The Japanese Geotechnical Society

SOILS AND FOUNDATIONS Vol. 16, No. 2, June 1976
Japanese Society of Soil Mechanics and Foundation Engineering

STRESS-DILATANCY RELATIONS OF ANISOTROPIC
SANDS IN THREE DIMENSIONAL
STRESS CONDITION
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ABSTRACT

The stress-dilatancy equations which relate principal strain increment ratio with prin-
cipal stress ratio in the previous studies are first reviewed and shown is the necessity to
investigate the relationship between the stress-dilatancy equation for axisymmetric defor-
mation and that for general stress condition and to clarify the effect of inherent anisotropy

~on the stress-dilatancy equations. Then, in summary form, three fundamental postulates
are introduced as the bases on which a theory to investigate above mentioned two problems
is to be established. The stress-dilatancy performance of sands predicted by the proposed
theory were compared with several experimental data obtained by other investigators.
These data include those of triaxial compression and extension tests, general stress condi-
tion tests (¢,>0,>0,) and plane strain tests. This comparison disclosed the relevence of
the theory in spite of its simplicity.
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INTRODUCTION

Among several stress-dilatancy equations which have been proposed, the simplest one

is the equation for axisymmetric deformation proposed by Rowe (1962) and Rowe, Barden
and Lee (1964) as,

R=DK (1)
where R=o0,/0;, K=tan?(z/4+¢,/2) and D= —2dey/de, for the triaxial compression case of
0y=03 or D=—des/2de, for the triaxial extension case of d,=0;. Barden and Khayatt
(1966) examined Eq. (1) by the precise triaxial and extension tests on sand and showed
that Eq. (1) fits the experimental data of triaxial compression and extension tests excelle-
ntly. Furthermore, Horne (1965) derived the theoretical stress-dilatancy equations for the
general stress condition of ¢,>0¢,>0, as follows.

01>0,>03(de,<0)
Oydey+ayde, =K ‘ (3)
0,>05,>04(de,=0; plane strain)

_ode Iy de
asdes'—K ot ‘?s_ de, 4
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0,054 (dey>0)
_ o, de+ gode,
osde, =K (5)

However, Barden, Khayatt and Wightman (1969) showed by conducting triaxial compres-
sion and extension tests and plane strain tests on same sand that the value of K in Eq. 4)
for the plane strain case is larger than that in Eq. (1) for the triaxial compression and
extension cases. This was explained by Barden et. al (1969) as such that the minimum
degree of freedom for interparticle movement occurs under the condition of plane strain.
However, this explanation would be rather vague and it is be necessary to investigate
the stress-dilatancy equations for the general stress condition more rationally based on
experimental data.

Furthermore, it may be dointed out that so far the inherent anisotropy has not been
considered directly in deriving the stress dilatancy equations. Meanwhile, Arthur and
Menzies (1972) prepared the samples with the various inherent anisotropies by pouring
air-dried sand into tilted cuboidal mold with various tilting angles and conducted triaxial
compression tests where ¢,>0,=0;. They showed the case where de,/de; is about 1.5 in
spite of g,=0;. Such inherent anisotropy was also shown by El-Shoby (1969) who
conducted. isotrodic consolidation tests of cylindrical triaxial samples prepared by pouring
sand in a vertically stood mold. In this case, it was shown that de;<de; in spite of 0,=
g; in isotropic ¢onsolidation process. ,

It is the first aim of this paper to investigate the relationship between the stress—dila-
tancy equation for axisymmetric deformation and that for general stress condition where
0,>0,>0; - Thé second aim is to clarify the effect of inherent anisotropy on the stress—
dilatancy equations. In this paper, only the case is concerned where the axes of principal
stresses do not rotate.

FUNDAMENTAL EQUATIONS

Any element in soil mass is under three-dimensional stress condition. As it is rather
complicated to investigate stress-dilatancy relations under such three-dimensional stress
condition - from -the beginning, it is better to suppose idealized two-dimensional stress
condition as the first step. Now, define two principal stresses in two-dimensional stfess
system by ox and oy, whehe ox>0y and define two principal strain increments by dexxy
and deyy, which correspond to ox and oy respectively. The sufix XY of dexyy and deyyy
means GX>‘th stress—system. In this case,

0x=0, ; major princif)al stress } (6)
oy =0, ; minor principal stress
dexyy=deg, ; major p‘rivnéipal strain increment} (D
‘deyyy=de, ; minor principal strain increment
and volumetric strain increment is expressed‘ as
dv=dexyy+deyxy v (8)
On the other hand, Eq. (1) may be rewritten in the triaxial compression case as
g d
N () (®)
and in the triaxial extension case as : k
Z—;=K————1’_~'1dv | (10)
des
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Stress-dilatancy equation in idealized two-dimensional stress condition may be obtained by
substituting Egs. (6), (7) and (8) into Eq. (9) as :
EL:K<1— dexyy+deyyy >= _K deyxy
Oy dexxy dexxy .
The same equation is also obtained by substituting Egs. (6), (7) and (8) into Eq. (10).
The stress-dilatancy equation in the idealized two-dimensional stress condition as expressed
by Eq. (11) is the first basic postulate of the theory.

Next, it is necessary to correlate strain increments in the idealized two-dimensional
stress condition with strain increments in the ordinary three-dimensional stress condition
by using other postulates. Then, define three principal stresses by oy, ¢y and ¢, and define
three principal strain increments by dex, dey and de; which correspond to oy, oy and 0z
respectively. :

There are three combinations of two principal stresses as 0x—oy, ox—0y and gy—oyz In
each combination, there are two cases where relative largeness between two principal
stresses are different such as ox>o0y and oy>0x. Therefore, six idealized two-dimensional
slippings in six different idealized two-dimensional stress conditions may be possible for an
element under three-dimensional stress condition as shown in Table 1, while all of six
two-dimensional slippings are not induced at the same time. Strain increment components
in six two-dimensional slippings are summarized in third, fourth and fifth columns in
Table 1. Then suppose the case where x>0y >0g, for example. In this case, possible
idealized two-dimensional stress-systems are ox>dy, o0x>0, and gy >0y stress-systems. On
the other hand, Matsuoka (1974) proposed such a postulate that each of three principal
strain increments in three-dimensional stress condition caused by shear deformation is
obtained by linear summation of two components which are produced by two different
idealized two-dimensional slippings. According to this postulate, three principal strain
increments under ox>0y >0, stress-system may be expressed using notations in Table 1 as

an

dex=dexyy+dexz, : ,
dey=deyyy+deyy; | (0x>0y>07) (12)
dey=dezy;+dezy,
Eqg. (12) means that for example dey is composed of deyy, and deyxy, which are strain
increment components in two idealized two-dimensional slippings of oy>oy stress system

Table 1. Six idealized two-dimensional stress-systems

Stress System dex dey dey Stress-dilatancy Eq. A h I
1) () (3) (4) (5) (6) (7) (8) (9
g d c
ox>0y | dexyy | deyxy | —— ;‘X‘Z—K*de—yﬂ wxy=—XK~ hxy Jxy
Y Exxy Oy
Ox—0y -
‘ o d o
oy>0x | dexyy | deyyy | —— Y g BErx Uyx= rt hyx Jrx
ox deyyx ox
ox dezxz ax¥
0x>0z | dexxz | —— | degy, ——=— =24 Uxz= hxz Jxz
oz dexxy dz
0x—0g P % -
o e g .
0z>0x | dexzy | —— | dezzx 'd"z— — K== 7 Xzx U px=—Z hzx | Jfzx.
X €zzx . 0Ox ,
gy dE:ZYZ O'YK
dy>0g — deyyy | dezyg —=—K—= Vyg= hyz frz
oz desz gz
¥z o de oK
0z>0y -_ deygy | dezgy —E g Yy Uay= Z hzy Jzr
oy degzy ay -

NOTE ; dey;; = aayi;zj dhyy, deyy;=

0¥ 5
60'1
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and gx>0; stress system, respectively. Note that possible are six different three-dimen-
sional stress-systems where relative largeness among three stresses are different such as
x>0y >0z, Ox>0z>0y, Oy >0;>0x, Oy>0x>0z, 0z7>0x>0y and 0z>0y>0x. For other
stress-systems besides oyx>oy>0; other equations which correspond to Eq. (12) can be
derived using strain increment components listed in columns (3),(4) and (5) of Table 1.
The linear summation of two components in idealized two-dimensional slippings as expressed
by Eq. (12) is the second basic postulate.

 As to deformation properties of sand, Poorooshasb, Holubec and Sherbourne (1966, 1967),
Poorooshasb (1971) and Tatsuoka and Ishihara (1974a) showed that sand behaves as a
strain hardening elasto-plastic material under some conditions. In general, elastic part of
strain is neglegible in comparison with non-reversible part of strain (Barden, Khayatt and
Wightman, 1969). Also in this paper, elastic part of strain is neglected. Therefore, strain
increment components in idealized x>0y stress-system for example are correlated with
each other by using a plastic potential function as

0
dexyy= aiiy dAxy

13)
deyxy= 9xy dAxy

oy

where dexyy and deyyy are plastic strain increment components and ¢xy is the plastic
potential function for gx>0oy stress-system and dixy is a scalar depending on the state of
the element of sand denoted by mean void ratio, inherent anisotropy, stress conditions,
stress history etc.. Eq. (13) is the third fundamental postulate. The simplest plastic poten-

tial function ¢xy which satisfies Eq. (11) is expressed as (Barden and Khayatt, 1966),
K
¢XY:'%AXY (6x>0y) (14

where dyxy=0 when oxy=0y and dxy=1 when x>0y since shear deformation occurs only
when ox=oy. Similarly in gy >0y stress-system, plastic potential function is denoted by

dyx=

K
T dyx (or>0x) (15)
X .

and strain increment components are expressed as

0
dSny:-—é%%dlYX

o0 (16)
deyyx= "&TY:{ dhyx

It is to be noted that diyx is not identical with dAxy when sand has inherent anisotropy
which is in general inevitable when sample is prepared under the effect of gravitation. Similar
equations to Eqs. (13) and (16) can be obtained for other four cases and stress-dilatancy
equations and plastic potential functions for six two-dimensional slippings are summarized
in sixth and seventh columns in Table 1.

Then dlxy for example may be expressed as

dlxy=hxy(0x/0y, P, Kxy, €)dfxy (17)
where hxy is the hardening function in ox>oy stress-system and dfyy is the increment of
the yield function fyy. Kgxy is the parameter depending on the state of the element of
sand and in general

Kyy¥Kyx¥Kxz¥K;x¥Ky;+Kzy } (18)

hxy=*hyx=hxz;5hzxhyzhzy
And fxy may be expressed as
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fxr=fxv(0x/oy, p, Lxy, € 19)
where Lyy is the parameter depending on the state of the element. Note that fyy is the
yield function in ox>0y stress-system and in general

Sxy ¥ frx¥fxz¥fax¥fro=faoy (20)

Eq. (20) was partially verified in the triaxial compression and extension cases (Tatsuoka
and Ishihara, 1974, b). Yielding of sand occurs only when

Sxr=fxyc and dfxy>0 2D
where fxy. is the highest value of fyy in the loading process.

STRESS-DILATANCY EQUATIONS

By combining three basic postulats:

(1) stress-dilatancy equations in idealized two-dimensional stress-systems as Eg. 11),

(2) linear summation of two strain increment components as expressed by Eq. (12) and

(3) notations using plastic potential functions as expressed by Eq. (13),
stress-dilatancy relations for four cases are derived in the following, triaxial compression
case of 0,>0,=0;, triaxial extension case of o,=0,>0;, general stress condition case of
0,>0,>03 and plane strane case of de,=0. In the following, Z-axis means vertical direc-
tion and X-axis and Y-axis mean horizontal directions. Then, for triaxial compression
case for example, there are three different cases such as ox>0y=0; oy>0z=0x and oz>
ox=0y. When it is necessary to distinguish such three cases as above, suffixes X, Y and
Z are used in place of suffixes 1, 2 and 3. When not necessary, suffixes 1, 2 and 3 are
used. For other three cases, similarly to triaxial compression case, suffixes X, Y and Z
are used only when it is necessary to identify the directions of three principal stresses oy,
g, and a,. ‘

The relationship between K and interparticle friction angle ¢, is not discussed because
this is not the main aim of this paper. Therefore, for all cases in the following, the
values of K are determined from stress-dilatancy plottings of data of conventional triaxial
compression tests where o,-direction is identical with the vertical direction at the time of
sample preparation.

Triaxial Compression (0,>0,=03)
In this case, three principal strain increments de,, de, and de, are derived, noting that
433=0 due to o;=0,;, as follows.

de, stuz'i'daus

_or ov
~ g 12 d412+ 97, = dhss

9 )
agl<"l Am)dzlﬁa ("* Aw)dxm
K—.
=K< 162 At 163 d/113>,
deg=deg,,+deg,,

4 oV
=, Fhat, Al (22)

9 0 [0
=i At (G n e

_'O,l_z da12
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and - des=deg,,+deg,,
| : ::%%‘id/hs—k %Wdzs dAgg
- _%‘;dlm |

By eliminating dA,, and di;; from Eq. (22), the stress-dilatancy equation for triaxial
compression is obtained as :

dv
=K(1-2-) @>a=0) (29)
This is the same equation as Eq. (1). However, it is noteworthy that Eq. (23) is not
affected by the relative largeness between de, and de;. In anisotropic sand, it is possible
that de, is not identical with de; in spite of g,=0;. From Eq. (22), the ratio of de; to
de, is derived as : .

Oy _ 01 pdetde

gy Oy de,

des _dhyg 1
de,  dhy  (0i/05)|K(des/de,) +1
In conventional triaxial tests with cylindrical samples this ratio can not be obtained
ordinarily.  Meanwhile Arthur and Menzies (1972) conducted triaxial compression tests on
cuboidal samples (10cmXx10cm X 10cm) which were prepared by pouring air-dried rounded
Leighton Buzzard sand into a tilted mold. Therefore, o,-direction is not necessarily iden-
tical with vertical pouring direction. They defined the tilting angle ¢ as shown in Fig.1.
When 6=90°, o,-direction is identical with the pouring direction. v,~direction is always
the direction of layering which is horizontal when sample is prepared. However, o;-direc-
tion is not the direction of layering except when 6=90°. They conducted drained triaxial
compression test of g,=0;=const. =0. 539kg/cm? and o, increasing. In Fig. 2, it is shown
that the values of dey/de, obtained by Eq. (24) using the measured values of o,/0; and dey/
de, fit with measured values of des/de; and that des/de, is not a unit except when §=90° and
increases with decrease in 6. And it may be seen from Fig. 3 that Eg. (23) holds even
for the case of de,de,. Similar triaxial compression tests with cylindrical samples made
by pouring saturated Toyoura sand into a tilted mold under water were conducted by Oda
(1972 a, b). Test results show that stress-strain relationships depend on the angle 6 bet-

OT,E'] 3 g T T
b otheory (Eq(24))(k=2)
Pouring e measured

%\tion v | 2-\ o ]
e g

/ /93’ i E\\\\g
0,8 4 / 0/0,=2.5- 4 (0,=0y)

(24)

—b
T

w
de,/de,
O—Q

o 30° 60° 90°
S o 0
Fig. 1. Reference direction (after Arthur Fig. 2. The ratio de;/de, in triaxial com-
and Menzies, 1972) pression (after data of Arthur and

Menzies, 1972)
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5 T 1 1 ¥
o 08:=90 ]Leighton Buzzard sand
® 0= 400 eO:O‘SZ o 1 o
a4t A g=20 ez O ° (vertical, pouring direction)
OZ:O§ const=0,539 9 A/O * z z “43mm
3 % 1
3 q:ncrectsmg } . :
£
S o X £
< 2 ] °
O %--Kd—el—id‘ee K=2) Y T
3 1 (herizontal )
1t N
/ Q“\{o
, o ©
o . , . . (horizontal)
0.5 10 15 20 25 Specimens used by Ishihara,

L derda

36

Fig. 3. Stress-dilatancy plots (after data
of Arthur and Menzies, 1972)

Fig. 4.

Yamada and Kitagawa (1975)

ween the o,~direction and the pouring direction due to the variation of inherent anisotropy
and also show that Eq. (23) holds irrespectively of the variation of anisotropy.

Triaxial Extension (0,=0,>0;) _
Also in - this case, three principal strain increments are obtained by the similar procedure

to the case of triaxial compression.

del :d8112+d6113 :O+d€113:

dey=dey,, +des, =0+ desy, =K it

deg=deg,,+deg,,=— < d’lla'{"

By eliminating scalars d4,; and d4,5 from Eq. (25)
triaxial extension case is obtained as

This is same as Eq. (1) but it is to be noted that Eq. (26),

de,

In this case, 4,, is zero since g,=a,.

13

K—1

dlzs

dxm)

38

91 _Os_ - 1
gy Oy Kdel-{—dez =K 1— ;’v
€3

(0,=0,>05)

similarly as in Egq. (23),

Therefore,

(25)

the stress—dllatancy equation for the

~ (26)

is

not affected by the ratio de,/de, which is not necessarily a unit. :

Ishihara, Yamada and Kitagawa (1975) conducted triaxial compression and extension
tests using rectangular samples as shown in Fig. 4 under the condition of p=1/3(¢,+0,+
Z-direction in Fig. 4 means pouring direction and X, Y-directions

o) =const. =1 kg/cm?.

are horizontal.
Ishihara et al.

Samples were prepared by pouring saturated Fuji River sand’ into a mold.
conducted four kinds of tests listed in Table 2.
tests are triaxial compression tests but ¢,=0; in the former and o,=0y in the latter.
triaxial extension tests, similarly, o3=0; in ZED-test and o,=¢x in XED-test.

Both of ZCD 'and YCD.
In
Fig. 5

indicates that triaxial compression tests ZCD and YCD show different volumetric strain
v~stress ratio gfp’ relationship and similarly triaxial extension tests ZED and XED show

different v~gq/p’ relationship.
mentation of sand particles under gravitation.

This would be due to inherent anisotroi:»y"ézﬁise& by sedi-
The stress-dilatancy equation for ZCD and
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Table 2. Lists of tests conducted by Ishihara, Yamada and Kitagawa (1975)
Test name Type of test oz oy ox q
' ZCD Triaxial comp. gy Jg Og g1—0g
ZED Triaxial ext. Jg gy gy d3—0y
YCD Triaxial comp. ds gy g3 0,03
XED Triaxial ext. Ul gy g 0'3—'0'1 '
5 T T T
0 ZCD }
avcol € K=34
. [ T 4 b p
= 1.0 I YD ' N * iEB}TE jo
B I , A
= ZED Fuji river sand e,=082 P |
Z o5 \ €:0.83 l 3r /&
g _p=constz=1kgrem’ A )
b \ ZCD énz /40 Fuji River sand|.
S -0.82 S 4l e 0
o —o—o*égfﬁ‘c’ & & QA 9020.82
g 0.0 A8 (loose)
iaxi -4~ Tricxial Comp. 1
:63 Triaxial Ext. riexia p. p:conSt_=1 kg/cmz
>
-0.5 —— ! ’ 1 1
e - 0.5 1 1.5 '
1.0 -0.5 0.0 0 0 05 10 15 20
STRESS RATIO g/p d€3
s e e e . triaxial comp.: —
Fig. 5. Volumetric sirain characteristics in triaxial de
compression and extension tests (after Ishi- triaxial ext. s — aéF%é—;

hara, Yamada and Kitagawa, 1975)
Flg 6. Stress-dilatancy plots (after data
of Ishihara, Yamada and Kitagawa,

1975)

YCD tests is expressed by Eq. (23) and that for ZED and XED tests is expressed by Eq.
(26). Fig. 6 shows that these equations expressed by a solid line fit experimental data
excellently. But, note that des/dey in XED-test (0,=0y>0x) and dex/de; in YCD-test
(oy>0x=07) are not units as shown in Fig. 7. The theoretical relationships among prin-
cipal strain increments in each test are derived from equations in Table 1 as follows.

Oin XED-test (UZ:ay>0x)

d&z
dEY—deyYX—-K dlyx (27)
dex=dex;x+dexyx=

where dAzx and dAyx are scalars. As X and Y directions are horizontal and exchangeable
for each other, it may be assumed in this case that

d'{zxzdlzy }
dllyxzd'{xy
From Eqs (27) and (28), it is found that dezldey is ddzx/dAyxy=dAzy|dAxy and in this

case this is about 0.55 as shown in Fig. 7. Then a parameter a which depends upon the
degree of amsotropy of sample may be defined by

(28)
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dlZX dAZY (29)
dlyx da Xy

It may be antlclpated that a is a unit in the case of isotropic sand. From, Egs. (27) and
(29), the stress-dilatancy equation for this case is obtained as
gy 0z Oy _ X dey _ K dex K dey

L (30)

g3 O'X—O'X——. d€z+d€y*~l+a dey_

If sample is isotropic, then a=1.0 and Eq. (30) becomes
9 9z _0r  Kdex Kdex K dey

os oy ox 2 dey 2 deg; 2 de;
In Fig. 8, the values of oy/ox and —dex/dey and the values of o,/0x and —dex/de; are
plotted. It is seen from this figure that Eq. (30) fits experimental data but Eq. (31) which
may be applied for isotropic material does not hold.

oin YCD-test (oy>0x=0y)

(31)

K
dSZ dSZYZ Yz dlYZ

dey=deyy;+deyyy= kZ

(32)

UY
d&X daXYX 2 diyx
Ox

In this case, by defining another parameter «’ which depends on the degree of anisotropy
o= diyx _ dlxy

T dly;  dixg (33)
of sample by the stress-dilatancy equation is obtained from Egs. (32) and (33) as
O _9y Oy _ _ pdegtdey / dez B < 1\ dex
o o, K do —K(1+a ) =—K(1+—=- ey (34)
1.0 t 1 1
XED test (Or GOy
& o a=0. 5 ~T T T T T
% ol oo o—jﬁo | XEDtest(GzC;0) o g
e . 52 &
< a=1,0;isotropic QL O _ T K34
©io °(a) O O ]4»(1 dEY *
O O3 3 4 5 S 4l (K234, =0.55) R
0,10y o) ,
1 ) .
1.0 : : . RS ) .
YCD test (02070 S 2T
! . 1y
8 : . &
M 0“5_ o [} a= 0.5 5 . 8 1 . .
E S @@sotropic : K=3.4
oo o ( b ) o L ! 1 1 |
5 0 , x . 05 10 15 20 25 30
1 2 3 4 5 :
- dg/dg
OT/ G
) . L . Fig. 8. Stress-dilatancy plots (after data of
Fig. 7. Ratios of principal strain Ishihara, Yamada and Kitagawa, 1975)

increments (after data of Ishi-
hara, Yamada and Kitagawa,
1975)
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The value of &’ is about 0.55 in this case as shown in Fig. 7. The considerable scattering
of values of 4 and a’ are observed in Fig. 7 and a and o’ may be functions of ¢,/o,.
However, at present, the function can not be determined based on few data. Therefore
a and a’ are considered as constants for simplicity in this paper.

Oin ZCD-test (0;>0y=0x)

des=dezzy+degx=

K o
d€y=d€y”= "‘%;'z'—dlzy J (35)

dSX:d€XZX:d€y
Oin ZED-test (0;<oy=o0y)

o.K
dez=dezy;+dezx,= 132 2dAyz

K 1

dey deyyz— K d’{YZ J <36>

d€X:d8XXZ=d€y

From Egs. (32) through (36), volumetric strain increments dv=de,+dey+dex in each test
are obtained as

okt gk
ZCD"teSt 5 deCD=<K ) Zd;‘ZY

O3 os’
YCD-test 5 deCD: ( 1 ) . (dlyz'l‘dlyx) (37)
ZED"'teSt ; deED:( 174 )-Zdlyz
XED-test ; deED"—:‘ ( 17 ) . (d/lyx—l—dlzx)

From Eqgs. (29), (33) and (37), the ratios of volumetric strain increments are obtained as
deCD . deCD . deED . deEnzza'a, . (1+dl) 22 (a-a’—{—a’)
=1:2.6:3.3:1.42 v (38)
Therefore it may be supposed that the disagreement in the magnitudes of the volumetric
strains of four tests shown in Fig. 5.would be due to the inherent anisotropy which is
denoted by the parameters a and a’. Accordingly it may be anticipated that the volumetric

strains of four tests shown in Fig. 5 would coincide with each other for the same stress
ratio ¢,/0; when sample is isotropic where a and o’ are units.

General Stress Condition (0,>03>03)
In this.case, three principal strain increments are obtained as

d€1 :denz—*'dslls:

13

O-KI

dey=deg,,+deg,y = — 12+K

dlys ¢ (39)

des=deg,;+ deg,y = "—dtz—dlm_‘o.:—zd/lza

Note that in general di,,dA33d,; due to the anisotropy in sand. However, when di,;=
dld,s and dA,;,7=dAy,, it is impossible to eliminate di,,, di,3 and di, from Eg. (39) and
also impossible to derive the stress-dilatancy equation which does not include d4,,, di;
and dA,;;. On the other hand when o¢,-axis coincides with Z-axis which means both of
vertical direction and pouring direction at the time of sample preparation, o,-axis and o~
axis are horizontal axes which are X-axis and Y-axis as shown in Fig. 4. For this case,
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X and Y directions are exchangeable for each other. Therefore,

dlmzdlls:dlzy:dlZX
, v (40)
‘ d/lzs=,,d/132=dlyx=dlxy
In this case, Eq. (39) becomes
d —K< Al dlK_l)d/l
€= A PA zZYy
oK g,k
d€2=—‘ PE) dle‘{“K d/{yx (41)
2 8
d K . g K '
de3:——< dzz dlzy+ 0'232 d/lyx>
From Eq. (41), the ratios de,/de, and dey/de, are obtained as
_ %8, K(z_a)"
deZ _ g, dy “ 74
de, g g (42)
Lo % K(1+—2—>-a
O3
93 \E
o &) W
des % K<1+ﬂ>a
dy ;

where a=dAzy/dAyx. Furthermore, by eliminating a from Egs. (42) and (43), the stress-
dilatancy equation for ¢,>0,>0; stress condition is obtained as
‘ 1 1 o,

g3
'—“""{“—“ d€3+‘_““‘—d€2
K
_ﬂ_ﬁ}___lg_:_K____%_ (6,>0,>04; 0,=0z) (44)
% 91 g e,
O3

Note that Eq. (44) holds only when two among three scalars, dd,;,, di;; and d,; in Eq.
(39) are identical. Eq. (44) corresponds to Egs. (3), (4) and (5) which were proposed by
Horne. But, Eq. (44) differs from Eqgs. (3), (4) and (5) in some aspects.

Ko and Scott (1967 and 1968) conducted p=const.=20 psi (1.41 kg/cm?*) shear test under
general stress condition. Stress paths they employed are shown in Fig. 9 and they are
denoted by RS 90 (triaxial comp.), RS75, RS60, RS45 and RS30 (triaxial ext.) tests
respectively. Specimens were cuboidal (9.4%x9.4X9.4cm) and air-dried Ottawa sand was
used. Since in this case ¢,~axis coincides with vertical axis, Egs. (41) through (44) can
be examined by Ko and Scott’s data. Fig. 10 shows the relationship between de,/de; and
0,/0s of these tests. To RS30 (TE)-test which is identical with the XED test of Ishihara
et al., the following equations which are derived from Egs. (27) and (29) may be applied.

o K 3
d€1: K ! d}‘ZX
O3
g%
dey= KDy (45)
38
de, 1 _1
d€1 - dlzx/dlyx - a

It may be seen from data of RS 30-test shown in Fig. 10 with theoretical lines that in this
case the value of a is between 0.8 and 1.0. This indicates that samples prepared by Ko
and Scott have slight anisotropy. Theoretical curves for RS45, RS60 and RS 75 tests
which are expressed by solid curves in Fig. 10 are Eq. (42) and that for RS 90 (TC)-test
is Eq. (23) which is independent of a. The value of K was obtained from stress-dilatancy
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loose Ottawa sand
RS30: €20.67, RS45:€£0.61,
0pGO( TO) 15l RS60:€:061, RS75'6,=061,RS90E50 67 |
) ) = =1, 41 kglcm?
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A N . >—RS3"(5(TE)
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OZ?TJE) &4 \o\ aa s s a0
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0 % ©
2
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Fig. 9. Stress paths and sample employed - 1'01 > ;'3 2 51', é 7

by Ko and Scott (1967 and 1968)

0,/0

Fig. 10. de;/de;~0,/0; relationships (after data
of Ko and Scott, 1967 and 1968) (Solid curves
are theoretical curves)

w0 7 - . .
R oRS90°(TC)
e = ARS75°
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Fig. 11. Stress-dilatancy plots (after data of Ko
and Scott, 1967 and 1868)
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plotting of RS 90 test. The stress-dilatancy plottings of various test results are shown
in Fig. 11 where the theoretical curves for RS90 and RS 30 tests are Egs. (23) and (26),
respectively and those for RS75. RS60 and RS 45 tests are Eq. (44). It may be seen
from Figs. 10 and 11 that theoretical curves fit experimental data. It is noteworthy that
stress—dilatancy plottings in Fig. 11 are not affected by the parameter a. Therefore it
is to be noted that the degree of inherent anisotropy in sample do not affect such stress—
dilatancy equations as Egs. (23), (26) and (44), but strain increment ratios are affected by
the degree of inherent anisotropy as shown by Egs. (24), (42) and (43) or as shown in
Figs. 2, 7, 8 and 10.

Plane Strain Condition (¢,>0,>03 and de,=0)
Plane strain test is one of the general stress condition tests under the condition of de,=

8 T
air-driéd Toyour'a sand €50.66
7 _ ' : e triaxial comp
Triaxial Comp, (sz const=2 11kgjert) 6r oplanestrain 1
6 (0@=0.6l(dense) 5F ~ _ 2 A
sk 1o 20, 78(medium) (%_const_—Zkg/cm el
s » =0.90(loose) $? 4T Eqe8) (K-25) 1
4| River Welland 4 ~ ol 905 o |
(é” iver and sand s o 3 ' .
6 3 = ‘ 2_ o
o () S al O_yp(K25) |
£ } (k=3)
1 = - 1 1 [
_ , , , 0" 05 10 15 20
0 0’5 18 1 5 20 ‘ triaxial Comp; D=~ Q%%d&
__dEp+des e
de; plane strain: D= - d_Gl
8 . . : !
Plane Strain(O3=const =2.11kg/om?) Fig. 13, Stress-dilatancy plots (after
7r ) data of Wade, 1963)
[O €70.85(loose) - . |
6 le ,=0.62(dense) Fine sand Dp=87%
5t 6 o triaxial comp. O/
al 5} 0 planestrain -
& 03=const=2.81l@/crrf o
\-— 3 B 4" o ~1
S )
2f ~ 9 ]
O
1+ 2r ]
o b 9 kp(k25) A
05 1.0 15 20 A .
_ & 0 05 10 15 20
% triaxial comp;: P=- _S%_Zéﬁe_@_
Fig. 12. Stress-dilatancy plots (after Barden & 1
et al., 1969) plane strin:p= - —d—e—,f-

Fig. 14. Stress-dilatancy plots (after
data of Ichihara and Matsuzawa,
1970)

NI | -El ectronic Library Service



The Japanese Geotechnical Society

14 : TATSUOKA

0. Since many plane strain tests have been conducted, it is valuable to examine the theory
by data of plane strain tests. Since o,~direction coincides with the vertical direction in all
of the plane strain tests quoted in the following, Egs. (40) through (44) are applicable
to this case under the condition of de,;=0. From Eq. (41) and de,=0-condition, o, is
correlated with ¢,, g, and a as follows. '

o, X g, K1 ' .
dey=——5-a+K diyx=0 . (46). ..
g, A \ .
Eq. (46) becomes
X . .
gy ___1__0_1_ K+1 L1 _ _
0‘3_K K+1<03> aK+1 (47)

where a=dA;y/ddyx. The stress—dilatancy equation for the plane strain condition is
obtained by substituting de,=0 into Eq. (44) as

gy , 1

G2, =
ﬁ0—3_1<“:—K§83 (0,>0,>05; 0,=05, de,=0) (48)
9 Ix g e,

O3

where g,/05 is obtained from Eq. (47). Note that Eq. (48) is not identical with Egq. (4)
which is’ stress-dilatancy equation for plane strain test proposed by Horne. Both of con-
ventional triaxial compression tests and ¢,=constant plane strain compression tests on same
sands were conducted by Barden, Khayatt and Wightman (1969), Wade (1963), Ichihara
and Matsuzawa (1970), Green (1971) and Cornforth (1964) test results of which are shown

S T T T ’
Ham River sand /
= 64
50 &0 g ]
O;=const.= 2.11kyen?
sample's dimension . /‘o

4r 84x81x5.3cm

e triaxial comp,
o plane strain

1 1 1

Fig. 15. Stress-strain relationsips
of a plane. strain test (after ) 05 1.0 1.5 2.0
_Ichihara and Matsuzawa, 1970) *
' dEx+ d€3

dé,

s i~ Do dE3
plane strain: D= a6
Fig. 16. Stress-dilatancy plots (after data

of Green, 1972)

triaxial comp,:D=-
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in Figs. 12 through 19. Fig. 12(a) shows stress-dilatancy plot for pre-peak parts of triaxial
compression tests on specimens of H=10cm and D=10cm which were conducted by Barden
et al. (1969). River Welland sand was employed. It is seen from Fig. 12(a) that K is
about 3 for this case. In Fig. 12(b), stress-dilatancy plot for pre-peak parts of plane strain
tests on specimen of 10cmX10cmX20cm and theoretical curves are presented. The straight
line represents Eq. (4) proposed by Horne and it may be seen that when the same value
of K as in the triaxial compression case is used, the value of-de;/de, predicted by Eq. (4)
is over-estimated for the plane strain case. On the other hand, the curves represent Eq. (48)
where g,/0, is obtained by substituting K=3.0, the refered value of ¢,/0;, and a=1.00or 0.5
into Eq. (47). It may be seen from Fig. 12(b) that the effect of the value of a on the
_theoretical curves is relatively small and the theoretical curves fit experimental data excel-
lently. The effectiveness of Eq. (48) with the same value of K as in the triaxial compres-
sion case are also shown in Figs. 13, 14 and 16 where data are quoted from Wade (1963),
Ichihara and Matsuzawa (1970) and Green (1972), respectively. In these figures, the
straight lines represent both of the stress-dilatancy equations for the triaxial compression
case expressed by Eq. (23) and Horne’s plane strain stress-dilatancy equation expressed by
Eq. (4) and the curves are the plane strain stress-dilatancy relations represented by Eg.
(48).

Furthermore, it is to be noted that while the variation of the intermediate principal
stress g, during shear can not be predicted by Eq. (4), Eq. (47) offers the variation of ¢,/0,
as a function of ¢,/0,. Note that in Eq. (47) the value of a=dA;y/dAyx have considerable
effects on g,/05. This is illustrated in Fig. 18 where data after Cornforth (1964) are also
plotted. It may be seen from Fig. 18 that the value of a for this case is between 0.3 and
0.4. In Fig. 19 the theoretical curve of ¢, by eq. (47) is compared with the measured one
where the value of K is obtained from the triaxial compression test conducted by Corn-
forth (1964) on the same sand as in plane strain tests and a of 0.4 is employed. It may be
found from this figure that the predicted value of ¢, by Eq. (47) fit the experimental data for

00

3
1 O i 1 U T T
oprepeak lneasured a=1.0
15 . ; e post peak
plane strain ~ 8r
T L es0.64 ] a
510 y o
Z U/ Theory i Z 6f
o || K=2.65.0:0.68 ~
ég 5 /Si' i/‘:"OZ 7 O

0 5 140 15

Theory (K=3, G4 0psi)

e] (%) 2— -
1 Ko _1
Fig. 17. Stress-strain relationships O=0.K K‘l(q / C%WQ K1
of a plane strain test (after 273
Green, 1972) 0 1 1 ) 0

H 1

10 12 14 16 18
01 (x10 psi)

Fig. 18. Variation of o, in plane strain test
(after data of Cornforth, 1964)
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Y PRR— both of pre-peak and post-peak. Similar result is shown
Brasted sard in Fig. 15 where the value of K is obtained from
o €=065 Fig. 14 and the value of a is employed for the theore-
~16F o ° O(medium)~ tical curve to fit the experimental curve. However,
2 o ° % 60 it is noteworthy that these values of & of around 0.5
©qaL° ! are similar to the value of a shown in Fig. 7(a) where
X e Theory data of XED test are plotted. On the other hand,
:; 3 K=03,9=04 Green (1972) conducted also the socalled XED test as
N8 shown in Fig. 4 and the value of a of 0.68 was obta-
a ined by the same procedure as shown in Fig. 7(a).
v af 0.4 . Fig. 17 shows that the theoretical curve with the me-

0 000000 0 0 0 O O ek asured value of a of 0.68 fits the measured curve.
(plane strain) O]TCZ)}‘O.Z e The .ratio between the deviator stresses ¢;,—ag; and

0 ‘i 2 3' ‘i '5 60 oY gs—0y is denoted by a parameter b as |
€1 Clo) b=t (49)

Fig. 19. Stress-strain relationships
of a plane strain test (after
Cornforth, 1964)

It is shown in Fig. 18 that the value of & in the
plane strain condition is not necessarily constant but
varies in accordance with o,/0,. The theoretical rela-

tionships between b and ¢,/0; which is obtained from Eq. (47) are illustrated in Fig. 20.
This shows that & increases up to g,/0;=4 but have almost constant values for the larger

value of ¢,/0,.

Note that the theoretical relationship between » and ¢,/0;, shown in Fig.

20 cannot be applicable to the case of ¢,=0;, because this relationship is derived from Eq.

(39) which holds only when ¢,>0,>0,.

TE. 10 T T T 1 T T
R S
0.8} ( b)plare strin = (KO OFT a1 1(G/03-1) _
. - _ dAzy
where ba%_—gg— and q = TR
olo 0,6 A
CI)CID : — K=2.5 , ———K=3.0 , ———K=3.5
Sl
o 0.4r i ————
= %//’f B 3
~ L — T T T T T
a=1.0{# —T =
P
0.2 .//‘/ i
/
a=0,5{/
1 I | |
TC. 04 > 3 4 é : L 5 3

01/03

Fig. 20. Theoretical variation of b-value in plane strain tests

CONCLUSIONS

On the basis of three fundamental postulates, a theory was proposed by which it is pos-
sible to correlate the stress-dilatancy equation for axisymmetric deformation with those for
general stress condition in the rather simple form and to assess the effect of inherent ani-
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sotropy in sands. It is also shown that the stress-dilatancy equations denoted by principal
stress ratios and principal strain increment ratios are not affected by the inherent anisot-
ropy in any case. Furthermore, the comparison of the theory with experimental data was
performed and it disclosed the relevance of the theory in spite of its simplicity.
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NOTATION
a, a'=parameters related with inherent anisotropy where
dAzx ,_ dlyx
T M a4,

b=(0,—03)/(0,—03)
D=dilatancy rate
e,=void ratio at the start of shear
Sfxy,» Sfrx=yield functions in gx>0y stress-system and Oy >0y stress- system respectively
Sxvc=current yield functions of fyy
dfyy=yield function increment ‘
hxy, hyx=hardening functions in o¢y>0y stress-system and Oy >0x stress-system,
respectively
K=tan?(z/4+Pu/2)
Kyy, Kyx=parameters depending on the state of the element
Lyxy, Lyy=parameters depending on the state of the element
p=mean principal stress—(o‘,—l—az—}—os)/S
g=shear stress=o,—0, in triaxial compression and 0;—0, in tr1ax1al extension
R principal stress ratio=a,/0;
v=volumetric strain
dv=volumetric strain increment
dyy, dyx=1.0 when ox=0y and zero when ox=oy
&1, €, &=major, intermediate and minor principal strains
de,, de,, dey=major, intermediate and minor principal strain increments
dex, dey, dez=three principal strain increments
dexyy, deyyy=principal strain increments in ideal two-dimensional 0x>0y stress-system
f=angle between pouring direction at sample preparation and as—-direction
0y, 0y, Oy=major, intermediate and minor principal stresses
0x, Oy, oz=three principal stresses
¢.=mean angle of interparticle friction
¢xy, ¢vx=plastic potential functions in ox>0oy stress-system and in gy >0y stress-
system, respectively
dlyy, dAyx, -=scalars
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