
occurs,  A  is positive; (ii) the over-consolidated  state

moves  toward  the  norrnally  consolidated  state with  de-
velopment  of  plastic deformation, so  that  the  increment

d(pl(1+eo)) should  be negative;  (iii) Eq. (31) becomes
Eq. (24) at  normally  consolidated  state (p =  O), To satisfy

these  conditions,  the function L(p,  tN) should  be negative

at p>O  and  L(p, tN) ==  O at p ==  O. Now,  we  will  pay  atten-

tion to the unique  relation  between stress ratio  and  strains

regardless  of  mean  principal stresses  in Figs. 8 to 10, The

plastic strain  increments for normally  consolidated  soil

calculated  using  Eq. (24) satisfy  the unique  relation  in
Fig, 8 in the same  way  as the Cam  clay  model.  In order  to

describe the unique  relations  (Figs, 9 and  10) in over-

consolidated  states as  well, the dimension of  L(p, tN) in
Eq. (31) has to be the same  as af70tii. Furthermore, the
stiffhess  and  strength  of  over-consolidated  soils become
large with  an  increase of  density p. Here, the denomina-
tor of  h" in Eq. (31) represents  the stiffhess, and  the

relation  between density and  peak strength  is obtained

from the condition  of  hP=O, Satisfying the above

conditions,  we  define L(p, tN) as

             L(p, t.)=-G(P)  (32)
                        tN

and  Eq. (31) is rewritten  as

           ciju a3f,do- alf,,dau

        
fi=hp=

 
hP
 

=i

zl;(all,{,+Gt(NP))
of
   Dliki deki
Oai]-

h" + oaaf.. 
Dsnop e3{.,

(33)

The  derivation process of  the proportionality constant  vd

expressed  by the strain  increment deij and  the  elastic

modulus  tenser DSki is shown  in Appendix III. Here, G(p)
is a  monotonically  increasing function which  satisfies the

condition  of  G(O)=O. We  will  give it by  the following

equation  using  one  material  parameter a.

               G(p)==a･p2 (34)

The  loading condition  of  soil through  its hardening

process to softening  process is presented as  follows, in the

same  way  as  Hashiguchi (1980), Asaoka  et al. (1994,
1997), Chowdhury  et  al. (1999) and  others:

de :･j fO  if AG

or

=->o

             hP 
-

depj=o if A=flll,i<o

  de :･i fO  if of DS･jki deki 20
           aaij

  cicz=o  if o311,iDikid
£ ki<O

The plastic strain  increment can  be finally
follows including its loading condition.

           dee 
-

 <A >stt 
=

 (!ill,{) stt

(35)

wntten  as

(36)

Here, the symbol  <> denotes the Macaulay bracket, i.e,,
<A>-A ifA)O;  otherwise  <A>=O.
The  elastic  strain  increment is given by generalized
Hooke's  law

          dE:=li,VC do--tr7, dakka,T (37)

Young's  modulus  E, is expressed  in terms  of  the swelling

index K  and  Poisson's ratio  v.  as

               3(1-2v,)(1+eoip
           Ec=
                     K

Therefore, the  total  strain  increment is given by

              daij =  de:･j +  de lj

(38)

(39)

Ertension to Model  Considering Stress Path Dependency
on  the Direction ofPlastic FVow

  According  to usual  plasticity, the direction of  plastic
fiow (direction of  plastic strain  increments) is independ-
ent  of  the direction of  stress increments. It is, however,
experimentally  known  that the direction of  plastic fiow is
influenced by the direction of  stress increments except  at

and  after  peak  strength.  In the previous models  for clay
and  sand  (tij-clay model  and  tij-sand model),  such  stress

path  dependency was  considered  by dividing the plastic
strain  increment  into two  components  - the plastic strain

increment dei'j("') satisfying  the  associated  flow rule  in tij-
space  as mentioned  above  and  the isotropic plastic strain

increment  ds]P,･CiC} under  increasing rnean  stress - in spite of
using  just one  yield function and  one  strain  hardening

parameter.  The  sarne  method  is employed  in the  present
modeling  to consider  the stress path  dependency on  the

direction of  plastic fiow. Referring to Eqs. (21) and  (33),
we  can  express  the  plastic volumetric  strain  increment by
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dEe=

 
dE

 
?'
 
`=A

 stt,== zll (of}{,llltl Gt(.p)) 8itld 
(40)

Under isotropic compression  condition  (X= O), the

following equations  hold.

                tNi=t.=p  (41)

                 of 1
                   

=-aiL
 (42)

                 otii                    tN

and  the plastic volumetric  strain increment is expressed  as

                    1 dtN
           dse- 

･-
 (43)

               IS (i.G£e,)) 
tN

It is assumed  that the plastic volumetric  isotropic strain

increment de[(iC) in general stress  conditions,  which

occurs  at dtN >O,  is tNltNt of  the plastic volumetric  strain

dee- given by Eq, (43) in the same  way  as the tij-clay model

(Nakai and  Matsuoka, 1986).

                   1 <dt.> t.

        
dee`[C'==

zill, (1.G2e, ))
'

 
t,
 
'7RT,

 
(44)

where,  from Eq. (14), the ratio tNltNT is expressed  by the
following equation:

      k',=exp(nv g(M)-exp  (-h (5)
fi

) (4s)

The expression  for dtN is shown  in Appendix  IY, together

with  the derivatives of  some  functions based on  the Cr
concept.  Therefore, the  plastic strain  increment  dE;･(iC) is
given by

                       1
                      

-
 <dt.>

       
deS(iC)=deg(iC)

 
fl'!]

 
==

z 
t

(
N

l

i

+Ga(,p,)) 
El'i)

 
(46)

where  the  symbol  <> denotes the Macaulay bracket as

mentioned  before.

  When  the Cam  clay  model  was  formulated, it was

based on  Henkel's (1960) experimental  results on  normal-

Iy consolidated  clays,  which  showed  a unique  surface  in
p-q-e space  independent of  stress paths. Therefore, we

assume  that  in the same  way  as the tij-clay model  the

present model  satisfies  the unique  relation  between 6e and
stresses  at  normally  consolidated  state (p==O; G(p)=O),
even  though  the strain  increment  consists  of  the  two

components.  From  Eqs.  (14), (21), (22) and  (46), normal-

ly consolidated  soils satisfy  the  following condition,

     o21,I, dcki 
==

 zS dee 
=  zl (dee{AF} + d6e(ic})

           
-a

 0{AF) stt +q  k, <dt,>) (47)

From  this equation,  we  can  obtain  the  proportionality
constant  of  dsiP,･("F) at normally  consolidated  state  (p=O;

G(p)=  O) by the following equation,  which  is the same  as

that  in the tij-clay model  (Nakai and  Matsuoka,  1986).

          a21,, dak]-?iT, <dtN> cij}-lkT, <dtN>

    
/1("'-

 l cijr hp (48)

              Cb Otkk

We  then define the strain  increment dei'jCAF) at over-con-

solidated  state  as well  as  normally  consolidated  state in
the  following form, referring  to Eqs. (33) and  (48),

                     of daki - -L <dtN>
      dEiPj (AI･} ..  

.,1(AL,)
 -eZ ..  

Oaki
 

tNl
 .l!(l

                
Otii
 zl (a2.{.+Gt(.P)) 

et']

                 i
            df} -  -  <dt.>
                tNT                        of
           

=

 hp 
'5E/l

 
(4g)

  Hence,  the strain increments, of  which  the stress path
dependency on  plastic flow is considered,  are  summarized

as  follows:

(i) elastic region  (A ==  cijL,!h'<O):

          d£ ij 
=

 delj

              1+Ve                       vt

             
=

 4  
da;i-E-,

 
dakkti,

 (so)

(ii) elastoplastic  region  with  strain  hardening (A !: df}1
hP)O  and  h')O):

       d6ij =  dE ij +  d£s. CAF) +  dapj 
clc)

          ==  
1
 i.Ve daij 

-
 tF, dakkiij

              al' da,i-!<dtN>
            +eOkl  

tNl
 .of

              zli (o2.{.+6t(.p)) 
etu

                i
                  <dt.>

            
'

±

'

i,
]

.I(f,)) i'j 
(5i)

(iii) elastoplastic  region  with  strain  softening  (A= cijU!
hP)O  and  h'<O):

         deij =  delj +  de:

             1+Vc Ve

            
=

 E, 
daiJ-i{dakki,J

                   of
                     daki

             
'

zll (lof;.Il+Gl.P') st' 
(52)

  Figure 12 shews  the  yield surface  f  and  the present
stress state A  on  the yield surface  in tN-ts plane, in which
the direction of  plastic strain  increment dei'j(AF) is indi-
cated  by  the  arrow.  Here, the directions of  deg"Mp and
d7g'Mp coincide  with  those  of  tN and  ts, respectively.  When
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Tab]e  2, Values of  material  parameters for Fujinomori  clay

Ct;A/(1+eo)
.2

5.08 × 10

C,=Kf(l+eo)1.12 × lo'2

N=e,v(･atp==98kPa

&q=OkPa
O.83SameparametersasCam

rnodel

clay

Rc･.f(Oi/O.',)cs/:on:v.)3.5

Ve 02

fi 1.5S-h-ap-e-e-t'-yl'eTd-s-uTt'Lac-c-
asoriginalCamclayatfi(Eirn-c--1)

a 500lnfluenceofdensityand
cenfinjngpressure

A  is negative  and  the stress state  moves  to inside the yield
surface  (region I), only  elastic strain  occurs.  In the

elastoplastic  region  with  strain  hardening where  the  stress

state moves  to region  II, the plastic strain increment is
only  dei'j(AF). On  the other  hand,  if the stress state  moves

to region  III, the plastic strain  increment can  be divided
into deiPj("F} and  deie･(iC). The present formulation allows
continuous  development of  strain  increment between
region  II and  region  III, and  the directions of  plastic flow

are  influenced by the stress path  at region  III. Now,
though  the proportionality constant  A("F) of  de;'j("F) is
negative  if ctf}-dtN!tNT  becomes negative  under  some

specific path  in region  III, it is confirmed  numerically  that

the 2nd order  plastic work  increment dtijdeiPj is still

positive even  in such  case,  i,e., dt.(degRE{;F)+degP,(,`,C))+
dts(d7gPM{"F) +  d7gPM(ipC)) >  O. The method  to avoid  the condi-

tion of  A("F)<O in region  III is also  described in
Appendix  V.

FUNDAMENTAL  FEATURE  OF  PRESENT  MODEL
AND  VALIDATION  BY  TEST  DATA  ON  CLAY

Mlriterial Parameters  and  Characteristies of Yield Sut:face
  The  present model  is capable  of  describing deforma-
tion and  strength  behavior of  not  only  clay  but also  sand.

In this section,  we  will  show  the applicability  of  the model

to clay  just under  triaxial compression  and  extension

conditions,  Table 2 shows  the  values  of  material

parameters  for saturated  Fujinomori  clay  (F-clay), which

is used  for the validation  of  the model.  Physical proper-

Fig. 13. Calcnlated strength  of  Fujinomori  clay

Fig. 14, Yield surface  of  Cam  clay  model  and  tension zone  on  p-g
   p]ane

ties of  the Fujinomori clay  are  as follows: the Iiquid limit
wL=44.7%,  the plastic limit wp=24.7%  and  specific

gravity Gs 
=

 2.65. The  methods  of  sample  preparation are

described in a  previous paper (Nakai and  Matsuoka,
1986), As indicated in the table, one  parameter a  is added
to the  parameters  which  are  fundamentally  the  same  as

those of  the Cam  clay  model.  The values  of  parameters
except  for a can  be determined from  consolidation  and

shear  tests on  normally  consolidated  clay  in the same  way

as  the Cam  clay  model  and  tij-clay model  (Nakai and

Matsuoka,  1986). The  value  of  a  can  be estimated  from
the strength  of  over-consolidated  clay.  The  relation

between stress ratio Xi at peak  strength  and  density p is
obtained  from the condition  of  h'=O. This condition

leads to

               af a･p2

                      -O
 (53)                 +

               Otii tN

where

         aoft,,=lli [a,i+tB-i(xid-x2an)] (s4)

From  this condition,  we  can  obtain  the relation  between
the  peak strength  Rr=(aila3)f(...,) and  density p as  in

Fig. 13(a). Figure 13(b) shows  the relation  between  peak
strength  and  initial over-consolidation  ratio  on

Fujinomori  clay,  which  is also  calculated  by the present
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model.  As a  method,  we  can  estimate  parameter  a, utiliz-

ing this relation.

  Figure 14 shows  the yield surface  of  the Cam  clay

model  for Fujinomori clay  in p-q plane. Figure l5 shows
the yield surface  of  the proposed model  in (a) tN-ts plane
and  (b) p-q plane. In these  figures, the  upper  half indi-

cates  the triaxial compression  condition,  and  the lower
half indicates the triaxial extension  condition,  We  can  see

that  the yield surface  of  tij model  is symmetric  with

respect  to the tN-axis but not  symmetric  with  respect  to

the p-axis. It is also  noted  that the direction of  plastic
fiow of  the t,j model  is not  normal  to the yield surface

represented  in the p-q plane, because the  flow rule  is
assumed  in modified  stress  tij space.  Also, though  the

yield surface  of  the original  Cam  clay  model  is not

t

.

t,v

i' ag-o'(E)

 Yield surfsct  af  plttFlased tntrdel aild tctisi"m  ionc
ent,t･-tsplane

{b) Yield surfave  of  piDpesect m-del  /:nd  tensiDn ione

onp-qpl/me

Fig. 15. Yield surface  ot  proposed  model  and  tension zone

smooth  at the tip on  p-axis, that of  the proposed  model  is
smooth  over  the whole  surface,  The previous tij models
for clay  and  sand  also  have singular  points at  thg origin

and  the  tip on  the  isotropic axis.  Such smoothness  of  the

present yield surface  is one  of  the advantages  in numeri-
cal  computations  in the same  way  as the modified  Cam
clay  model  (Roscoe and  Burland, l968), Now,  the lines in
which  the minor  principal stress  a3  is zero  are  indicated in
every  figure. It can  be seen  that  though  models  formu-

lated using  p  and  q such  as the Cam  clay  model  have ten-

sion  zones  on  and  inside the yield surface,  there is no  ten-

sion  zone  in the yield surface  formulated using  tN and  ts.
Models  based on  the tij-concept  not  only  are  capable  of

describing properly  the infiuence of  the intermediate prin-
cipal  stress but also  have above-mentioned  benefit for
numerical  computations,

 Figure 16 shows  the  calculated  relation  between  stress

ratio  X=-ts!tN and  plastic strain  increment ratio  Y!

d6gPM?!dy's'Mp for constant  mean  principal tests (solid
curve)  and  constant  stress ratio tests (symbols) on  nor-

-y(--dE;k,ld16kD

Fig. 16. Calculated relation  between  stress ratio and  pastic strain tn-

   crernent  ratio  under  constant  stress ratio  and  under  eonstant  mean

   principal  stress
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(c)triaxialextension(p-196kl'a)

Obseryed  and  calculated  results  of  triaxiat compression  and  extension  tests on  normally  consolidated  clay  u"der  monoto"ic  ]oading

NII-Electionic  



The Japanese Geotechnical Society

NII-Electronic Library Service

The  JapaneseGeotechnical  Society

ELASTOPLASTIC  MODEL  FOR  SOILS 63

qlp2

1.5

]

O.5

             comp.   ..s..
       

ss..

.7 .-----=1'-N･.-=,.ss.t ---

'

5Ev(%)

   10

        -..--
     ..---
  "t..-

 ld edCYo
   .t.

t
 -P-us---

 2qlp1.5

1

ext,

tt.-..-..g..-
   . -  . th . -  . :=L. -:-TL=4. -.

O.5

  5E,･(%)

  10
(al}triaxialcompression

t/r

        ..-..."-
     "a.'
"-''t

 %CE}fo)
--r'r

 lO 15
      

"--
 
Po

 

ev
 

M---

{b)triuxfulextension
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(c) stress path

Fig. 19.Observed  and  calculated  results of cyclic  constant  mean  principal stress tests wlth  constant  amplitude  of  stress  ratio

mally  and  over-consolidated  clay.  Here, the solid  curve  is
the same  as  that  in Fig. 7. It is known  experimentally  that

the  direction of  plastic flow (plastic strain  increment
ratio) is influenced by the stress path  before peak  strength

but is not  infiuenced at peak  strength.  We  can  see  from
Fig. 16 that  the present model  can  describe well  such

stress  path dependency of  plastic fiow.

7}'iexial 7lests under  Monotonic  and  Clyclic Loadings

 Figure 17 shows  the test results  (dots) and  the  calcu-

lated curves  of  triaxial compression  and  extension  tests

on  normally  consolidated  clay  under  monotonic  load-
ings. Diagram  (a) shows  the results of  the triaxial com-

pression test uhder  constant  minor  stress (a3=ar=196
kPa), Diagrams (b) and  (c) are  the  results  of  triaxial  com-

pression and  extension  tests under  constant  mean  prin-
cipal  tests (p=196kPa). We  can  see that the present
model  can  describe well  the  deformation and  strength  of

normally  consolidated  clay  in triaxial compression  and

extension  tests in the same  way  as the  previous tTj-clay

model,  Figure 18 shows  the results of  triaxial compres-

sion  and  extension  tests on  clays  with  different over-con-

solidation  ratios (OCR=1, 2, 4 and  8). Here, tests of

OCR=  8 are  carried  out  underp=98  kPa, and  the other

tests are  underp=  196 kPa. We  can  see  from these figures
that  although  the calculated  curves  for over-consolidated
clays  in triaxial extension  still underpredict  the strength

and  dilatancy, the model  is capable  of  describing unique-
ly not  only  the influence of  over-consolidation  ratio  on

the deformation, dilatancy and  strength  of  clay  but also

the influence of  intermediate principal stress on  them.

Figures 19 to 21 are the results and  stress paths of  drained
cyclic  triaxial tests on  normally  consolidated  clay.  As
shown  the  in stress  path  of  diagram (c) in each  figure, Fig.
19 is the  cyclic  constant  mean  principal test under  con-

stant  amplitude  of  stress ratio,  Fig. 20 is the  results  of  the

cyclic constant  mean  principal test under  increasing stress

ratio  with  number  of  cycles,  and  Fig. 21 is the results of

cyclic  constant  radial  stress  test. We  can  see that in spite
of  using  an  isotropic hardening law, the proposed  model

can  describe cyclic behavior of  clay  under  triaxial condi-

tions,  This is due to the subloading  surface  concept  and

the loading condition  in Eq. (35). The  reason  why  the

present model  can  describe the behavior of  clays  as they
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become stiffer with  increasing number  of  cycles  is because
the state variable  p increases under  cyclic loadings, even  if
the clay  is initially normally  consolidated  (po= O).
However, in the  case  of  one-directional  cyclic loading
tests, the present model  may  overpredict  the  strains  be-
cause  of  the isotropic subloading  surface  model.

VALIDATION  BY  TEST  DATA  ON  SAND

Material  Parameters  and  7}'iaxial 712sts under  Monotonic
Loading

  Toyoura  sand  (mean diameter Dso=O.2 mm,  uniformi-

ty coeMcient  Ul=1,3, specific gravity G,==2.65, maxi-

mum  void  ratio e.,x=O.95,  minimum  void  ratio  emin=

O.58) was  used,  Two  kinds of  procedures  were  used  for
preparing specimens  of  sand  with  different void  ratios.

Dense  specimen  was  prepared  by pouring  the  saturated

sand  into the  mold  in several  layers and  compacting  each

layer with  a  rod  whose  diameter  was  6mm  so that the
specimen  had a desired void  ratio  (ei.iti.ikO.68). Loose
specimen  (einiti.i==O.92) was  prepared by depositing the
saturated  sand  slowly  in de-aired water  using  a  funnel
with  an  opening  of  3 mm.  BQth specimens,  prepared  in
these ways,  have quasi-isotropic structures.  Every speci-
men  was  then  consolidated  isotropieally to the prescribed
stress  state  and  then  was.  sheaTed  and!or  consolidated

Table 3. Values ef  materinl  parameters for Toyoura  sand

1 O,07

k' o.ee4s

q=N='e,vc･at

p=98kPa&OkPa LlSarneparametersas
model

Camclay

Rc/s;CcFila])c'scc,,mp,)3,2

vl, 02

fi 2.0'Sh'a5e-o-f-yiel-d'su-ri'a'cc-
originalCumclayatfi(-sa-m-e-a's-1)'

a"i･' 30influenceofdensityand
a

ai(t. sooconfiningpressure

along  the given stress paths.

  Table  3 shows  the values  of  material  parameters  for
Toyoura  sand.  Unlike clay,  the values  of  A and  N  cannot

be determined directly from isotropic consolidation  test.
This is because it is diMcult to make  the state  of  sand

corresponding  to the  remolded  normally  consolidated

clay.  The dots in Fig. 22 are  the observed  results  of

isotropic compression  tests on  dense and  loose sands,
arranged  in terms  of  the relation  between void  ratio  e and
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confining  pressure p in logarithmic scale, So, assuming

the normally  consolidation  Iine (NCL) as the broken line
in this figure and  referring  to  the  relation  between the
density p, the peak  srrength  X}  and  the parameter  a  (see
Eqs. (53) and  (54)) of  conventional  triaxial compression

tests in the same  way  as over-consolidated  clay,  we  can

draw  the stress-strain  curves  to fit the observed  ones.  By

Fig. 22.

o

1.

o.

o.

o.

ioO lei lo2 lo3 io4 ioS io6

                 p(X98kPa)

Observedandcalculatedresultsofisotropiccompressiontests
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repeating  this process by trial and  error,  a  set of  material

parameters  for sand  is determined. Here, to get better

fittings of  the calculated  curves  to the  data of  shear  tests

and  consolidation  tests in Toyoura  sand,  different values

ofa(a(AM  and  a([C)),  which  are  the parameters of  G(p), are
used  for the two  components  (dsiPj{"F) and  deiPj{[C)) in Eq.

(51), respectively,

  Figures 23 and  24 show  the observed  results (symbols)
and  the calculated  curves  of  constant  mean  principal
tests, constant  major  principal stress tests and  constant

minor  principal stress tests on  dense sand  and  loose sand,
respectively.  The plots in these figures are  arranged  in
terms  of  the relation  between stress ratio qtp,  deviatoric
strain  6d and  volumetric  strain  6,, In each  figure, diagram

(a) shows  the results  under  triaxial compression  condi-

tion, diagram (b) shows  those under  triaxial extension

condition.  We  can  see from these figures that the present
model  can  describe the stress-strain-strength  behavior,
including the influence of  stress  paths, for sands  under

triaxial compression  and  extension  conditions  from  dense
state  to  Ioose state  with  unified  material  parameters,

  The  solid curves  in Fig. 22 are  the calculated  e-log  p
relations  in isotropic compression,  The value  of  a([C] in
Table 3 is determined so  that  the curves  to agree  with  the

observed  results represented  by symbols.  Figures 25 and
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          (a) f, -fi relation (b) ,c,-tJ  relalion

Ohserved
 and  calculated  resu]ts  of  isotropic and  anisotropic  conso]idation  tcsts on  loose  sand  uuder  compression  condition

26 show  (a) the e.-ei  relation  and  (b) the e.-log p  relation

in isotropic and  anisotropic  consolidation  tests on  dense
sand  under  triaxial compression  and  extension  condi-

tions, respectively.  In these figures, R  denotes the major-
minor  principal stress  ratio  ai  la3. The  solid  lines are the
calculated  results,  and  the  symbols  are the observed  Qnes

that are  the same  as  those in the previous paper  (Nakai,
1989), Figures 27 and  28 show  the same  arrangements  on

loose sand.  It can  be  seen  from  these figures that the
model  can  describe the  deformation  behavior under

anisotropic  consolidation,  though  the model  overesti-

mates  the  positive dilatancy at large stress  ratio  (R =4)  in
Figs, 25 and  26. If'we employ  the yield  function (plastic
potential function) derived from  shear  tests and  do  not

consider  the  stress path  dependency on  the  direction of

plastic fiow, the dilatancy under  anisotropic  consolida-
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            Fig. 29. 0bserved and  calculated  results  of  true triaxial tests on  dense sand  under  monotonic  loading

  

           7}'ue 7)'iczxial 71asts under  Monotonic  Loading

  Using  the experimental  data on  sand  in the previous
                   paper (Nakai, 1989), we  will check  the applicability  of

           the present model  in three different principal stresses,

           Figure 29 shows  the  observed  (symbols) and  calculated

{a) orectio]kefEalculated strain inerements {b) Diretrtiensofeboerved stralnincrenments  £ 3) and  the volumetric  strain  E. against  stress ratio  qZp  in

                                             true  triaxial tests (e=150, 30e and  450) on  dense sand

Fig.3o. Directions of  observed  and  ca]culated  strain  increme"ts on  under  constant  mean  principal stress  (p=:196kPa).
   octahedral  plane i" true triaxial tests Figure  3o shows  the observed  and  calculated  directionS Of

                                             strain  increments on  the  octahedral  plane for these tests,

                                             Here, the length of  each  bar is proportional  to the  value
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of  shear  strain  increment divided by the shear-normal

stress ratio increment  on  the octahedral  plane. In each

figure, e denotes the angle  between ai-axis  and  the corre-
sponding  radial  stress path on  the octahedral  plane,
where  e 

=t
 OO and  600 represent  the  stress  path  under  triax-

ial compression  and  triaxial extension  conditions,  respec-

tively. There is the following relation  between the angle  e
and  the  intermediate principal stress parameter b.

                    2 tan e

                
b=3+tane

 (55)

where  b is represented  using  three principal stresses  as

                    U2-a3
                 b-                                          (56)
                    at-a3

As can  be seen  from Fig. 29, the  present model  predicts
well  the three-dimensional stress-strain  behavior of  sand

in the same  way  as  the  previous model,  though  the previ-
ous  one  cannot  consider  the influence of  the density andl
or confining  pressure, It is seen  from Fig. 30 that the
present model  also  predicts the  observed  tendency  that
the directions of  strain  increments deviate from the direc-
tion of  shear  stress'with  increase of  stress ratio  under

three  different principal stresses. From  Figs, 29(a) and

(b), i,e., e2  is negative  in diagram (a) but is positive in
diagram (b), we  can  presume  that the stress  condition  ein
plane strain condition  (s2=O) lies within  150<e<300,
which  is the  same  as  results  reported  by many  researchers.

CONCLUSIONS

  The  main  results of  this paper are  summarized  as

follows:

(1) A simple  isotropic. hardening elastoplastic  model  for
soils (named subloading  tij model)  is formulated  by ex-

tending  previous models.  As mentioned  in the  introduc-
tion; This model  particularly considers  some  mechanical

characteristics  of  soils, which  the Cam  clay  rnodel  cannot

describe,
O  (i) Infiuence of  intermediate principal stress on  the

        deformation and  strength  of  soil

O  (ii) Stress path  dependency  of  the direction of  plas-
       tic fiow
O  (iii) Positive dilatancy during strain hardening
× (iv) Soil anisotropy  and  non-coaxiality

@  (v) Behavior  of  soil under  cyclic  loading
O  (vi) Influence of  density andfor  confining  pressure

       on  the deformation and  strength

×  (vii) Behavior  of  structured  soil

× (viii) Time  effect  and  age  efiect

Here, marks  O,  @  and  ×  imply  
`fully-considered',

 
`half-

considered'  and  
`not-considered',

 respectively,

(2) By  referring  to the subloading  surface  concept  and

test results  on  clays  with  different OCR,  the previous tij
clay  model,  which  was  applicable  to normally  consoli-

dated clay, is extended  to a model  capable  of  describing
the behavior of  over-consolidated  soils as well  - i,e., the
infiuence of  densityfor confining  pressure, The  present
model  also  takes  into consideration  the infiuence of  inter-

mediate  principal stress  using  the t,j concept.

(3) This model  is extended'  to one  that  can  take into
account  the infiuence of  stress  path  on  the direction of
plastic flow, without  adding  material  parameter, by
dividing the  plastic strain  increment  into two  components

at  the  strain  hardening region  with  increase of  mean

stress, in the same  way  as  the  previous tij clay  model.

(4) The present model  can  properly describe typical soil
behavior of  normally  consolidated  soil and  over-consoli-

dated soil  in general stress conditions,  though  it has a  few
material  parameters  (fundamentally the parameters  of

Cam  clay  model  plus one),
(5) The validity  of  the model  to  clay  is confirmed  by
conventional  triaxial tests on  normally  consolidated  clay

and  over-consolidated  clays  with  different OCR  under

monotonic  and  cyclic  loadings, It is also  confirmed  by
conventional  triaxial tests and  true triaxial tests that  the
model  can  describe the deformation and  strength  behav-
ior of  sand  with  unified  material  parameters, regardless

of  soil density and  confining  pressure.

  The present model  has already  been applied  to the

analyses  of  geotechnical problems such  as bearing capaci-
ty problems  (Nakai et al,, 2001), localization problems
(Hinokio et al,, 2002), tunnel  excavation  problems
(Shahin et al., 2004a and  b) and  so  on  in 2D  and  3D
conditions,
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APPENDIXI:  CONCRETEEXPRESSIONOFaij

 The tensor  aij is a dimensionless symmetric  tensor

whose  principal axes  coincide  with  those of  stress aij, so

that it is obtained  by transformation  from its principal
values  aij as follows:

            aij=ei.ej.a.,  (Al)

Here, 9ij is an  orthogonai  transformation  that trans-
forms ordinary  stress (uD to their principal values  (aij),

&ij =  e.i 9.j o..

where

           a,,-(Z,
i

 8,2 2')
and,  from Eq. (2) aij is expressed  as follows:

           I2'l.:o 42'ij l.l :;;.

l,

(A5)

(A2)

(A3)

(A4)

 Particularly under  plane strain  and  asymmetric  condi-

tiOns of  (a33 =  a33= a3 and  o13=  a23=O),  aij is expressed  in

the following manner.  Frorn Fig. A1, the angle  2or is given

using  oij and  &ij by

ol-a2(all  -  o22)]  +  4a

Therefore, aij is expressed  as follows from the coaxiality

between aij and  a;j:

alT=

a22  
==

al+a2
    +
 2aT+a2

 2 2

al-a2

 2al-a2cos
 2or

a33=a3

a12=al-a2sin  2a

cos  2ev

2

a13=at3=O

(A6)

APPENDIX  II: DERIVATIONS  OF  M't, Xt.s AND
Y6s

 Under  triaxial compression  condition,  stress  ratio

X!  ts!tN and  strain  increment ratio  YE  dE's"Mpld?'s'Mp are

expressed  as  follows (Nakai and  Matsuoka, 1986):

        x-k･-4(Vlll-V2i)  (A7)

           dekPMp de7at+2de:a3

         
Y=

 d7g'Mp 
=

 
,E(dt?a3

 +  2de:ai)

                 1 + 2vill  
･
 S:/il,

               
=-E

 (Vll+:e,;･) 
(As)

Since dte= d£ ?+2deg= O at critical state, stress ratio  Xes

and  plastic strain increment ratio  Ybs at  critical  state  are

expressed  using  the principal stress ratio  at  critical  state

Rcsi(ai!o3)cs(...p.) as

       xbs ==4  (.!i?IIg-k) (Ag; i7bis)
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        yts=piv'iiEAg  llo.s) (Aio; isbis)

Therefore, substituting  X=Xt,s  and  Y=  Ybs into Eq.
(20), we  can  obtain  the value  of  M",  which  represents  the
ordinate  intercept of  Eq. (20) in Fig, 7, as a function of

Rcs

      M"  
!=
 (Xbsfi+J\bsfi-i Yk･s)Jne (All; 16bis)

ls

O

APPENDIXIII:  PROPORTIONALITYCONSTANT
A  EXPRESSED  BY  STRAIN  INCREMENT  dsij

 Under  elastoplastic  region,  the following equations

hold:

       dqi==DljkTdeed=DIjki(dEki-ds:T)

                 of
           deij -  A
                atij

              zilt{do,,
           A=
               hP.

From  Eqs. (A12) and  (A14), we  can  obtain

     !i hp 
=

 zlltli; dan =  alll, 
D:kt (dekT 

-
 dt{i)

Substituting Eq. (A13) into Eq. (A15) leads

              z;ltlDs,kideki
         A-

            hp + auof,.. Dth"ep all.Ip

(A12)

(A13;21bis)

(A14; 33bis)

(A15)

(A16)

APPEND{XIV:  PARTIALDERIVATIYES0F
YIELD  FUNCTION  AND  STRESS  VARIABLES

 Generally, the yield function of  the isotropic hardening
model  based on  tij-concept is given by  the following form
as a  function of  mean  stress tN and  stress ratio X

     f=f(tN, X)=ln  tN+g(X)-ln  tNi=O  (Al7)

and  definitions of  tensors and  scalars  related  to  tij-concept

are  shown  in Table 1,

 We  will  first show  the derivatives offwith  respect  to
modified  stress tij,

          of ofOtN                    of ax
          5Etl=at. 5Ztl+ri at,, 

(Ai8)

               of 1

              57,R=}R (A1g)

           OtN e(tkTakl)

           bltll= ot,, 
=a!J

 (A2o)

              of
             hTx=-4(X) (A21)

Fig. A2.  Regiens  in vvhich  four kinds of  strain  incrememts occur

    glilil 
-

 
O(
 a::'.""]) 

aeXtli"=xl
 t. 
(cj 

-x2a,p
 (A22)

 Next, the derivative offwith  respect  to the ordinary

stress au  is expressed  as follows:

          of af et.                    of ox
          5a.I=5itRea,,+5TxSE.l 

(A23)

            se/N=£ (32) (A24)

         gKit-£.i(Vllil)  ,A2s,

where,  Ii, 4  and  4 are  the first, second  and  third  invari-

ants  of  aij as shown  in Eq. (3). Therefore, the terms (ijL

and  dtN can  be given using  general stress increment daij.

APPENDIXV:  METHODTOAVOID/ICAF)<OIN
STRAIN  HARDENING  REGION

 The value  ofAC"")  becomes  negative  in the region  IV in
Fig. A2. It is then  assumed  that the total plastic strain

increment  occurs  isotropically  such  as

             de :･j =Auc}  l'j (A26)

Referring to Eq, (46) and  considering  the  compatibility

condition  and  the smooth  change  of  the plastic strain
development at  the  boundary between region  III and  IV,
lead to the following equation

   clf=  stt daiJ 
-
 (II i +P ee))

    =;l.l  da--"  
Gif,'

Therefore, flC'C)  in Eq. (A26) is given by

                zlltfl,. daij

          A"o=

              t(i.Gif,))

(dee-d(
(ACIC) +A([C))==o (A27)

(A28)

NII-Electionic  


