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       STRESS-DILATANCY  RELATIONS  OF  ANISOTROPIC

                    SANDS  IN THREE  DIMENSIONAL

                            STRESS  CONDITION
                                     '

                                 FuMIo TATsuoKA*

                                    ABSTRACT

  The  stress-dilatancy  equations  which  relate  principal strain  increment ratio  With prin-

 gipal stress  ratio  in the  previous  studies  are  first reviewed  and  shown  is the necessity  to

 
mvgstigate  the  relationship  between the  stress-dilatancy  equation  for axisymmetric  defor-
mation  and  that for general  stress  condition  and  te clarify  the effect  of  inherent anisotropy
on  tbe  stress-dilatancy  equations.  Then,  in summary  form, three  fundamental postulates
are  introduced  as  the  bases on  which  a  theory  to investigate above  mentioned  two  problems
is to be established.                    The  stress-dilatancy  performance  of  sands  predicted  by the  proposed
theory

 werg  compared  with  several  experimental  data obtained  by other  investigators.
These data mclude  those  of,triaxial  compression  and  extension  tests, genera}  stress  condi-

tion tests (ai>o2>as) and  plane strain  tests. This comparison  dis¢ losed 'the relevence  of
the theory  in spite  of  its simplicity.

                                          '
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                                  INTRObUCTION

  
Among

 several  stress-dilatancy  equations  which  have been proposed, the  simplest  one
is
 the equation  for axisymmetric  deformation proposed by Rowe  (1962) and  Rowe, Barden

and  Lee  (1964) as,

                                  R=DK  (1)
where

 R==ai!as, K=tan2(tr!4+di"f2) and  D:::-2deslde, for the  triaxial compression  case  of
ati=as or  DJ=-des!2de,  for the triaxial extension  case  of  a2:=:ai.                                                             Barden and  Khayatt
(1966) examined  Eq. (1) by the  precise triaxial and  extension  tests on  sand  and  

showed

that Eq. (1) fits the  experimental  data of  triaxial compression  and  extension  tests excelle-
ntly.  Furthermore, Horne  (1965) derived the  theoretical  stress-dilatancy  equatiens  for the
general  stress  condition  of  ai>a2>u3  as  follows.

                  ai>a2>as(ds2<O)

                           aidei

                      
M
 a2de2+a,de,  

=K

 ･ 
'
 (3)

                  ai>a2>as  (de2=O ; plane strain)

                      
-3:,d,e:==K

 or  gg--,d,e:K (4)
                                       '
*
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                         a,>a2>o3(de2>O)

                             -aide,+a2de2  =K  (s)
                                  a3ds3

  Howevett, Bafrden, Khayatt  and  Wightinan (1969) showed  by eonducting  triaxial compres-

sion  and  extension  tests and  plane  strain  tests on  same  sand  that  the  value  of  K  in Eq. (4)
for the  plane strain  case  ls larger than  that  in Eq. (1) for the  triaxial compression  and

extension  cases.  This was  explained  by Barden et. al  (1969) as  such.that  the  minimum

degree of  freedom  for interparticle movement  occurs  under  the condition  of  plane strain.

However,  this explanation  would  be rather  vague  and  it is be necessary  to investigate

the  stress-dilatancy  equations  for the  general  stress  condition  more  rationally  based on

experimental  data.
  Furthermore, it may  be dointed out  that  so  far the inherent anisotropy  has not  been

considered  directly in deriving the  stress  dilatancy equations.  Meanwhile, Arthur and

Menzies  (1972) prepared  the  samples  with  the various  inherent anisotropies  by pouring

air-dried  sand  into tilted cuboidal  mold  with  various  tilting angles  and  conducted  triaxial

compression･tests  where  a,>a2==a,.  They'showed the  case  where  ds2!des is about  1.5 in

splte  of  a2ma3.'  Such inherent anisotropy  was  also  shown  by El-Shoby (1969) who

conducted･iSotrodic  censolidation  tests of  cylindrical  triaxial samples  prepared  by pouring

sand  in a vertically  stood  mold.  In this case,  it was  shown  that dei<des in spite  of  oi--

a3 in isotrapic cdnSolidation  process.
  It is the  fiIst ･aim of  this paper  to investigate the  relationship  between  the  stress-dila-

taney  equatiort  .for axisymmetric  deforMation 'and that for general stress  condition  wherg

ai>a2>a3.  ･･Thel second  aim  is to clarify  the effect  of  inherent anisotropy  on  the  stress-

dilatancy equations.  In this paper, only  the case  is concerned  where  the  axes  of  principal

stresses  do not  rotate.

                            FUNDAMENTAL  EQUATIONS

  Any  element  in soil mass  is under  three-dimensional  stress  condition.  As it is

complicated  to investigate stress-dilatancy  telations under  such  three-dimensional

condition"from  the  beginning, it is better to  suppose  idealized two-dimensional

condition  as  the' first step.  Now, define two  principal stresses  in two-dimensional

system  by ax  and  ar, whehe  ax>ay  and  define two  principal strain  increments by

and  dev.. which  correspond  to ax  and  gv  respectively.  The  sufix  XY  of  dex.. and

means  ai?bay  stres,s-system.  In this case,  ,

                    ax=;oi  ; maJor  principal stress
 )

                    aT=as  ; minor  principal  stxess  J

                 dsxx.=dei ; major  prin6ipal strain

                 dsv.y=de3 ; minor  principal strain

and
 
volumetric

 strain  increment is expressed'  as

                              dv=dexir+deyxv

  On  the  other  hand, Eq. (1) may  be rewritten  ln the

                              
.g;･.

 ..  K(i  
-
 
-,dgi)

and  iri the  triaxial extension  case  as

                               
':i"

 
==

 K  
i-idv

                            ' 4. e3

i,".C,\,e,M.2".ll

triaxial compression  case  as

ratherstressstressst

  ress'   'dexxv

 devxr

(6)

(7)

(8)

(9)

(10)
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Stress-dilatancy equation  in idealized two-dimensional  stress  condition  may  be obtained  by
substituting  Eqs. (6), (7) and  (8) into Eq. (9) as

                    .aoxy 
..

 K(i-  
dexriel.d.SyxT)=:

 
-K

 ddsS:: ai)

The  same  equation  is also  obtained  by substituting  Eqs. (6), (7) and  (8) into Eq. (10).
The stress-dilatancy  equation  in the  idealized two-dimensional  stress  condition  as  expressed

by Eq. (11) is the  first basic postulate  ef  the  theory.  
'

  Nextr it is necessary  te correlate  strain  increments in the idealized two-dimensional
stress  condition  with  strain  increments in the  ordinary  three-dimensional  stress  condition

by using  other  postulates. Then, define three  principal  stresses  by ai,  ar  and  az  and  define
three principal strain  increments by dex, dey and  dsz which  correspond.to  ax,  av  and  az
respectively.  ･

  There are  three  combinations  of  two  principal stresses  as  ax-ay,  ax-az  and  av-az.  In
each  combination,  there are  two  cases  where  relative  largeness between two  principal
stresses  are  different such  as  ai>av  and  ay>ax.  Therefore, six  idealized two-dimensional
slippings  in six  different idealized two-dimensional  stress  conditions  may  be possible for an

element  under  three-dimensional  stress  condition  as  shown  in Table 1, while  all of  six

two-dimensional  sHppings  are  not  induced at  the  same  time.  Strain increment components
in six  two-dimensional  slippings  are  summarized  in third, fourth and  fifth columns  

'in

Table 1. Then, suppose  the case  where  ax>av>az  for example.  In this case,  Possible
idealized two-dimensional  istress-systems are  ax>ov,  ax>as  and  ay>az  stress-systems.  On
the  other  hand, Matsuoka (1974) proposed sueh  a  postulate  that  ･each of  three  principal
strain  increments in three-dimensional  stress  condition  caused  by shear  defoimation 

'is

obtained  by linear summation  of  two  components  which  are  produced  by two  different
idealized two-dimensional  slippings.  According to this postulate, three  principal strain

increments under  ax>ay>az  stress-system  may  be expressed  using  notations  in Table 1 as

                       dex=dexxv+dexxz

                       dev=deyxv+dev...

                       dsz ==  dezxz +  dszyz

Eq. (12) means  that  for example  dsx is
increment components  in two  idealized

                  Table 1. Six idealized

 composed

two-d

  two-dimensional

 (ax>ay>az)

     of  dsxxF and  derxs which  are

imensional slippings  of  ar>av  stress
                        '

          stress-systems

(12)

    -
 stralnsystem

Stress System dexdeydezStress-dilatancy  Eq. T h f
(1)(2) (3)(4)(5) (6) (7) (8)(9)

ax>aydsxxydeyxF
di=rKdSFrv

ay dexxF
axK

Txr=Oy hxTfxr

ax-ar
/

m

ay>trx  dexyxdevvx ay
 ..  -K  

dexvx.

ax  dsyvN･
     avK
Vyx=
      ax

hyxfrx

ax>azdsxxz dszxs        dszxzdX
  =-K

az  dexxz
     axK
urxz=
      az

hizrkz
ax-azaz>ax

 dsxzx dezzxaz  
,.-K

 
dexgr

ax  dezzi
     a.K
Tzx=:
      ox

hzxth.I,

ov-azay>Oz

dsvizdezrs        dezygay
 =TK

az  dsvyzI
       ayK

I 
urYi=

 az
hyzfrz

az>ay dsysvdezzraz  ..  ww K  
devsy

oy
 d.ezzv

     azK
urzy=
     av

hzvflaT

NOTE  ; dst,i=ovtjOat           OTjtdAtj, deti==              dajt
          Oat
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and  ax>az  stress  system,  respectively.  Note that  possible are  six  different three-dimen-

sional  stress-systems  where  relative  largeness among  three  stresses  are  different such  as

ax>ay>az,  ai>az>ay,  ay>az>ai,  av>ax>az,  az>ax>ay  and  az>ay>ax.  For other

stress-systems  besides ax>ay>az,  other  equations  which  correspond  to Eq. (12) can  be

derived using  strain  inerement components  listed in columns  (3), (4) and  (5) of  Table 1.

,The linear summation  of  two  components  in idealized two-dimensional  slippings  as  expressed

by Eq. (12) is the  second  basic postulate.
  As  to  deformation properties of  sand,  Poorooshasb, Holubec and  Sherbourne (1966, 1967),

Poorooshasb (1971) and  Tatsuoka and  !shihara (1974a) showed  that  sand  behaves as  a

strain hardening elasto-plastic  material  under  some  conditions.  In general, elastic  part of

strain  is negregible  in comparison  with  non-reversible  part of  strain  (Barden, Khayatt and

Wightman, 1969). A!so in this paper, elastic  part of  strain  is neglected.  Therefore, strain

inerement components  in idealized ax>ay  stress-system  for example  are  correlated  with

eaQh  other  by using  a  plastic potential funetion as

                                    Odixy
                                        dZry                             dexxy=
                                    Obx

                                    aipxy
                                         dZxr                             dsyxy=
                                    Oav

where  dexxv and  devxy are  plastic strain  

'

potential function for ax>av  stress--system  and  dlxr

the element  of  sand  denoted by mean  void  ratio,  

'

.stress history etc.. Eq. (13) is
tial function ¢ xy  which  satisfies  Eq. (11) is

                           cpxy== ･aTK ,iiy
                                 ay

where  dxy=O  when  ax  =ay  and  dxv=1  when

when  ax=Vay.  Similarly in ay>ai  stress-system,

                           ¢ vx=
 
aYK

 dyx
                                 ax

and  strain  increment components  are  expressed  as

(13)

           mcrement  components  and  ipxv is the  plastic

                    is a  scalar  depending on  the state  of

                  inherent  anisotropy,  stress  conditions,

the  thira  fundamental postulate.  The  simplest  plastic poten-

            expressed  as  (Barden and  Khayatt, 1966),

              (ai>ay) (14)

              ax>ay  since  shear  deformation occurs  only

                  pla$tic potential function is denoted by

              (ay>ax) (15)

       Oipyx
           dZvxdsxTr==
       Oax

       Oipyx
           dZyxdsvrx=
       Oar

(16)

It is to be noted  that  d2yx is dZiy when  sand  has inherent anisotropy

which  is in general  inevitable when  sample  is prepared  under  the effect  of  gravitation. Similar

equations  to Eqs. (13) and  (16) can  be obtained  for other  four cases  and  stress-dilatancy

equations  and  plastic potential functions for six  two-dimensional  slippings  are  summarized

in sixth  and  seventh  columns  in Table 1.

  Then  dZxy  for example  may  be expressed  as

                       dZry ==hiv(axfay,  P, Kxy, e) cifxy  (17)
where  hxy is the  hardening function in ax>ay  stress-system  and  cifxy  is the increment of
the  yield function ftsry. Kxy  is the  parameter  depending on  the  state  of  the  element  of

sand  and  in general

                      
K..

 
FKvxtKxz=i=Kzx"=KYz=VK2y

 } (ls)
                      hxv=Vhvx=Fhxz=Vhzx=ic hvzihzv                                                    J
And  fbey may  be expressed  as
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where  Lxy is

yield function

Eq. (20) was

and  Ishihara,

where  kre  is

           STRESS-DILATANCY  RELATIONS  OF  SANDS

            .Lry==.fbev(axfay, p, Lxy, e)

the parameter depending  on  the state  of  the elernent.  Note
 in ax>av  stress-system  and  in general

          fbey=VfYx=V.flrz'"jClax=VfYz l thr
partially verified  in the triaxial compression  and  extension

1974, b). Yielding of  sand  occurs  only  when

 . .Lxv=fhryc and  (ifxv>O

the  highest value  of  .fbey in the  loading process.

that

cases

        5'

    (19)
.fbey is the

    (20)
(Tatsuoka

    (21)

                         STRESS-DILATANCY  EQUATIONS

  By  combining  three  basic postulats:

  (1) stress-dilataney  equatiens  in itfealized two-dimensional  stress-systems  as  Eq. (11),
  {2) linear surnmation  ef two  strain  increment components  as  expressed  by Eq. (12) and
  (3) notations  using  plastic potential fundtions as  expressed  by Eq. (13), 

'
 ･

stress-dilatancy  relations  for four cases  are  derived in the following, triaxial compression

case  of  ai>a2  =as,  triaxial extension  case  of  at=a2>as,  general  stress  condition  case  of

ai>a2>as  and  plane strane  case  of  de2= O. In the following, Z-axis means  vertical  airec-
tion  and  X-axis  and  YLaxis mean  horizontal directions. Then,  for triaxial compression

ease  for exarnple,  there  are  three  different cases  such  as  ax>ay==az,  av>az=ax  and  az>

ax=av.  When  it is necessary  to distinguish such  three  cases  as  above,  sudixes  X; Y  and

Z  are  used  in place of  suMxes  1, 2 and  3. When  not  necessary,  suMxes  1, 2and3  are

used.  For other  three  cases,  similarly  to triaxial compression  case,  suMxes  X, Y  and  Z
are  used  only  when  it is necessary  to irfentify the directions of  three principal  stresses  at,

a2 and  aa. 
'

 The  relationship  between K  and  interparticle friction angle  ¢ za is not  discussed because
this is not  the  rnain  aim  of this paper. Therefore, for all  cases  in the following, the
values  of  K  are  determined  from stress-dilatancy  plottings  of  data of  conventional  triaxial
compression  tests where  ai-direction  is identica] with  the  vertical  direction at  the time  of

sample  preparation.

Triaxial ComPressien (ai>az =as)

 In this case,  three  principal strain  increments dei, de2 and  de3 are  derived, noting  that
A2s= O due to a2=as,  as  follows.

dei=dsit2+dens

    OVi2              am,

  
==

 oa, 
dn,t2+

 oa, 
dAis

  =  oO., ( aaf Ai2)dZi2+ ,O., ( a.if

  =K(  
aii

Ui

 dR,,+ 
aiaK,M'

 dz,,),

de2=de2it+ds22s

    OYi2              OV23
  

==
 oa, 

dAi2+
 oa, 

dZ2s

  ==aOa,(a,K  t2              )         
ai
 ti dR,2+as

      alK

  
==M

 a22 
dZi2

Ais)dais

aa2,K

 d2s)dA2s

(22)
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ana  ds3=desi3+dE3,s

    
'

 
'=%ToiS

 dlis--OoVai3 da23

                     =  oOa, ( aai,K di3)dai3+ oO., ( ai,K d23)dR2s
                      =-  

aarS
 da,3

   t t

  By  eliminating  da,2 and  dl,3 from Eq. (22), the

compression  is obtained  as

               k' =  
a.l
 =-Kth'2i,,dSS  :=  K(1-  dd,V, )

  This is the  same  equation  as Eq. (1). However,  it is

4ffected,by  the relative  largeness between  de2 and  de3. In

that ds2 ,is not  identical with  des in spite  of  a2=as.  From

de2 is derived as  . 
･

'' ' des-dAi3-.h  1 
'nvmh

 - '
 ds2-dAi2-  (atlas)fK(de31dei)+1

  In conventional  triaxial tests with  cylindrical  samples  this

ordinarily.  Meanwhile Arthur and  Menzies (l972) conducted

cuboidal  samples  (10cmXIOcmXIOcm) which  were  prepared

Leighton Buzzard  sand  into a tilted mold.  Therefore,

tical with  vertical  pouring  direction. They  defined the  tilting

When  O=900, a,-directlon  is identical with  the  pouring

the  direction of  layering which  is horizontal when  sample  is

tion is not  the  direction of  layering except  when  e==900.

compression  test  of  a2  =as=,const.  =:O.539kg/cm2  and  a, 
'

that the  values  of  ds,fde2 obtained  by Eq. (24) using  the

dei fit with  measured  values  of des!de2 and  that  desfds2 is not

increases with  decrease in e. And  it may  be seen  from Fig.

for the  case  of  de2=Fds3. Similar triaxial compression  tests

by pouring  saturated  Toyoura  sand  into a tilted mold  under

(1972a, b). Test results  show  that stress-strain  relationships

ion

C5 ,E,

,El

,%

Fig. 1. Reference direction (after Arthur

    and  Menzies, 1972)

crgffv

stress-dilatancy  equation  for triaxial

  (a,>a2 ==  a3) (23)

    noteworthy  that  Eq. (23) is not

      anisotropic  sand,  it is possible

      Eq. (22), the ratio  of  de3 to
                     '                             '                       '                             t/

                            (24)
                 '

         ratio  can  not  be .obtained
        triaxial  eempression  tests on

       by pouring air-dried  rounded

  a,--direction  is not  necessarily  iden-

         angle  0 as  shgwn  in Fig.1.

   diirection. a,-direction  is always

       prepared. However, as-diree-

     They  conducted  drained triaxial

  increa$ing.  In Fig. 2, it is shown

    measured  valties  of  oifa3  and  de31

        a  unit  except  when  0 =:  900 and

        3 that  Eq. (23) holds even

      with  cylindrical  samples  made

       water  were  conducted  by Oda

        depend on  the  angle  e bet-

3

2t

2

     theory (Eq(24))(K=2)e      measured

    o--

 e
          o
  

-L.
 eN

    o  
N'

 SNxN
                 N
                   

---- L--.                        -

q/q=2.s- 4 (9=%)

F-ig.

o･

2. Thepression

Menzies,

   3oe

         e
ratio  de3/dbz
 (after data
 1972)

inef

6oo

triaxial

 Arthur

  9oo

com-and
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Z
)

Y

     en
(horizonta

     Yamada

izentaO
 '

7

                        
                        

                                   2.5･           O.5 10  1.5 2.0
                  ･ Specimens used  by･ Ishihara,

              
'
 gfask                                                          and  Kitagawa  (1975)

                
-dq

 
'

         Stress-dilatan¢ y plots (after data
      of  Arthur and  Menzies, 1972)

     the  as-direction  and  the  pouring  direction due to  the  variation  of  inherent anisotropy

        show  that  Eq. (23) holds irrespectively of  the variation  of  anisotropy.

                                                               '
Triaxial Extension (ai=a2>a･s)
      m.･,this case,  three  principal  strain  increments are  obtained  by the similar  procedure

      .casg df triaxial compression.  In this case,  42 is zero  since  a,=a2.  Tljerefore,

                   
dei=den2+den3=O+dsn,=:K-a-ii-id2,3 1

                   
cfea:=ds2,,+ds2,,=O+de2,,=

 
K-a2aK3

HidR,,,

 i (2s)

                   de3=:de3is+dsst3=-(aat,i dAis+aa2,rct dA,,) 1 . ,.

By  eliminating  scalars  dRt3 and  dA2s from  Eq. (25), the stress-dilatancy  equation  for the

triaxial extension  case  is obtained  as  .

                      2i 
=

 gi =-K  d, ,de+Sdg,  
=:

 
K
 1. -l

d4./t,.
 

(ai
 
--

 
a2>as)

 
'

 
C26)

                                                                              '

This is same  as Eq. (1) but it is to be noted  that  Eq. (26), sirnilarly  as  in Eq. (23), is
not  affected  by the  ratio  ds,!de2 which  is not  necessarily  a  unit.  .

  Ishihara, Yamada  and  Kitagawa  (1975) conducted  triaxial compression  and  extension

tests using  rectangular  samples  as  shown  in Fig. 4 under  the  condition  of  p=113(oi+a2+
a3)=  const.  =1kgfcm2.  Z-direction in Fig. 4 means  pouring direction a,nd  X,  Y-directions

are  horizontal. Samples were  prepared by pouripg  saturated  Fuji River satad' i.nte a mold.

Ishihara et al. conducted  four kinds of  tests'Iisted in Table  2. Both of  ZCD'and  YCD.
tests are  triaxial compression  tests but ai=az  in the  former  and  a,=ay  in the  latter. In

triaxial extension  tests, similarly,  as==az  in ZED-test  and  ae=ax  in XED-test. Fig. 5
indicates that  triaxial  compression  tests ZCD  and  YCD  show  different volumetric  strain

vtvstress  ratio  qlp' relationship  and  similarly'  triaxial extension  tests ZED  elrid XED  show

different v.vq!p'  relationship.  This  would  be due to inherent anisotropy  
'Calised

 b'y sedi-

mentation  of  sand  particles under  gravitationJ  
'The

 stress-dilatancy  eqtititibn'ifor  

'ZCD
 and

NII-Electtonic  
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Table
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2. Lists of  tests cenducted  by Ishihara, Yamada  and  Kitagawa  (1975)

Test
     l
name

 iType  of  test

,ZCDZED.

 'YCD'XED

1iilt

l

Triaxial comp.

Triaxial ext.

Triaxial comp.

Triaxial ext.

azala3a3al aya3aialal axa3alasas qal-asas-alal-asas-al

  1.0tS'.

g o,s

lcrtu
 o.oig

 -O.5

5

  ZED

    qo.s3
XED

eo,ew

Fuji river

,p:const,=lkgrcm

Triaxla[

sand

   ,

Y
 

/  ZCDcto.ee
A

lxg  g

4

twt, Triaxid Cornp.

3dNo-2

1
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                                                 1975)

YCD  tests is expressed  by Eq. (23) and  that  for ZED  and  XED  tests is expressed  by Eq.

(26). Fig. 6 shows  that these equations  expressed  by a solid  line fit experimental  data
excellently.  But, note  that  dsz!dsr in XED-test (az=ay>ax) and  dezfdez in YCD-test

(ay>ax= az)  ere  not  units  as  shown  in Fig. 7. The  theoretical  relationships  among  prin-
cipal  strain  increments in each  test are  derived from  equations  in Table 1 as  follows.

oin  XED-test (az=::oy>ax)
                                 K-1

                  dez rdezzx=K  
az

                                ax  
dZzi

 }
                  

dey=dsy.x=KaraK;i
 
dayi

 it (27)

         , . dex=dex..+dex.x==-  
aoZx;

 dazx-  
aavxg

 dAvx i       '

where  dAzx and  dAyx are  scalars.  As X  and  Y  directions are  horizontal and  exchangeable

for each  other,  it may  be assumed  in thls case  that

                                Slll::IZ.Y. 1 (2s)

From  Eqs. (27) and  (28), it is found that  dez/dey is dAzx!dZyx=dAzyfdaxy and  in this
ease  this' is .abeut O. 55 as  shown  in Fig. 7. Then  a  parameter a  which  depends upon  the
degree of  anisotropy  of  sample  may  be defined by
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                                  dAzx dZzr

                 - 
"=

 dRvxM=dRx.  (29)

lt,,IllSY,hb,e,l?,',iglPda,I.e,d..`h,,a`,:.'.S,ia.."%`,i,"hi',h:.g,aS:.,O.fbig2.:r,odpi.c,sa"d･ 
From･

 
Eqs･

 (27) and

             
'Z;'u=k=-Z'u=-Kded,eids.==-iia

 ::i=Ni+K-i dd,S} (3o)
                                                       a

If sample  is isotropic, then  a=  1.0 and  Eq. (30) beeomes

                .Eti-= az  
..!z.=-K

 dex --K  dex  m-K  dss

                as ax  ox  2dsy'  2dez-2de,  (31)

In Fig. 8, the  values  of  avfar  and  -dexfdbv  and  the  values  of  as!ax  and  -dsxfdez  are

plotted. It is seen  from this figure that Eq. (30) fits experimental  data but Eq. (31) which

may  be applied  for isotropic material  does not  hold.

Qin YCD-test  (ay>ox=iaz)

               dez== dez..= -  
aaYzl

 davz                                                      1
               

dev!
 
der..+dsyyx

 
==KaViLi

 dayz+K  
ararrii

 d2vx fk (32)

               dsx =:  dexvx=-  
aaYx:

 d2yx i .

In this ease,  by defining another  parameter  a' which  depends on  the  degree of  anisotropy

                           a,
 .,  

dAvE-m  dAxy .
                                                                      (33)                               dXyz  

7
                                     dZxs

of  sample  by the  stress-dilatancy  equation  is obtained  from Eqs. (32) and  (33) as

        ,{;;,... g: =  g.y 
---K-deZ,',.dbX--K(i+a')

 l2,.Z --K(i+i-)  S:i 

'

 (34)

    1.0

       
di) 
vtw
 LtE}t."i,'.`
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                                     '                  '
The  value  of  a' is about  O.55 in this case  as  shown  in Fig. 7. The  considerable

of  values  of  a  and  a' are  observed  in Fig. 7 and  a  and  a' may  be functions
However,  at  present,  the  function can  not  be determined  based on  few data.

a  and  a' are  considered  as  constants  for simplicity  in 
'this

 paper.

oin  ZCD-test (az>ay= ax)

                      dez=dezzv+dezzx=K  
aii7i

 
2dzzy

 )
                      dey= dsygy=nt 

Ois;

 
dZzv

 i
                      dex=deizx=  dey J
oin  ZED-test  (az<av=ax)

                      dez=dezvz+dezxz= 
-
 
aais;

 2dAyz )
                      dey 

=:

 dsvi. 
=:

 KaiaKii dlyz i
                      dex= derxz== dey J
From  Eqs. (32) through  (36), volumetric  strain  increments de=dez+dey+dbx
are  obtained  as

               ZCD-test  ; dezcD=(K  
aiaKi`

 
-
 
aaisi

 ),2dazy 1
               >,C.DJ,t,e,Xt;'d,V,::D.li[ 

',l

 llSd,A,;z.'d"yx)i
'

               XED-test;dvx.D==( i/ )･(dlvx+dXzx) J

From  Eqs. (29), (33) and  (37), the  ratios  of  volurnetric  strain  increments are  obtained  as

            dVzcD: clvyeD  : dVzED: cip. xED=2a'a'  : (1 +a') :2:  (a.a' +a')

                                    =1:2.6:3.3:1.42  (38)

Therefore it may  be supposed  that  the  disagreement in the  magnitudes  of  the  volumetric

strains  of  four tests shown  in Fig.,5･would be due to the  inherent anisotropy  which  

'is

denoted by the  parameters a  and  a'.  Accordingly it may  be anticipated  that  the  volumetric

strains  of  four tests shown  in Fig. 5 would  coineide  with  each  other  for tb.e same  stress

ratio  ai/as  when  sample  is isotrgpic where  a  and  a'  are  units.  
'

                       '                     '

General Stress Cbndition (ai>02>as)
  In this.,case,. three principal  

'strain
 increments are  obtained  as

                  dei 
=dsi.+dei,,=KaiaK2

-i

 dZ,2+KaiaKs
uzi

 
da,s

 l
                  de,=de2,,÷ de,,,==-aal,g dZ,2+K  

a2i
-1

 
dR2,

 l (3g)

                  ds3 ==  dss,,+des,,=-  
aais;

 dAis-  
aa231

 da2s 1
  'Note

 that  in general daia Vdai3=Vd123 due to the  anisotropy  in sand.  However,  when  dZn"=

dZ,3 and  dai2=Fda23, it is impossible to  eliminate  dai2, dRi3 and  dA,, from Eq. (39) and

also  impossible to  derive the  stress-dilatancy  equation  which  does not  include dA,2, dA,3

and  dZ2s. On  the  other  hand when  ai-axis  coincides  with  Z-axis which  means  both of

vertical  direction and  pouring  direction at  the time  of  sample  preparation,  a2-axis  and  a,--

axis  are  horizontal axes  which  are  X-axis and  Y-axis as  shown  in Fig. 4. For this case,

      .

scatter]ng

 of  ai/g3･

Therefore

(35)

(36)

in each  test

(37)
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 X  and  Y  directions are  exchangeable  for each  other.                                                  Therefore,

                  1 :ll:::llil':liY.
H-=ddlZ.X.)

 (4o)

 In this case,  Eq. (39) becomes

                        
de,
 
==

 
K(

 
aii'1

 +  
aii-1)dAzy

 }
                        de2=-  

aai2g

 dAzv+K  
a2iit

 dayx i (41)

               
'.

 des==-(aai,; dazy+aa2,# dAvx) 1
 From  Eq. (41), the  ratios  de2/de, and  des!de, are  obtained  qs ,

                         de2 a, 
mngtt

 'a+K(-git)K

         , 
dei
 

='

 
ae
 K(1+g:,.) .. 

(42)

                          de3 a, 
a+(:l)K

                          
ds,
 

"--Eg

 K(1+  :; ). . 
(43)

 where  a==dZzyldAyx.  Furthermore,  by eliminating  a  from Eqs. (42) and  (43), the  stress-

 dilatancy equation  for ai>a2>a3  stress  conditien  is obtained  as

                f; 
"ail#

 =-Kft'YutumKi;':i'de2  (a,>a,>a,;a,=az) (44)

    . as

 Note that Eq. (44) holds only  when  two  among  three  sca]ars,  dAi2, dRis and  dZ2s in Eq.

 (39) are  identical. Eq. (44) corresponds  to Eqs. (3), (4) and  (5) which  were  preposed by

 HQrne. But, Eg. (44) differs from  Eqs. (3), (4) and  (5) in some  aspects.

   Ko  and  Scott (1967 and  1968) condueted  p==const.==20 psi (1.41 kgfcm2) shear  test  under

 general stress  condition.  Stress paths  they  employed  are  shown  in Fig. 9 and  they  are

 denoted by RS90  (triaxial comp.),  RS75,  RS60,  RS45  and  RS30  (triaxial ext.)  tests

 respectively.  Spe ¢ imens were  cuboidal  (9.4x9.4× 9.4cm)  and  air-dried  Ottawa sand  was

 used.  Since in this case  a,-axis  coincides  with  vertical  axis,  Eqs. (41) through  (44) can

 be examined  by Ko  and  Scott's data. Fig. 10 shows  the relationship  between ds2!dsi and

 a,fa,  of  these  tests. To  RS30  (TE)-test which  is identical with  the  XED  test of  Ishihara

 et al,, the following equations  which  are  derived from Eqs. (27) and  (29) may  be applied.

                            ds, ==  K  
alN

 dazx

                            d,,=K  aa23" di.. I (4s)

                             ::l =:  diz
S

ltfdA..
 :: 2 l .

 It may  be seen  from data of  RS  30--test shown  in Fig. 10 with  theeretical  lines that  in this

 case  the  value  of  a  is between O.8 and  1.0. This  indicates that  samples  prepared by Ko

 and  Scott have slight  anisotropy.  Theoretical curves  for RS45,  RS60  and  RS75  tests

 which  are  expressed  by solid  curves  in Fig. 10 are  Eq. (42) and  that  for RS90  (TC)-test
 is Eq. (23) which  is independent of  a.  The  value  of  K  was  obtained  from  stress-dilatancy
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plotting of  RS90  test. The  stress-dilatancy  plottings of  various  test results  are  shown

 in Fig. 11 where  the theoretical curves  for RS90  and  RS30  tests are  Eqs. (23) and  (26),
respectively  and  those  for RS75. RS60  and  RS45  tests are  Eq. (44). It may  be seen

from Figs. 10 and  1! that theoretical curves  fit experimental  data. It is noteworthy  that

stress-dilatancy  plottings in Fig. 11 are  not  affected  by the  parameter  a. Therefore  it
is to be noted  that the degree of  inherent anisotropy  in sample  do not  affect  such  stress-

dilatancy equations  as  Eqs. (23), (26) and  (44), but strain  increment ratios  are  affected  by
the  degree of  inherent anisotropy  as  shown  by Eqs. (24), (42) and  (43) or  as  shown  in

Figs. 2, 7, 8 and  10.

Plane Strain Cbndition (ai>a2>a3 and  de2==O)

  Plane strain test is one  of  the general stress  condition  tests under  the  condition  of  de2==
                                                                    '
     

'
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O. Since many  plane  strain  tests have been conducted,  it is.valuable to examine  the  theory

by data of  plane strain  tests. Since ardirection  coincides  with  the  vertical  directio4 in all

of  the  plane  strain,-tests  quoted  in the  following, Eqs. (40) through  (44) are  applicable

to this case  under  the  condition  of'de2=e.  From  Eq. (41) and  de2==O-copditien, a2 i's

correlated  with,  ai, a3  and  a  as  follows.

                     de2 =[-  
Y-alff,-

 ･a -f-K 
a2i7'1dA

 vx  =O  . (46)'

Eq. (46) becornes
                                      K

'

                       -Zi=K"K-i+i(-[l;'-)K-'iaK-i+i 
-
 (47)

vtrhere  h=dAzy!d2vx, The stress-dilatancy  equation  for the  plane  strain  condi'tion  is
obtained  by substituting  de,==O into Eq. (44) as

              -g;'- tlltll:si++

-4=-Ks:? (o,>o2>as;a,--az, de2=o) (4s)

                   as

whefe  a,t'd,- is obtained  frorn Eq. (47). Note  that  Eq. (48) is not  identical with  Eq. (4)
whieh  i's'X'stress-dilatancy equation  for plane strain  test proposed  by Horne. Both of  con-

ventional  tridx･ial compression  tests and  a, =constant  plane strain  compression  tests on  same

sands  were  conducted  by Barden, Khayatt  and  Wightman  (1969), Wade  (1963), Ichi,hara                                                                      '
and  Matsuzawa  (1970), Green (1971) and  Cornforth (1964) test results  of  which  are  showh
                                                    '          '            tt tt

Fig.
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in Figs. 12 through  19. Fig. 12(a) shovvs  stress-dilatancy  plot for pre-peak parts of  triaxial

compression  tests on  specimens  of H=10cm  and  D=10cm  which  were  conducted  by Barden
et  al.  (1969). River Welland sand  was  employed.  It is seen  from Fig. 12(a) that  K  is
about  3 for this case.  In Fig. 12(b), stress-dilatancy  plot for pre-peak  parts of･plane  strain

tests on  specimen  of  10cmxlOcmx20cm  and  theoretical  curves  are  presented.  The  straight

line represents  Eq. (4) proposed  by Horne and  it Inay  be seen  that  when  the  sarne  value

of  K  as  in the  triaxial compression  case  is used,  the value  of-dss!dE,  predicted by Eq. (4)
is over-estimated  fer the  plane strain  case.  On  the  other  hand, the curves  represent  Eq. (48)
where  a2fa3  is obtained  by substituting  K==3.0, the  refered  value  of  aifas  anda=:1.0  or  O.5
into Eq. (47). It may  be seen  from  Fig. 12(b) that  the  effect  of  the  value  of  a  on  the

theoretical  curves  is relatively  small  and  the theoretical curves  fit experimental  data excel-

lently. The  effectiveness  of'Eq.  (48) with  the  same  value  of  Kas  in thetriaxial  cempres-

sion  case  are  also  shown  in Figs. 13, 14 and  16 where  data are  quoted  from  Wade  (1963),
Ichihara and  Matsuzawa (1970) and  Green  (1972), respectively.  In these  figures, the

straight  lines represent  both of  the  stress-dilatancy  equations  for the  triaxial compression

case  expressed  by Eq. (23) and  Horne's plane strain  stress-dilatancy  equation  expressed  by
Eq. (4) and  the  curves  are  the  plane  strain  stress-dilatancy  relations  represented  by Eq.

(48).
  Furthermore, it is to be noted  that  while  the  variation  of  the  intermediate principal
stress  a2  during shear  can  not  be predicted by Eq. (4), Eq. (47) offers  the variation  of  a21a3

as  a function ef  aila3.  Note that  in Eq. (47) the  value  of  a=dZzv/dRvx  have considerable

effects  on  ti2fas. This  is illustrated in Fig. 18 where  data after  Cornforth  (1964) are  also

plotted. It may  be seen  from  Fig. 18 that  the  value  of  a  for this case  is between O.3 and

O.4. In Fig. 19 the  theoretical  curve  of  a2  by eq.  (47) is compared  with  the mea,sured  one

where  the  value  of  K  is obtained  from the  triaxial compression  test conducted  by Corn-
forth (1964) on  the  same  sand  as  in plane strain  tests and  a  of  O.4is employed.  It may  be
found from this figure that  the  predicted value  of  a2 by Eq. (47) fit the  experimental  data for

                                                      qleq
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                                              '

  2o  both of pre-peak and  post-peak. Sirnilar result  is shown

      in Fig･ 15 where  the  value  of  K  is obtained  from
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                                 It is shown  in Fig. 18 that  the  value  of  b in the

     of  a  plane  strain  test (after
                                 plane strain  condition  is not  necessarily  constant  but
     Cornforth, 1964)
                                 varies  in accordance  with  aifa3.  The  theoretical  rela-

tionships between b and  a,fa,  which  is obtained  from Eq. (47) are  illustrated in Fig. 20.
This  shows  that b increases up  to  aila3=4  but have almost  constant  values  for the  larger
varue  of  a,fa,.  Note  that  the  theoretical  relationship  between b and  ai/as  shown  in Fig.
20 cannot  be applicable  to the  case  of  ai=  a3, because this relationship  is derived from  Eq,
(3g) which  holds only  when  ai>a2>as･
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                                  CONCLUSIONS

 On  the  basis of  three  fundamental  postulates, a theory  was  propesed  by which  it is
sible  to  correlate  the  stress-dilatancy  equation  for axisymmetric  deformation with  those

general  stress  condition  in the  rather  simple  form and  to  assess  the  effect  of  inherent

pos-forani-
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sotropy  in sands.  It is also  shown  that  the stress-diiatancy  equations  denoted by principal
stress  ratios  and  principal  strain  increment ratios  are  not  affected  by the  inherent anisot-
ropy  in any  case,  Furthermore, the comparison  of  the  theory  with  experimental  data was
performed  and  it disclosed the  relevance  of  the  theory  in spite  of  its simplicity.
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                                   NOTATION  ,

        a, a'==parameters  related  with  inherent anisotropy  where

                a==  Sl3X. and  a'-  ::.yx.
            b=  (ij2-as)/(a,-tis)
           D  =dilatancy  rate

           eo=void  ratio  at  the  start  of  shear

     jCbey, fYx=:yield functions in ax>ay  stress-system  and  ay>ax  stress-system,  respectiveiy

         .ICbeF,:=current yield functions of  flxy ,

         cqfxy=yield  function increment  . ,

     hxy, hvx==hardening functions in ax>av  stress-system  and  ay>ax'  stress-system,

               respectively

           K=  tan2 (nf4+¢ ptf2)

    Kbey, KYx==parameters  depending on  the state  of  the  element

     Lxv, Lyx==parameters  depending on  the  state  of  the  element

            p=mean  principal stress--  (ai+a2+as)13
            g==shear  stress  

=ai-as
 in triaxial compre$sion  and  as-ai.in  triaxia,l extension

            R=principal stress  ratio=aYa3  
'

            v=volumetric  strain

           dv=volumetric strain  increment

     Axv, dvx==1.0 when  ax=Fav  and  zero  when  ax=av

     si, e2,  s3=maj'or,  intermediate and  minor  principal strains

 dei, de2, des=major, intermediate and  minor  principal  strain  increments
dsx, dey, dez=three  principal  strain  increments

 dexx., deyxv=principal strain  increments in ideal two-dimensional  ax>ay  stress-system

            e=angle between pouring  direction at  sample  preparation and  as-direction

    ai, a2, as==major,  intermediate and  minor  principal  stresses

   ax, av,  az=  three principal  stresses

          Oy=mean angle  of  interparticle frictlon

     ipxy, ipyx=plastic potential  functions in ax>ay  stress-system  and  in ay>ax  stress-

              system,  respectively  
'

dZxy, davx,･･･m-scalars
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