
The Japanese Geotechnical Society

NII-Electronic Library Service

The  JapaneseGeotechnical  Society

SOILS AND  FOUNDATIONS  Vol  15, Nb. 2, June 1975

Japanese Seciety of  Soil Mechanics  and  Foundation  Engineering

          ON  STRESS-DILATANCY  RELATION  OF  SAND

                       IN  SIMPLE  SHEAR  TEST

                               MAsANOBu  ODA*.
                               '

                     , ABSTRACT

  A  stress-dilatancy  relation  of  sand  is proposed  on  the, basis of  the experim6ntal  fact
that  the  principal  stress  axes  and  the principal  strain  increment axes  rotate  without  com-

plete coincidence  with  each  other  during monotonous  increace of horizontal shear  stress

acting  on  a  sample  in a  simple  shear  test. The  inclination angle  ip of  the  major  prin-

cipal  stress  axis  to the  vertical  direction is deduced from a  simple  relationship  ; TfaN=rctan

cb, which  is derived from  theoretical  consideration  (Oda and  Konishi, 1974) and  verified  by
Cole's experimental  results,  The  value  of  rc is a  material  constant  for a given sand  which

is dependent only  on  the  interparticle frietion angle.  By  using  this relation,  the  princi-

pal stress  parameters  such  as  mean  stress  (ai+as)f2 and  maximum  shear  stress  (ai-as)f2
are  easily  deduced from the  shear  stress  T and  the normal  stress  aN  acting  on  the  horizontal
shear  plane  in a  simple  shear  test or  even  in a  direct shear  test
                '
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'

                                INTRODUCTION

 
'
 Some  experimental  studies  on  the  stress-strain  behaviour of  sand  sheared  in a  simple

shear  apparatus  have been carried  out  wlth  the  following conclusions  (Oda and  Konishi,
1974): ･

  1) As  a  first approximation,  sand  is considered  to be a  plastic material  which  undergoes

anisotropic  strain  hardening and  is composed  of  rigid,  cohesionless  particles.

  2) Both of  principal axes  of  stress  and  of  strain  increment rotate  gradually  during
monotonous  increase of  sheag  stress  applied  parallel to the  horizontal plane･ of  a  simple

shear  apparatus.  
･

  3) The  principal axes  of  stress  and  of  strain  increment do not  generally  coincide,

especially  at  an  early  stage  of  the test.

  From  these  experimental  facts, a  stress-dilatancy  relation  of  sand  will  be proposed in
this paper.  

'

                         '

                   STRA.IN  INCREMENTS  IN  SIMPLE  SHEAR  TEST

  The  principal stresses  acting  on  a  sample  in a  simple  shear  apparatus  are  usually  estima-

ted on  making  some  assumptien  about  their orientation  with  respect  to the horizontal
shear  plane. An  assumption  that  the  principal  axes  of  stress  and  of  strain  incrernent
coincide  was  used  with  success  in interpretlng the  results  of  drained tests on  Leighton
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Buzzard sand  (Arthur, James and  Roscoe, 1964). From  the  extensive  studies  on  the

orientation  of  principal stress  by the  improved  simple  shear  apparatus,  Cele (1967) and

Roscoe, Bassett and  Cole (1967) also  pointed out  that  this assumption  should  be a  baSis
to  interpret the  experimental  facts obtained  from the  simple  shear  test, whatever  the  state

path, and  that  the  other  assumptions  sueh  as  the  horizontal plane=a  plane  of  maximum

shear  stress  and  the  horizontal plane=a  plane  of  maximum  obliquity  did not  predict accu-

rately  the directions of  the  principal stress  axes.  .

  Bassett (1967), however, found that  the  principal axes  of  stress  and  of  strain  increment
diverged when  the sample  was  sheared  beyond the peak  stress  ratio  in drained tests. Oda
and  Konishi (1974) also  pointed  out  that  both of  these  principal axes  did not  always

coincide  at  least up  to the peak  stress  ratio  in the  two-dimensional  sirnple  shear  tests on

circular  eylinder  assemblies  packed at  random.  Therefore, the discrepancy between  these

two  kinds of  principal axes  which  occurs  at  least at  an  early  stage  of  test should  be eon-

                              sidered  to discuss the stress-dilatancy  relation  of  sand.
 
       Consider* the reason  why  the principal  stress  axes
 

Fig. 1. Axes  Yand  Z  of  prin-
     cipal  stresses  and  axes  Y
     and  Z' of  principal strain

     increments. In erder  to

     satisfy  the corrdition  of

     zero  strain  increment in
     the horizontal direction H',
     sliding  movernents  which

     decide the strain  increment

     of  mass  occur  at  contacts

     whose  normals  incline te

     the  major  principal stress

                   xl

     axes  Z  at  Pi=T+'IE'di"+      '

     e- or at  P2F 
nv({l+Sdipt)

     +e  . If deviation  angle  e

     is zero  (i.e., PizP2), the

     principal stress  axes  ( gZ)
     coincide  with  the principal

     strain  increment axes  ( Y',
     z).

*
 Two-dimensional model  composed  of

 description of  theory  in this  paper.
 dimensional  model,  however,  can

 grams.

 diverge from the  principal strain  increment axes  during

 the simple  shear  of  sand.

  When  shear  stress  v is applied  parallel to the  horizontal

 (Fig. 1), the  axis  Z  of  major  principal  stress  inclines to the

 vertical  V  at  the angle  ip. Oda and  Konishi (1974) infer-
 red  that  there  are  some  critical  contacts  which  slid  under

 the  minimum  principal stress  ratio  for a  given granular
 fabric of  sand  and  that  these  critical  contacts  shou!d  have

 the inclination angles  Bt of  their norrnals  ATle to the

majQr  principal stress  axis  Zat  ±(-Zl+'ll'                                      ¢ p)  (clockwise
being positive as  shown).  However, the  condition  of

zero  strain  increment in the  horizontal direction in the

simple  shear  tests leads to obstruct  full sliding  at  these

critical  contacts  even  when  the necessary  conditlon  of

forces for sliding  is satisfied,  because the full sliding  at

these  contacts  results  in extensional  or  compressional

 strain  increment in the  horizontal direction. Therefore,

 it is reasonable  to cQnsider  that  the  slidings  must  occur

 at  some  contacts  deviating slightly  from the  eritical  con-

 tacts so  as  to satisfy  the  condition  of  the zero  strain

 increment in the  horizontal direction. This is the  reason

why  the  principal axes  of  stresses  do not  coincide  with

 the  principal axes  of  strain  increments. Let the average

 deviation angle  be equal  to the  angle  ti. Then  the slid-

 ing movements  which  give  decisive influence on  the

 strain  increments of  the assembly  must  occur  at  the

 contacts  whose  normals  IVig incline to the  major  prin-

cipal  stress  clirection  at  Bi=:(f+Iil-g5F)+e-or at32=  -(f

 right  circular  cylinders  will  be discussed to avoicl  the  intrieate

  The  theoretical  equatlons  derived on  the  basis ef  the  two-

be applied  to the  behaviour  ef  sand  composed  of  non-spheriear
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                                                           '                                                                             '
                                                                              '

t-5'¢ ")+e-  as shown  in Fig. 1. ,

  Now  consider  two  solid  paths  passing  entirely  through  the  solid  particles in the  direc-
tions of  Y  and  Z  (Fig. 2). These  paths were  called  

"solid

 path" by Horne'(1965) and  Oda

(1974). Since the  principal axes  of  anisotropy  with  respect  to fhe distribution of  IVI

nearly  coincide  with  the principal axes  of  stresses  (Biarez and  Wiendieck (1963), Oda

(1972), Oda  and  Konishi (1974)), the  number  mz  of  contacts  traversed  in proceeding  a

unit  length parallel to the  major  principal stress  direction Z  from the  contacts  Ci to  Cm,
･can be estimated  by the mean  radius  fi and  the  function E(B). The  function E(B) is
,a probability  density function to show  the two-dimensional  distribution of  Nl (Oda,
1974).

                                       1

                          
MZ=

 2fiIX2, 2E  (3) ,.,  GdBL 
(1)

where  the  angle  B is the  inclination angle  of  IVI to  the  major  principal  stress  axis  (clock-
wise  being positive). From  the  same  consideration  on  the  minor  principal direction M  we

get

                                      1

           , .
 

MY=2f.l]"2E(B)sin3da

 
(2).

                                                          '

  In proceeding entirely  the  solid  path  from  a  contact  Ci to another  contact  Cin, in Fig. 2,

                                                                   ztB                                                                             A3
the  number  of  contacts  whose  normals  lie within  the  angle  ranges  of  Si-                                                                       to  Bi+
                                                                    2 2

            ,tB                         dB
and  of  

-B2-
 2 

to 
-l?2+-i;

 are  given by

                         2mz  {E(Bi) +E(-B2)}A3  (3)

Fig. 2.

         '

  Solid paths (Ci--･Cin. and  Ci-･Cin.) in the prineipal stress

directions Y  andZ.  When  granular  assembly  undergoes

deformation increment due to the sliding  movements  at  conta-

cts, the solid  paths  (Ci--･Cm. and  Ci--on.) are  displaced into
new  positions (Ci'evCm.' and  Ci'NCin.').
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where  the angles  Rr and  B2 are  equal  to -lil+-;-¢ g+O  and  -({i+  
¢
2")+0L  respectively.

It has been said  that the sliding  movements  to decide the strain  increments of  the assemb-

ly occur  at  the  contacts  whose  normals  incline to the major  principal stress  axis  at Bi
and  -B2.  Thus, Eq. (3) gives  the number  of  sliding  contacts  along  the  solid  path
from the contact  Ci to the  contact  q,.. .

                                     The  granular  assembly  undergQes  nonrecoverable

     

      deformatlon due to thg sliding  movements  at  all of

     

N'

fi2

fi2

ttt
 Fig. 3. Compoment  of  shortening  in

    the majer  principal  stress  axis

    Z  due to sliding  at  a  centact

 tl'1)whose  normal  IVI inclines to

 
'
 the axis  Zat  Pi or  P2. Shorte-

    ning  of  selid  path  (Ci-vCinz) in
    the direction of  Z  is equal  to

    the summation  of  companents  of

    shertening  (i.e., XdUsin  Pi or  2)-                                  '

where  iz=qompresssional strain  increment

being positive). In the  same  manner,

ments  iy and  the shear  strain  increment

(O'mv-tri) respectively,  as  follows:

                  i.=-2MU'mv{E(Bi)cos3t+E(-
                  -･-

                  rzy=rvz

                     =J2dUm.{-E(Bi)cosBt+E(-

                                  '

                     +2dUmv{E(Bi)sinB

The  probability density function E(B)

the  axis  Z  (Oda and  Konishi, 1974).

strictly  speaking,  is not  correct,  We,
is nearly  hold in the  granular  assernbly

*
 It is reasonable  to consider  that  the deviation angle  e

 because  the  discrepancy  between  the  principal

  than  20"  (according to the  Cole's experiment)

  (1974) shows  that  the  relatlon  E(Bi);E(-B2)
  than  2o".

these sliding  contacts  in  the entirely  solid  paths.

Then, (0i,Vt) are  the components  ef  displacement
increment of  the  contact  Ci in the  principal stress
                          t - +

directions Zand  Y, and  (Umv, Vm}r) and  (Umz, .Vm.)

 give  the  components  of  displacements of

the contacts  Cm. and  CLq. respectively  as  shown  in
Fig. 2.

  Let the  mean  increment of  sliding  lengths at  these

sliding  contacts  be dU  as  shown  in Fig. 3. The

component  of  shortening  in the  direction Z  due to
sliding  at  a  contact  whose  normal  Aile inclines to

the  axis  Z  at  Bi or  -B2  can  be giyen  by AU  sin3i

or  aU  sinre2.  Since the number  of  sliding  conracts

within  the  solid  path from the  centact  Ci to the

contact  (ibuz is given by  Eq. (3), the  summation

of  component  of  .shortening in the  direction Z  can

be represented  by  
･

     2dUmz{E(Bi)sinBi+E(-32)sinB2}dB  ('4)
Eq. (4) gives  the  value  of  shortening  in length of

C,ChL,; that is, (Vmz-Vi). Asthe length of  c,cin.
in the  direction Zis  unit,  we  get  

'

   iz=:2dUmz{E(Bi)sinBi+E(-B2)sinR2}dS  (5)
   in the direction Z  (compressional strain  increment
 it can  be shewn  that the  extensional  strain  incre-
                      --  --

 7gy are  alse  given  by (Vmv-Vi) and  (Vmz-Vi)+
                  '

           R,) cos  B,} ztB  

'
 (6)

            I32)cosB2}dB

    i-EC-B2)sinBza}AB  (7)

 in Eqs. 
'
 (5) to (7) is nearly  symmetrical  about

 Therefore, the  assumption  that  E(Bi)=E(-32),
however,  consider  that  the  relation  E(Bi)#E(-B2)

when  the  deviation angle  e is not  so  large*.

         is less than  200 in a  usual  assembly  of  particles
    axes  of  stress  and  of  strain  increment  is aiso  less

   . The  experimental  evidence  given by  Oda  and  Konishi

     is nearly  satisfied  when  the  deviation angle  is less
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                       MOHR'S  CIRCLE  OF  STRAIN  INCREMENT

  During  a  simple  shear  te$t, the boundary displacements 6 and  h are  measured  as  shown

in Fig. 4-b. Because the  strain  distr}bution within  the  sample  is considered  to be uniform,                                                                                .
the  strain  increments in the whole  sample  are  easily  given by the  measurements  S and  h
a$  follows: '
                                  .
                        i.=:o, s.=::hfD, f..==r..=s/D (s)                                                                               '
whereDis  the  thickness  of  sample.  ･

  Fig. 4-a shows  the  Mohr's circle  for the strain  increments. The  angles  e and  g in this
figure give  the inclination angles  of  the  major  principal axes  of  stress  and  of  strain  incre-
rnent  to the  vertical  V  respectively.  The  values  of  strain  increments in the directions

 V; Z, H  and  Y  are  presented by the  points A, B, C  and  D  on  the  Mohr's circle  respec-

tively.

                 

                 

)[t
 6 sr-u"

    iktssa

                       I/-
                       lj

                  I. 
"x

                  
<s.

 tss
                       ! 

.xv  txtr}"S

                  LNITIAL
                           POStTvON

                                                      (b)                     '

              Fig. 4. Mohr's  circle  for strain  inerement. The  ceordinates

                  represented  by  the  points A,  B, C and  D  correspond  to the

                  value  of  strain  incrernents in the  directions V, Z, H  and  Y
                  respectiyely.  

'

  On  drawing the Mohr's circle,  the following facts must  be taken  into consideration  or

rnust  be satisfied:  .

  1) Sinee the axis  H  corresponds  to the horizontal which  is parallel to the no--extension

line, the  point  C  must  be at  the  coordinate  of  (O, TH7!2).

  2) The  axis  V  is perpendicular  to the  axis  HL

  3) The  major  principal  stress  axis  Z inclines to the vertical  V  and  the  major  principal

strain  increment axis  at the  angles  ip and  (e-ip) respectlvely  (see, Fig. 4-b).

  4) The  strain  increments Sz and  7zv in the  major  principal stress  axi$  (given by the

point B  on  the  Mohr's circle)  must  be equal  to the  straih  increments given  by Eqs. (5)
and  (7).
  5) The  angle  e wh{ch  is the inclination angle  of the major  principa! strain  increment

axis  to the  vertical  must  be determined by the  condition  of  no-extension  parallel to the

･axis HL  That is, from the Mohr's  circle  of  strain  increment, 
'

                   '
                                      - -

                               tan2gl  rgff =-l?-･  (g)
                                            h

'
                                      sv

  6) There must  be a  unique  relationship  between  the  stress  ratio  TfaN  acting  on  the

horizontal and  the  inclination angle  di durlng a  simple  shear  test, as  peinted  out  by Cole

<1967). Oda  and  Konishi (1974) also  got the  following relationsh;p;                                                              '
                                                           '
                                  r
                                     =rc･tan ¢  (10)
                                  aN

  
Z
 ZT-

 -."1±

e, li ?
    l,'
 IH
-,gi
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     t,5

･tan  ep

1.0

･O,5

     O 
･O.5

 1,O

                          T/ON

   Fig. 5. Linear relationship  between
       TlaN  and  tanip  for drained

       simple  shear  tests on  Leighten
       Buzzard  sand

  In the same  way,  the  strain  increments

given by the  following equations:

ODA

                                '

 where  the  constant  m  is determined only  by

 the  interparticle friction angle  ¢ , for a  given

 material,  not,by  other  experimental  condi-

 tions such  as  the  initial void  ratio  and  the

 normal  stress.  The  relationship  between rlaN

 and  ip experimentally  determined by Cole

 (1967) is redrafted  in Fig. 5 as  the  relation-

 ship  between T!aN  and  tanip. According to

 Fig. 5, the  constant  rc for Leighton Buzzard

 sand  is equal  to O.58. Therefore, the  angle

 di in the  Mohr's  circle  of  Fig. 4 must  satisfy

 the  relationship  given by Eq. (10).
   7) The  inclination angle  of  the major

 principal stress  axis  to the major  principal

 strain  increment axis  (i. e., (e-di)) must

 decrease with  the  increase of  shear  distortion

 during drained simple  shear  tests (see Figs.

 6 and  7 quoted  from Cole (1967)).
   From  the geometrical considerations  on  the

 Mohr's  circle  in Fig. 4, the  principal strain

 increments which  are  represented  by the  no-

 tations ii and  is in Fig. 4 are  given by the,

 following equations:
                                    '

   ii=tS-(6z+iy)+2.,.,21(6-ip)  (6zmSr)

  ss =  S (iz + iy) -  2. ,,,  21(g -  ip) 
(iz m  iy)

                                  (11) .

iv and  fvE in the  vertical  direction are  also

-.vg:

 !･.e

 ]sw)20

 e

Fig.

Aee.o4

O02

 e

lqO.6

e,4

O.2

 o

e--O--O-o-o"-o-

    l
    q

                     -e-"

        ....e..p'Ae             "

          "-e

       crst"-'6Ii'"e-,'-,-t','L,'e-mmm'

        DISTORTtON
       
       

 6. Change of  (e-e) with  the increase ef  shear  distortion
during drained simple  shear  test on  loosely cempacted

Leighton Buzzard  sand  (after Cole, 1967)
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                   oo

                         
                         

             Fig. 7. Change  of  (e-ip) with  the increase of  shear  distortion

             . during simple  shear  test on  densely compacted  Leighton

                Buzzard sand  (after Cole, 1967)

                        
S

,

V･:.6

=ZII:,

Vs,i?62-ge)

 (i.-s.) ] (i2)
                         '

Of course,  Eqs. (11) and  (12) satisfy  the  requirements  described above.

       '

                STRESS-DILATANCY  RELATION  IN  SIMPLE  SHEAR  TEST

  The  volumetric  strain  increment V and  the maximum  shear  strain  increment r are  given
by

                      e. I
'

 ?gmig, /rz :.
i

,

y

,
 
,}-,,

 (,,-,., 1 (i3)

The  strain  increment ratio  of  af to  7 is given by

                      e. -cos2(6-cb)  [l.:'.'i.;i (i4)

Inserting Eqs.(5) and  (6) into Eq.(14) and  rearranging  on  the assumption  E(Bi) 
m-E(-B,):

             e. -cos2(e-ip)  ･ ;;::X:.:Sf:l:R,:i i;;::[:gs,S:l:g:S:]

               -cos2(6-ip)

 il:[-'i'l;,Xi:l:i  "s'

where

                        ..  
H
 JI';x2,2E(3)cos3dB

    . 
MYM

 I]ln2E(B),i.BdB 
(16)

Oda  and  Konishi (1974) have obtained  the  following basic relationship  between principal
stress  ratio  ailas  and  granular fabric represented  by E(B)  ;

   
Ae
   

e,o- 
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        '                        '

                     :=-Jl
li--IZiE

(Xi

C

,.

O$

e

B

,2

B'tr"2({'e
¢ p) (m

where  ai and  as  are  major  and  minor  principal  stresses  acting  on  the  sample  in the  direc-
tions Z  and  Y  respectively  (see Fig. 1). Inserting Eq. (17) into Eq. (15), we.get  the

following equation:  
'

                     e-ces2(e-ip) I::l-(
(f/ l;/ $i))i

 i, as)

                                                              '

  By  the notations  that the  mean  norrnal  stress, s=  (tii+a3)12 and  the maximum  shear  stress

t=:  (ai-a3)/2, Eq. (18) gives  the  stress-dilatancy  relation  in terms  of  s, t, ab and  t:
  '

            t cos2(e-ip)(tans(f+g ¢ ,)-11-e.  (tans(f+Sth,)+1)
            

S

 ff cos2(e-ip)  (tan3(f+iip,.)+i)-e. Itans(f+so,)-il . 
(i9).

  Cele (1967) showed  the experimental  relationship  between the  rate  of  contraction  zilf
and  the  stress  ratio  t/s for the  drained tests on  Leighton  Buzzard  sand  as  shown  by Fig.
8 for loose and  medium  samples  and  by Fig. 9 for dense samples.  According to these

figures, there  is a  unique  relationship  between V/r and  t/s for a  given  range  of  void  ratio.

  The  solid  lines in Figs. 8 and  9 show  t'he theoretical results  derived from Eq. (19) on

the  assumptions  that  6=ip and  thp=230. The  broken lines A  and  B  in Fig. 8 are  also

obtained  on  the  assumption  that  the values  of  (6-op) are  15e and  20e respectively  which

are  very  probable  values  of  (e-ip) at an  early stage  of  shear  distortion as  shown  in Figs.

(6) and  (7). These broken lines are  drafted only  when  V/r20, because e is nearly  equal
      '

                                             o,s

   .O.3
 

'
 V

  kl- K7-e,2
    e,2

                                             e.t

    o,I

                                              e

    o

                                             -e,1
   -o l

                                             
-O.2

   
LO,2

                                             -O.1
   

-e.3

   Fig.  8. Relationship between the rate  

'

      ef  contraction  tiff and  stress  ratio  
-OA

      tfs fordrained tests on  loose and  Fig. 9. Diagram  similar  to Fig.8  for

      medium  Leighton  Buzzard  sand  . drained  tests  on  dense  Leighton
       (after Cole, 19G7) 

'
 Buzzard sand  (after Cele, 1967)

.:MED[UMSAMPLES
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.Nd-es.

DENSESAMPLE5
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.-"-
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to  ip for Leighton  Buzzard  sand  when  V17<O.

  The  following facts can  be detected in Figs. 8 and  9:

  1) Experimental  data for dense sample  (Fig. 9) slightly  deviate from  the  theoretical

line, espeeially  at  the  condition  of  large stress  ratio  tfs.' This reason  can  not  be clearly

explained  because the following two  problems  were  .left unsolved  in the  preparations of

Figs. 8 and  9 (see Cole, 1967):

  a)  non-homogeneous  strain  distribution in dense samples,  and

  b) elastic  strain  in dense samples  which  is not  negligible  as  compared  with  plastic strain.

It is worthy  of  note  that  the stress-dilatancy  relation  by Eq. (19) is in good  agreement

with  the  experimental  results  on  loose and  medium  samples  in which  strain  distributions are

homogeneous and  elastic  strains  are  negligible  (Fig. 8).

  2) When  taking  account  of  the scatter  in the  experimental  results,  it is reasonable  to

consider  that  there  is only  slight  influence of  the  discrepancy between the principal  axes  of

stress  and  of strain  increment on  the  stress-dilatancy  relation  of  sand.

  The  stress-dilatancy  theory  orginally  proposed by RQwe  (1962) which  has been shown  to

hold for granular  media  in triaxial compression  tests (Rowe, 1962) and  extension  tests

(Barden and  Khayatt, 1966) was  further extended  so  as  to be applied  to the  simple  shear

testb of  sand  by Rowe  (1969). In the case  of  plane strain,  the principal stress  ratio  R
and  the  dilatancy D  are  given  by:

R

     
as.

D=.-9L,
       ¢ 1

t (K-

al1+tfs1-t/s

 1-O17

 1+vfr

(20)

Substituting Eq. (20) into the  rearranging;

                                    1) -  tift (K+1)
                                                                           (21)
                            s (K+1)-,)!r(K-1)
                               '

This  equation  is quite similar  to Eq. (19) except  for the following two  fundamental points:
  1) The  value  of  cos2(e-di)  in Eq. (19) presents  the effect  of  the  discrepancy between

the  principal  axes  ef  stress  and  of  strain  increment on  the  stress-dilatancy  relation  of  sand.

  2) The  value  of K  in Eq. (21) is equal  to tan2(l}--; ¢ cv)  where  Oc, is equal  to the

internal friction angle  at  the  critieal  void  ratio  state  of  sand  The  term  corresponding  to

K  in Eq. (19) is tanS({}+-:-Ops).  It seems  to the present  author  that  the angle  of th,. is

a  semi-empirical  friction angle  with  no  physically  distinct definition. When  the  angle  of  ¢ ,,

for Leighton Buzzard sand  is 35e, the value,  3.72, of  tan2(f+-il- ¢ c.)  is nearly  equal  to

the va!ue,  3.65, of tan3({}-+-ll-ip"), although  this near  
'agrehment

 may  be of accidentaL

                  DETERMINATION  OF  STRESS  RATIO  vfdN  AT  ti/r=O

  The  stress  ratio  tls at  the  rate  of  contraction  Vlr being zero  is determined by Eq. (19)
as  follows:

(k)o=tanS(f+t
¢ ")-1

tane(f+eO,)+i
(22)
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    Fig. 10.

It is worthy

angles  g and

since (g)o==
Eq. (23) can

         !
      Ae  a,

     O08  O,B'

     O06  O,6

         e.51

     O,04  O.4

     O.02 O.2

      oo

 'Efgect

 of

of  note  that

ip, but only

 (alag)o-1
 (aifas)o+1'

also  be

where  (TfaN)o
angle  of  major

  Rearranging

    TAe
 6,o,oe
 o.s'

o.o6'e･6  /'J:'t(. 
"

e,o2  o,2'
      ir
      rl'
      - -

          /--･.
         "  ..               --tt
 e

ODA

          
          

             
k.........--.v--.

 C aNt2,18-2.25  kg/eM:}

       initial yeid  ratio  on  the value  of  (vlaN)o for a  giyen  normal

          the  stress  ratio  tls at  Vlt=O is deterlnined not  by  the

          by the interparticle friction angle  O".
          Eq. (22) can  be rewritten  as  follows:

             (g;),=tan3({}+-S-th")
      rewritten  as  follows:

        (g; ),== E :lv

 l: [:g:i::
-

.l,

'

 il
'

,#i::
 --tan3(f･  i¢ #)

and  ipo represent  the stress  ratio  acting  on  the  horizontal and  the

 principal stress  at  tilr=O respectively.  
'

the relation  given  by Eq. (10), we  get

-.-,-q.e.4o
L"-H""-"" ttl---.-m-","-. a,IS
""H--+-
--+----+--

--"'.i.ii;liil-i-,･.,:--,],..']"be'i.'de,:-tr.}=:T"i:iiT:'
÷
-.r-"'

/

'-tititV
,-tt/-L･l;L>

               '/
 --  

./..

           /./tl/tr+-
         /  x!  -'  !+

      ./'  ---1."""'+/+  ..+....+t'"

  /'/.-･C:.r."-- ....

    'tlJ/':"/'  +  .v"'/"" t e.so.e-iHo.e-n}
    

.--
 /  --tt"-.

   kgtcmi

s･og5.9-

     !
    Lm-

     sin  cbo= v (.(if.a)",)2 
0+
 
.2

    coS90e=d e(1N)o+rc
  Inserting Eq. (25) into
       '
rearranglng;

  (aT.)i=rc((1-rc)tanS(4
The  value  of  rc for
is O. 58 as  shown  in Fig.
tically estimated  value  of

when  we  insert this value

(26) is O.51.
  Figs. 10 and  11 show  a
'ined

 tests carried  out  by
Ioose, medium  and  dense

stress

inclination

(23)

    (24)

inclination

o
  

SiK,ut.k,.EII.il.::tt.----""
 O･2 sHEAR

                         D:STOHT)ON

Fig. 11. Effect of  average  llormal

    stress  on  the yalue  of  (r!aN)o
    for a given  initial void  ratio

    (after Cole, 1967)

o,s

       Eq.

     a+t ¢ ,)-il

              (26)
Leighton Buzzard  sand

     5. The  theore-

      (r/aN), obtained

       of  rc into Eq.
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              '

ghton  Buzzard sand  at  the vertical  stresses  ranging  from O.49 to 3. 94kg/cm2. From  these

Cole's experimental  results,  it is found that  except  for the  test at  the  low  vertical  normaL

stress  the  stress  ratio  71aN  at  af/r=O is nearly  constant,  irrespective of  a  given  initial void

ratio  and  also  a  given normal  stress.  Besides, the  values  of  (TlaN)o are  nearly  equal  to･

the  theoretically  estimated  value.  
'
 .

                       '

                APPLICATION  OF  THE  THEORY  TO  DIRECT  SHEAR  TEST

  If it can  be assumed  that  there  is a narrow  shedr  zone  with  a  homogeneous stress  and

strain  distribution as  shown  in Fig. 12, the  theoretical equations  described above  are  al!

valid  to predict the stress-dilatancy  relation  of  sand  in a  direct shear  test. 
･

  The  data of  direct shear  tests  on  loose and  dense samples

of  Ottawa sand  are  quoted from Taylor (1948) as  shown  in T lq
Fig. 13. In order  to apply  Eq. (19) to Ottawa sand,  the =

'"e,iL",ztgg,".l":Z".",M..",S.`,b.e.IS;`.e,1･l:･g:efa..,,,),.d,h,,,..d.
 

-i･y':.:,Z'ts･DNffEs･.re'll:/s-,p'---.

ed  shape  of  grains  of  Ottawa sand,  it is reasonable  to use  22e RiGiD.zoNE

as  its interparticle friction angle  ¢ ,. The change  of  inclina-

tion angle  ip during shear  test  can  be determined if the value  Fig. 12. Shear zone  witlt

                                                             homogeneous stress  and
of  rc is estimated  from Eq. (26) by the  value  of  ¢ , (220) and

                                                             strain  distribution in
the  value  of  (TfaN)o obtained  from  the  test on  the loose
                                                             direet shear  test
sarnple.  (Even though  Eq. (26) gives two  values  of  mfor  .

Ottawa sand,  rc =O.58  is used  in the following calculation.)  The  inclination angle  ip thus

determined are  plotted in Fig. 13 against  the shear  displacement up  to the  peak  stress  ratio.

The  gradual  rotation  of  major  principal  axis  during the  shear  is quite similar  to those of

simple  shear  tests on  Leighton Buzzard sand  by Cole (1967).
  Fig. 14 shows  the stress-dilatancy  relation  of  Ottawa sand  in terms of  tfs and  Dlt.
                                                             '
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 '

 When  calculating  the value  of tilr, it was  assumed  that  the thickness  of  homegeneously

 sheared  zone  was  nearly  constant  during shear  test, A  solid  line in this figure shows  the

 result  of  the  app!ication  of  Eq. (19) to Ottawa  sand  on  the basis that ¢ p==220  and  e= ip.
 Although there  is a very  nice  agreement  between  theoretical  data and  experimentally  obta-

 ined ones  for the loose sample,  experimental  data for the  dense sample  show  fairly lower

 V/r values  than  theoretical estimation.  This must  be chiefiy  due to the  erroneous  assump-

 tion that  there  sheuld  be a narrow  shear  zone  with  a  homogeneous stress  and  strain

 distribution even  in a  direct shear  test on  dense sample.  
'

                            '

                                   CONCLUSIONS

  A  simple  shear  or  direct shear  test of  sand  is characterized  by the fact that  the principal
axes  of  stress  and  of  strain  increment rotate  during the test without  complete  coincidence

 between them.  On  the  other  hand, the  complete  coincidence  between  these  two  types  of

principal axes  is held durlng the  deformation in triaxial test without  any  rotation.

Therefore, the stress-dilatancy  relation  derived from the  triaxial tests of  sand  cannot

always  be applicable  to the  simple  or  direct shear  test. In this paper,  the  author  proposed
a  stress-dilatancy  rule  for the  simple  shear  test of  sand  in terms  ef  principal stresses  and

ef  principal strain  increment by treating  sand  as  an  assembly  of  rigid,  cohesionless  particles.
The  following conclusions  were  obtained:

  1) The  stress  r'atio TfaN  acting  on  the  horizontal plane  in a  simple  shear  test has the
fo]lowing relation  to the  inclination angle  ¢  of  the  major  principal stress  axis  to the vertical:
                    '
                                  r
                                    ==rc.tanip

                                 aN                          '

where  the  constant  rc depends only  on  the  interparticle friction angle.  
'

  2) The value  of  rc in the  above  equation  is considered  to be an  iinportant material

constant.  This value  can  be estimated  by inserting the  value  of  interparticle friction
angle  g5" and  the  stress  ratio  (T!aiLr)o at  dilatancy rate  being zero  into the  following
     'equatlon:

                      (al)l( (:i          . ='m  (1-rc)tan3 -+- ¢ p)-11

                                                             '

  3) A  fiow rule,  taking into account  the discrepancy between principal axes  of  stress  and

of  strain  increment, is represented  in terms  of  the rate  of  contraction  Dff and  the stress

ratio  tfs as  follows:

             t cos2(6-ip)  (tan3(f+t¢ g)-11-e.  (tanS(f+tO")+1]
             

S
 

nv

 cos2(e-ip)  (tan3({}+-Il-¢ ")+i)  --il- (tans({iL+S¢ ")-il
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'

                                   NOTATION

     D=thickness  of  sample  sheared  in a  simple  shear  apparatus  ･

   E(B)  =probability  density function to show  two-dimensional  distribution of  Nl
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      h =thickness  change  during a  simple  shear  test

     IVL;norrnals to tangential  planes at  contacts

      S =Mean  nQrmal  stress  (., 
ai;as)

      t =maximum  shear  stress  ( .  
aiSOS)

   U, V:::components of  displacement increment in the principal stress  directions
                                           '
      V=volumetric  strain  increment

X, IL Z=:reference axes  to  show  the  principal  stress  directions in a  simple  shear  test

      B=inc!ination angle  ef  Nla to the major  principal str,ess  axis

      7 ::maximum  shear  strain  increment

      i='Lprincipal strain  increment

      rc =constant  for a given material

      g =:inclination  angle  of  the  major  principal strain  increment axis  to the vertical

         direction

     
r
 =stress  ratio  acting  on  the horizontal shear  plane  in a simple  shear  test

    aN

  ai, a3=principal  stresses

     ipp=interparticle frictien angle  ,

    ¢ cv=internal  friction angle  at  critical  void  ratio  state

      ip=inclingtion angle  oi the rnajor  principal stress  axis  to the vertical  direction
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