
The Japanese Geotechnical Society

NII-Electronic Library Service

The  JapaneseGeotechnical  Society

SO!LS'AND  FOUNDATIONS  Vol. 21, No, 1, Mar. 1981

Japanese Society of  Seil Mechanics  and  Foundation Engineering

MULTI-DIMENSIONAL  ELASTO-PLASTIC  CONSOLIDATION
         ANALYSIS  BY  FINITE  ELEMENT  METHOD

TAMoTsu  MATsui*  and  NeBuHARu  ABE**

                                 ABSTRACT

  An  analytical  rnethod  due to the  hybrid finite element  formulation is presented for
the  multi-dimensional  elasto-plastic  consolidation  analysis.  To  facilitate a  reliable  consol-

idation analysis  of  Ke-consolidated clay  layer, an  elasto-plastic  analytical  model  is also

proposed,  which  has a  yield functien with  no  singurarity  satisfying  the  K,-strain condition

on  the  K,-line, followed by showing  its reasonableness  and  advantage  in numerical
       .
computatlons.

  To  deal with  a more  realistic  consolidation  analysis,  the  presented method  is also

characterized  by the  ability  to analyze  such  cases  that  the  drainage is permitted  during
incremental loading and  that  the  permeability  suddenly  changes  in the  layer.

  Multi-dimensional elasto-plastic  consolidation  analysis  is carried  out  for partially loaded

ground  models,  The  resulting  deformation and  stress  path behaviors substantiate  the

validity  of  the  presented  analytical  technique,  which  brings out  some  behaviors reflecting

the  real  mechanism  of  censolidatien  of  clay.

Key  words:  consolidation,  defermation, dilatancy, effective  stress,  finite element

            method,  plasticity, pore  pressure,  soft  ground,  stress  path
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                               INTRODUCTION

  In foundation engineering  the  one-dimensional  consolidation  theory  of  Terzaghi  is most
commonly  employed  to estimate  the  progress of  consolidation  and  settlement  of  clayey

ground. This  theory  is based, however, on  assumptions  that  the  soil  has a linear elastic
deformability and  that  beth its displaeement and  the  flow of  water  through  the  porous
medium  occur  only  in the  vertical  direction. The  constructiQn  of  an  embankment  on  a

soft  clay  layer rarely  causes  such  one-dimensional  behaviors in the  layer, but generally
nonlinear  consolidation  behaviors involving lateral displacement. Thus, to properly esti-
mate  those  phenomena,  it may  be indispensable to introduce a  multi-dimensional  consoli-

dation analysis  considering  a  nonlinear  stress-strain  relation.

  It is well-known  that  the  Terzaghi-Rendulic  theory  of  multi･dimensional  consolidation

inadequately represents  the  continuity  of  soil  mass.  On  the  other  hand, the  Biot theory

(Biot, 1941) is preferable  frorn this  point of  view,  because it couples  total  stress  equilib-
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rium  to  strain-compatibility  during consolidation,  It cannot  be avoided,  however, that

the  resulting  equations  are  complicated,  Although  several  closed  form  solutions  to  Biot's
equations  have  been  published  over  the  year, such  solutiens  are  ]imited to problems  with

simple  geornetry and  material  properties, Then,  a  numerical  method  must  be applied  to

solve  more  complicated  ones.

  Development  of  the  finite element  method  provided the  necessary  tool  for treatment

of  general consolidation  problems  with  no  restrictions  on  geometory, material  properties
and  boundary  condition,  Finite element  formulations of  the  Biot theory  of  conso]idation

facilitate its application  and  have  rnade  it possible  to  introduce into the  design proeess
on  evaluatlon  of  the  time  rate  of  settlement  for a  variety  of  two  and  three  dimensional

problems.

  The  first finite element  formulatlon of  the  Biot theory  was  that  of  Sandhu  and  Wilson

(1969), which  was  based on  the  Gurtin's convolution  variational  theorem.  Since then,

Yokoe  et  al. (1971a,b), Hwang  et  al. (1971) and  Valliappan and  Lee  (1975) analyzed

the  process  of  consolidation  by similar  techniques,  and  Ghaboussi  and  Wilson (1973)
extendied  the  functional formtTlation to include compressible  pore fluid. Hwang  et  al.

(1972) carried  out  a  formulation due to  Galerkin's method,  and  obtained  the  same  result

as  Sandhu  and  Wilson.

  On  the  other  hand, Christian and  Boehmer  (l970) succeeded  in another  approach  of

the  finite element  formulation of  consolidation,  applying  a  generalized  variational  principle
to the  static  equations  of  equilibrium  in terms  of  unknown  displacements and  pore

pressures.  The  time-dependent  change  in both stresses  and  pore pressures during consol-
idation is then  introduced by applying  the  continuity  equation  in a  finite difference
form. Such  a  technique has been proposed  by Herrmann  (1965) and  used  by Christian

(1968) in the  solution  of  statie  stress  distribution for undrained,  incompressible soils.

  The  major  shortceming  of  all the  formulations described above  is, howeyer,  that  they

do not  account  for the  nonlinearity  of  the  stress-strain  behavior of  the  soil. Although
more  realistic  elasto-plastic  models  in the  constitutive  relation  of  the  soil  are  recently

developed, there  are  little attempts  on  the  application  of  these  models  to the  consolida-

tion  analysis,  except  by Al<ai and  Tamura  (1977). The  elasto-plastic  model  applied  by
them,  however,  does not  satisfy  requisitions  of  deformation  characteristics,  which  must

be involved in an  elasto-plastic  mode]  for the  consolidation  analysis  of  K,-consolidated
layer, Thus, their results  may  not  be reliable  enough  for more  detailed discussion.

  In this  paper, the  authers  give a  sophisticated  technique  of  multi-dimensienal  elasto-

plastic consolidation  analysis  due  to the  finite element  method,  A  reasonable  analytical

model  of  soft  clay  is proposed,  which  is applicable  to  the  consolidation  analysis  of  the

normally  K,-consolidated e]ay  layer, Then,  the  availabllity  of  the  proposed  analytical

method  of  consolidation  is demonstrated by showing  such  analytical  results  for a partially

loadecl ground  model  as  time-dependent  behaviors, especially  stress  path behaviQrs during
consolidation,

                          FINITE  ELEMENT  FORMVLATION

  Biot's fundamental equations  of  consolidation  under  plane strain  condition  are  repre-

sented  in the  following. That  is, the  equatiens  of  equilibrium  cendition  are  given as

follows:

6axt             au       6Txv-l)di-+
 ay 

+  ax 
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             ozaaawt       OTwcr
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in which  a.t, e,'  and  T.v  are  the  effective  normal  stresses  in the  directions of  Jt and

y and  the  shear  stress  indueed by a  surcharge,  respectively,  and  u  is the  excess  pore･
water  pressure.  Applying Darcy's law, the  equation  of  continuity  ¢ ondition  is given  as･

follows:

                         2: +,i. (k. 2ig +k, gge )-o (2)

in which  v  is the  volumetric  strain,  t is the  reil  time,  k. and  k, are  the  eoeMcients

of  permeability in the  directions of  x  and  y, respectively,  and  r. is the  unit  weight

of  pore  water.  Thus,  Eqs.(1) and  (2) compose  the  fundamental equations  of  consolida-･

tion. Discretizatien of  the  equatien  of equilibrium  cQndition  according  to the  principle-
of  virtual  work  gives  the  following incremental relation.

                              AF=  KA  U+Ldu  (3)
in which  Al' and  dU  are  the  incremental vectors  of  the  equivalent  nodal  force apd  the

nodal  displacernent, respectively,  K  is the  stiffness  matrix  of  element,  L  is the  vector

transfQrming  the  noda!  displacement incrernent into the  volume  change  of  element  tiY,
and  Au  is the  excess  pore  water'  pressure  increment. According  to  the  definition, the･

volume  change  of  e!ement  is given  as  follows:

               
'
 AV=LTdU  (4)

Substituting the  evaluated  volume  change  of  element  by Eq, (2) into Eq. (4), Eqs, (3) and

(4) make  simultaneous  equations  of  both unknown  of  dU  and  tiu. The  solution  of'

consolidation  can  be obtained  by evaluating  dV  and  solving  the  simultaneous  equations･

step  by step  as  the  consolidation  progresses.  To  solve  Eq. (2) due to the  calculus  of

finite difference, the  distribution of  the  representative  excess  pore water  pressure u-,

which  is defined by Eq.(5), is spacially  given by,the following Eq.(6), according  to･

Christian and  Boehmer  (1970).
                        . u- -- {a 

-
 e) u,  +  e",.,,} (s)

                          U'-=ev1+ev2X+a3y+ev,xZ+a,y2  (6)
in which  

-u,
 and  ut.tit  are  the  gxcess pore water  pressures  at  the  times  t=t  and  t==t+dt.

respectively,  0(OSe51)  is  a  constant  on  the  difference

approximation,  and  ai,  aE,  a3,  ag  and  as  are  the  indeter-
minate  coethcients,  which  are  deterinined in a  quadrllateral
element  i and  the  four surrounding  elements  designated by

JL k, t and  m,  respectlvely,  as-sho.wn  in Fig. 1. By  des:gnating
the  representative  excess  pore  water  pressures  of  the  five

elements  by uJt, u-j, u-k, u-i and' u-.,  and  the  locations of  eenters

of  the  four surrounding  elements  from the  center  of  element

iby  (x-J･, VP, (x-k, ptin), (x-i, Yi) and  (x-., V.), as  shown  in

Fig.1, the  vector  fi of  representative  pore water  pressure
is represented  as  follows:

il=

utdijU-kuMta.10000

1 x-j gj x-j2 vj2
1 nfk gk dik2 v,2
1 dil til'x-i2 gt2
1 xMm gm  dim2 Vm

iil-Ba
:II

r･:::II:

?r-T-------

, t

' ,

, v
]mL'--.Nhss.-':':Y'm--.kimst1"--L-:

' d

st.{-'yj,J!T1'L1'1

--!--.i.h-tEj'y.1x :1:

:1'.llt-----.,.",l1

1L,     l l     -r""----T----

Figt 1. Local co-ordinate
    used  in evaluating

    rate  ef  fiow

(7)

it

Then,



The Japanese Geotechnical Society

NII-Electronic Library Service

The  JapaneseGeotechnical  Society

82 
'
 MATSulANDABE

          
'
 a=B-iil  

'
 (8)               '
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                                dtV
     , 

dV=rmrr.
 (2kx(u4+'2feueeft)

                                2AtV

                            
==M"i'.

 (feutb4'U-+kybsTb) .                                                      '
                                             

/t

                         .=-C'u-  (9)
'in

 which  C=  (2 litV/r.)(k.b4+kybs), At is the  small  increment  of  tirne, V  is the

volume  of  element,  and  b4 and  bs are  the  vectors  of  the fourth and  fifth rows  of  B"i,
respectively.  Transformation  of  Eq, (3) using  the  relation  of  du  ::u,.ri,-u,,  and  also
･substitution

 of  Eq. (9) into Eq. (4), referring  the  definition of  a  in Eq. (5), give the

following equations,  
'

                       
ti-F,"-L,",ti'iF=li.U,,'.L".ib'b";.,.,,)

 . (iO'

ln which  u,  and  u,.A,  are  the  vectors  of  excess  pore  water  pressure  at  the  times  t=:t

and  t=t+dt,  respectively.  Both  of  equations  in Eq.(10)  represent  the  incremental
Tetat'ons  of  eguilibrium  and  continuity  condition,  respectively,  which  should  be satisfied

'in
 the  element  i. Assemblage  of  such  incremental  relations  of  all  elements  as  in Eq.

(10) gives  their  overa'll  extended  stiffness  matrix:  In Eq. (10), 0==O, and  0=1  correspond

to  the  forward and  backward differences, respectively,  In the'former  (e=O), the  excess

pore  water  Pressure increment  liu is represented  by an  explicit  form, and  then  Eq. (10)
i"s simplified  as follows:

                            
"-".;.K,."..U,',L,,d"]

 (i')

When  O<eSl,  Au  can  not  be represented  by an  explicit  form, and  then  Eq. (10) left
in the  implicit form  must  be used  in the  analysis.  In this  paper, the  midpoint  difference

<e=::1/2) is used,  which  may  be most  preferable from  the  viewpoint  of  both the  accuracy

and  the  stability  of  solution.  ,

  The  presented  formulation herein demands  the  use  of  quadrilateral elements.  In the

following numerical  analysis,  the  quadrilateral elernent  composed  of  four triangular

･elements is used,  which  is proposed  by Wilson  (1965). A  central  nodal  point  in a

quadrilateral element  is eliminated  by the  static  condensation.  Thus, the  stress  and  pore
'wa,ter

 pressure are  always  constant  within  a  quadrilateral element

  The  consolidation  analysis  is carried  out  by solving  Eq. (10) in each  small  time  incre-
ment.  In case  where  the  stress-strain  relation  of  material  is nonlinear,  nonlinear  behavior
is approximate.d  as  piecewise  linear in each  time  inerement, and  then  the  optimum  time

increment should  be carefully  selected  so  as  to rnake  this appreximation  valid,  Conse-
:quently, the  incremental procedure is used  as  the  technique  of  nonlinear  analysis.

                      ANALY,TICAL  MODEL  FOR  SOFT  CLAY

General  Remarfes  

'
                             '

  There are  some  existing  elast6-plastic  rnodels  of  clay  which  can  be applied  to the

nu'merical  analysis.  They  are  Cam-clay  model  proposed  ,by Roscoe et  al.  (1963), an

extended  model  to the  anisotropic  consolidated  state,  named  as  anisotropic  Cam-clay model
in this paper  and  a  model  by Ohta and  Hata (1971), which  is equivalent  to  both models

deseribed above.
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  It can  not  be recommended  that  these  models  are  applied  to the  consolidation  analysis

of  the  Ko-consolidated clay  layer, because of  the  following reasons.  That  is, the  plastic
strain  increment  ratio  in Cam-clay  model  do not  satisfy  the  Ko-strain condition  during
Ko-consolidation. Thus,  the  Ko-censolidation analysis  due to Cam-clay model  gives  a

contrary  result  to the  fact that  the  effective  stress  path  moves  on  the  Ko-line during
Ko-consolidation. Because  both active  and  passive  states  bounded  on  the  Ko-line are

mixed  during the  consolidiation  deformation in a  K,-consolidated clay  layer, Cam-clay
model,  in which  both  states  are  bounded  at  the  isotropic state,  may  not  be adequately

applied  to such  a  kind  of  consolidation  analysis.  On  the  other  hand, in both  models

of  anisotropic  Cam-clay  and  Ohta-Hata  the  active  hnd passive  states  are  hounded  on  the

Ko-llne. Their yield function has, however,  a  singular  point at  rp=rpko, i.e, their  yield
curve  forms a  cusp  on  the  K,-line.  This means  that  their plastic strain  increment  ratio  and

hardening coethcient  can  not  be uniquely  defined on  the  Ko-line, and  they  change  suddenly

and  discontinuously on  both sides  of  it. Then,  the  application  of  these  models  to  the

Ko-consolidation analysis  yields sawteethly  oscillating  stress  paths, depending  on  the  time

in6rement  used  in the  analysis.  In the  deformation analysis  of  Ko-consolidated clay  layer
up  to the  final stage  of  consolidation,  it is necessary  to  take  larger time  increments
with  progressing consolidation,  beeause of  the  limitation of  the  computing  time  in a

computer.  Thus, the  resulting  effective  stress  path  oscillqtes  more  strongly,  and  it rnay

be hopeless to ebtain  a  smooth  stress  path,  which  is a  requisitign  for the  accurate  result,

  As  described above,  those  models  developed by the  shear  test result  of  soil  have sorne

tro'ubles for the  consolidation  analysis  around  the  initial Ko-state. It is needless  to  say

that  the  analytical  ability  of  a  model  around  the  initial 
'K,-state

 is very  important in
the  Ko-consolidation analysis.  In thi$  chapter  a  reasonable  analyticar  rnodel  will  be
presented,  which  has no  troubles  as  described above  and  is applicable  to the  deforrnation
analysis  of  the  Ko-consolidated clay  layer.

  Presentation ojC' Analyticat Model

  \.igld lo.c.u-s-and state  boundary  surface:  First, parameters  of  the  stress  and  the  strain

are  defined. Designating the  mean  effective  principal  stress  and  the  generalized shear

stress  by p' and  g, respectively,

                                  al+a2t+ost
                              p'==                                                                      <12)
                                      3

                     1
                 q=-L},･2-:{(ai'-a2')2+(a2t-a,,)2+(a,t-a,t)2}if2 (13)

in which  ai',  a2'  and  a,'  are  the  effective  principal  stresses.  Designating the  volumetric

strain  and  the  generalized  shear  strain  by v  and  r, respectively,

                                v==si+e2+es  (14)
                      -  V'2
                    

r-
 3 {(si-e2)eHr (s2-sB)2+(e,-s,)2}i12 as)

in which  ei,  e2  and  es are  the  principal  strains.

 
'Next,

 an  analytical  model  based on  the  associated  flow rule  is derived, referring  to
the  concept  of  Cam-clay model.  The  plastic strain  increment  ratio,  designated by ltip,

is assumed  for the  active  and  passive stress  states  as  follows;

                     1 6rP aa

                     V'= 6vp 
:=

 M.-op  
fOr

 
the

 
active

 
Etat]

 (l6)

                     1-6rp.  
-a,

                     
'dirm

 6vp-M,+v  
fOr

 
the

 Rlssive $tate (17)
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in which  the  superscript  p  signifies  plastic, ad  and  crp are  the  parameters  for the  active

and  passive  states,  respectively,  rp is the  
'stress

 ratio  (=:a/P'), and  M.  and  Mp(>O)  are

the  values  of  ? at  the  critical  states  in the  active  and  passive states,  respectively.

  The  differential equation  Qf  yield  function is given  as  the  following equation  
･(Roscoe

and  Burland, 1968).

                           -",\itL -6,.I,}1'-- ,,I", 
-o  (is)

                                                                         '
in which  py' is the  strain  hardening parameter. Substitution of  Eqs. (16) and  (17) into
Eq. (18), and  then  its integration under  the  initial condition  of  p'=p,', rp=?ko and  p,'=

py.', using  the  condition  of  normaliy  consolidated  sSate  i,e. pv.'=po', give  the  yield                                                            '
functions .L, and  .f) for the  aetive  and  passive states,  as  follows; 

'

            .fh=p'(MM."++ievev.a--i))opVk,)craf{a"L') =pv'  for the active  state  ag)

            flo..p,(MMv.++((ilm-atevp,))opvkol"PX('-a') .:pv,  for the passive  state  (2o)

in Which rpfo. is n on  the  Ko-line, and  neither  of  a.  and  crp  is unity.

 The  state  boundary  surface  can  be similarly  obtained  tts fol!ows:

             e,-e  =Mn(  
pPi

 )+ (Z- rc)( cr .a-"i  )ln( MM."+
± ((eva."di+ii))nrp,, ]                                                          '                                                                         '

                                              ior the  active  state  (21)･
'
 e,-e--iin(pPi)+(a-m)(-i=ev.-p--.)in(-MMit.+.g(ii:"g.p,)).Vop.ko.l

                                                  t t

                                              fqr the  passive'State . 
'
 (22)i                                                                t t

in which  e is the  vQid  ratio,  eo  is the  initial value  of  e, and  R and  rc are  the  cornpression

and  swelling  indexes, respectively.

 .Sttt-ip"!n`c!4.m-,.nt r-.l!lp..4/ILd.rpar,a.rE.Is!g,lrg.ctr..aL.d..gal. The  fo]lowing strain  condition  must

be satisfied  in the  K,-consolidation.

                                    6ev
                                       =1.0  

'
 

'
 (23)

                                    6v

in whieh  s. is the  vertical  strain.  Eq. (23) is a  restriction  imposed on  the  total strain.

It is assumed,  however,  to  impose  a  similar  restriction  each  on  elastic  and  plastic strain
                                                   '                              '
components,  as  follows:' . ,

                     .
 

66e,v,"
 = i. o 

'
 

'
 
'

 
'
 

',
 

'
 

･
 
･
 (24)

                                                   '

                                 
e,.e,t,p

 =  i.o (2s)
                                      t t

in which  the  superscripts  e and  p  sighify  elastic  and  

'plastic,
 respectively,                                                                  Whenever

Eqs, (24) and  (25) are  satisfied,  Eq. (23) is valid.

 As  for the  restriction  on  the  elastic  strain  increment, Eq. (24) is always  satisfied  if

the Poisson's ratio  v of  the  clay  is decided as  follows:

                                 y=  i50K, (26)
    'in

 which  Ko is the  coeficient  of  earth  pressure  at  rest.  As  for the  restriction  on  the

plastic strain  increment, the  following technique is u$ed  to satisfy  Eq, (25). That is,
th6  plastic strain  incremen't ratio  11di must  satisfy  the  following equation  at  n=rpko.

NII-Electionic  Libiaiy  
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                          e-( gl; ),=,,.-g( 
6,e,zP

 )=g (27)

The  yield function in Eqs. (19) and  (20) satisfy  Eq. (27) at  rp==n,e, if the  parameters  a.

and  ap  are  decided as  follows:

                             aa=g(Ma-vfeo)  (28)

                             evp==-g(Mp+opko)  (29)

Consequently, two  yield  curves  are  smeothly  connected  on  the Ko-line and  have  no

singularity  there.

  0n  the  other  hand, introducing the  assumption  of  the  energy  dissipation used  in Cam-
clay  mode!,  the  following equations  are  valid  only  at'critical  state  of  the  presented analyt-

ical model.

                           :;;-IIg :iZ:(Iff:,,) (3o)

The  values  of  parameters  cr. and  a.  except  at  both of  the  initial Ko-state and  the

critical  state  are  evaluated  as  a function of  stress

state,  based on  shear  test results  of  c!ays.  By  this

process,  such  inherent characteristics  of  clays  as  the

di!atancy and  the  anisotropy  can  be introduced into
the  presented  analytical  rnodel,

  The  solid  curve  in Fig,2 shows  a  yiekl  fu.nction
of  the  presented  analytical  model  obtained  by the

technique  described above,  in which  the  parameters
a.  and  crp are  approximated  by the  hyperbola as  a

function of  the  stress  ratio  v, as  shown  in Fig.3.
A  yield funetion of  the  an'sotropic  Cam-clay  model

is also  shown  by the broken curve  in Fig, 2, in which

a.=ap=1.0  as  shown  by the  broken line in Fig.3.
It is clear  from Fig.2 that  a  singular  point of  the

yield function can  be found on  the  K,-line of  aniso-

trepic  Cam-clay model,  but that  no  singular  point on
the  yield function of  the  presented  analytical  model.
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Fig. 4 shows  the  variation  of  the  plastic strain  increment  ratio  1/di with  the  stress  ratio

rp, in which  the  solid  and  broken curves  represent  those  of  the  presented  analytical

.model and  anisotroplc  Cam-clay model,  respectively.  It is confirmed  from Fig.4 that
the  plastic strain  increment  ratio  of  the  presented  analytical  model  varies  continuously

and  smoothly  with  the  stress  ratio,  satisfying  the  Ko-strain condition  at  v=  rpko i,e,
Eq. (27). On  the  other  hand, that  of  anisotropic  Cam-clay model  varies  suddenly  and

discQntinuously with  the  stress  ratio,  Thus, the  presented analytical  rnodel  has not  such

unreasonableness  and  dificulty on  the  numerical  analysis  of  K,-consolidation as  pointed
out  at  the  beginning of  this chapter.

 .S.tress-strain Ittla.tion: The  associated  flow rule  and  the normality  rule  are  assumed  in
the  presented  analytical  model.  Designating  the  elastic  and  elasto-plastic  stress-strain

matrixes  by D,  and  D,p, respectively,  the elasto-plastic  stress-strain  relation  is given  as
follows:

                        dd=a,ds  
'

                           =:(D,-AD+eati'4Dea)ze  (3o
in whieh

                                                   of

Aa'-le;oi,il,

De ==E(1-p)

de-( l;･l, 1･
 1

 
vnyI-y

 o

 v1-y

 1

a=i

1e
Oa.rof0ayr

mafaTxv
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-v)

1
l
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o
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                    E.. 3(1+e) (1-2y)p'
                              m
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                    A  :=  
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 it( oil(,i, )6p,r =  .f!eg 

'

        '
T?ceh.P.gtrli,XOg"8Sf

 
r,a,t,i//.s.,.",IS,,d,e,Cigehd,

 
b,Y.AEgii(d2,6t)i6.

 a.aiysis  is carried
 
out

 by an
 
incrementai

calculation  of  each  time  increment  dt. The  decision of  unloading  in an  element  is made
according  to the  strain  hardening parameter  pvt. Designating  the  strain  hardening  para-
meter

 
at

 the  time  t=:t  and  the  maximum  one  before this time  by py,,' and  pry' in an

element,  respectively,  in the  case  of  Py,t').P-y', the  elasto-plastic  matrix  D,p is used  in
the  calculation,  assuming  that  the  plastic state  holds in the  element  On  the  

other
hand, in the  case  of  py.,'<PHy', the  elastic  matrix  U, instead of  D,p is used,  considering
that  the  unloading  state  is caused  in the  element

                  ANALYTICAL  RESULTS  AND  CONSIDERATIONS
General  Remarks

 To  check  the  presented finite element  formulation, the finite element  solution  of  
con-
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  (1) The  clay  layer is one  hundred meter  wide  and  ten meter  thick.

half regien  is descretized by fifty five (5× 11) rectan-

gular  elements.  Numbering  of  the  elements  and  nodes,

referred  later on,  is shown  in Fig. 5.

  (2) A  surcharge  due to embankment,  which  is
twenty  meter  wide,  is idealized by a  strip  and  flexible

load with  rough  base and  is performed  up  to one  meter

high  with  a  loading rate  of  O, 2mlday,  The  unit  weight

of  fill material  is 1. 75 tf/mS  (17. 15 kNlmS).

  (3) As  for the  boundary condition  ef  the  layer, Figr s.
the bottom is fixed and  the  sides  are  without  lateral
displacement, As  for the  drainage condition  of  the

layer, both bottom  and  sides  are  impervious, while  only  the  top  
'

age  of  pore water  is permitted even  during banking the  fi11.

  (4) The  layer is normally  Ko-consolidated, The  distributions of

vertical  stress  o.e'  and  the  initial void

ratio  eo are  shewn  in Fig.  6 (a) and  Table  L  Basic  rnechanical  censtants

87

solidation  was  compared  with  the  closed  form solution  by Gibson  et  al.  (1970). The

consolidation  rate  and  settlement  in both  solutions  agree  well  (Matsui et al., 1979), This
substan'tiates  the  high accuracy  of  the  presented finite element  formulation.

  To  check  the  applicability  ef  the,presented  method  of  elasto-plastic  analysis  for the  Ko-
consolidation,  the  consolidation  behavior of  a  pillar-shaped  clay  layer, both sides  of  which

are  restrained  in the  horizontal direction, was  analyzed  (Matsui et  al., 1979). As  the

results,  it is confirmed  that  the  presented analytical  elasto-plastic  model  perfectly  satisfy

requisitions  of  deformation  characteristics  of  the  K6-consolidation, and  that  the.  presented

method  of  consolidation  analysis  is accurately  applicable  to  the  Ke-consolidation analysis,

censidering  the  effect  of  the  drainage during  incremental loading, and  also  applicable  to

such  a case  that  the  coeihcient  of  permeability  suddenly  changes  in the  layer.
. In this chapter,  multi-dimensional  consolidation  analysis  is carried  out  for a  partially

loaded elay  deposit. The  detailed descriptions on  the  analyzed  clay  layer and  surcharge

are  summarized  as  follows:

                     
'
 Its symmetrical

(b), respectively.

  (5) Thernechanicalcharacteristics

of  soft  clay  of  the  layer are  represented

by the  presented  analytical  model
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previously described, of  whieh  the  basic mechanical  constants  are  shown  in Table 1.

The  parameter$  cr.  and  a.  are  approximated  by the  hyperbola as  shown  in Fig.3.

  Numerical  analyses  are  carried  out  for five cases  in which  various  permeabilities are

                                 assurned,  as  shown  in Table 2. Fig,7 shows  two

      
'ab5/9.-ftk-.-."."-..,i-l-,g/d-,iat///S-.-l,-S.-fi.

 gy.p,z.o,f,iis,`g,ib."g,'g",,?,;oz,,lhg,,meai.X,P,i,`i:･;i.8,ed
 

CASE
 fe., L feh]'ke,1'crofeiltEs-hb)?tU-DRA-t:IPoN in the  analysis.  The  horizontal coeMcient  of

   A  a  r constant  permeability  kh is assumed  to be equal  to or  ten

   
B

 
a
 

lo
 

constant
 times  the  vertical  one  k., i,e, feh,tfei,=l or  lO･

   8 : 1 io :g::Ia.".I The  coethcient  of  permeability  during  consolida-

   E  a  ! 1 ivariable* tion  is censtant  in case-A,  -B, -C and  
-D,

 while

L-""'r
 
r'--

 -according  to Eq.(32) 
in CaSeE  varies  according  to the following equa-

                                 tion.

                               k.=k,,lo(e"eo)le･3 (32)
  It is not  a  main  purpose of  this paper to describe the  result  of  pararnetric study  in
detai!, which  will  be presented  in subsequent  paper.  Therefore, the  availability  ei  the

presented  analytical  method  is demonstrated  herein mainly  by  the  result  of  case-A.  Some

results  of  other  cases  are  referred  to emphasize  the  ability  and  the  adequancy  of  the

presented  analytical  method.

  General Nature of Response
  Fig.8 shews  the  time  settlement  curves  of  all  cases.  The  consolidation  occurs  from

 the  beginning of  the  loading, The  time  settlement  curves  vary  unsmoothly  at the

elapsed  time  of  five days, because of  stoppiBg  the  incremental loading. It is seen  in

 Fig.8 that  the  effect  of  permeability on  the  consolidation  deforrnation is remarkable.

 This substantiates  that  to accurately  estimate  and  introduee into analysis  the  permeability

 characteristics  of  ground,  especialiy  its distribution and  anisotropy  at  the  initial state

 and  its change  involved by the  consolidation,  is essential  to predict  the  consolidation

 deformation  accurately.

  Fig, 9 shows  the  variations  of  vertical  displacements at  the  top  of  the  layer with  the

 elapsed  time  in case-B.  It is seen  in this figure that  the  surface  of  the  side  area  off the

 surcharge  gradually  rlses  even  after  loading (after five days), and  that  the  rising  of

 node  (7) located at  a  farther position off the  surcharge  continues  for a  longer time  than

 at  node  (6), Sueh surface  rising  does not  stand  out  in case-A,  which  has not  the

 anisotropic  permeability.

   Fig.10 shows  the  variations  of  horizontal displa¢ ements  within  the  layer with  the
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elapsed  time  in case-A.  It is seen  from this figure
that  at  the  upper  part  of  the  Iayer(at node  (3), (15)
and  (27)), a  little deformations occur,  first, in the
lateral directien off  the  surcharge,  fo!lowed by lateral

deformation  in the epposite  direction in a  certain,

time, The  latter deformations  show  a  time  lag with

increasing the  depth. On  the  other  hand, at  the

lewer part  of  the  layer (at node  (39) and  (51)), defor-
mations  gradually occur  only  in the  Iatera! direetion

off the  surcharge.  To  adequately  understand  the

consolidatien  phenomena,  it may  be very  important

to note  such  deformatlon  behavior within  the  layer.

  Fig.11 shows  the  variations  of  excess  pere water

pressure with  the  elapsed  time  in case-A.  Fig,11(a)
shows  the  dissipation behavior of  the  excess  pore Fig･

water  pressures of  five elements  (1) to (5), Iocated
at  near  the  eenter  of  the  surcharge.  It is seen  from
this  figure that  at  the  early  stage  of  consolidation  the  dissipation

water  pressure decreases with  inceasing the  drainage distance,

pore water  pressure is recognized  in the  lowest element  (element
(after five days), This  phenomena  is well  known  as  the

(b) shows  the  dissipation behavior of  five elements  (21)
end  of  the  surcharge.  It is seen  ihat  the  amounts  of  excess

ting  in these  elements  are  smaller  than  in elements  (1) to

behaviors are  more  complicated,  This fact may  reflect  the

the  elements  located on  the  boundary between the  active

the  layer.
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         Fig. 11. Variations of  excess  pore  water  Pressures

  Stress Path Behavior

  Transition of  the  stress  state  in each  element  is

ship  with  the  general nature  of  response  described in
both  effective  and  total stress  paths of  

'

the  beginning  of  loading through  the  end  of

in Fig.12  signify  the  end  of  loading and  the  elapsed

TSP  and  ESP  signify  the  total stress  path  and  the

can  be noticed  in Fig.12 that  most  ef  the  effective

Ko-line. Consequently, as  previously  emphasized,

without  any  singular  point  on  the  K,-line can  be
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Mandel-Cryer  effect,  Fig,11
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           the  previous  section.  Fig. 12 shows
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           time  in day, respectively,  and  also

         effective  stress  path,  respectively.  It
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          the  important advantage  of  a model
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                                           Fig, 12. Effeetive and  total stress  paths

analysis  of  K,-consolidated layer.

  Fig, 12(a) shows  the  stress  paths  of  element  (1) located at  the  top  of  the  layer near

the  center  of  the  surcharge,  It is recognized  in this figure that  the  effective  stress

point  moves  in the  direction of  increasing the  mean  effective  stress  p' even  during

incremental loading, This  is so  because in the  presented analytical  method  the  drainage

is permitted even  during incremental IQading. In about  twelve  days after  loading, the

effective  stress  point reaches  the  Ko-line, and  since  then  moves  up  along  the  Ko-line.

In more  than  one  hundred d4ys after  loading, it crosses  the  Ko-Iine and  comes  into  the
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during multi-dimensional  consolidation                                                                          '

                                                 The  consolidation  is completedpassive stress  state,  and  then  meets  total stress  point.
there.  This  shift  of  the  effective  stress  poillt from the  active  stress  state  to the  passive

is a response  corresponding  to the  reversa!  of  the  lateral deformation  in the  upper  part
of  the  layer, as shown  in Fig. 10. '

  Figs,12 (b),(c),(d) and  (e) show  the  stress  paths of  elements  (2),(3),(4) and  (5),
respectively,  which  are  located below  element  (1) in order  of  increasing depth. Compar-
ing these  stress  paths behaviors, their  differences in the  time-dependent  consolidation

behavior and  the  $tress  state-dependent  behavior reflect  well  the  characteristics  of  the
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'

positions  of  each  element.

  The  stress  path  of  element  (5) shows  a  specially  interesting behavior. As  shown･in

Fig. 12(e), just after  the  end  of  loading the  effective  stress  point  moves  in the  direction
of  decreasing the mean  effective  stress  p', occurring  the  unloading  within  the element,

while  the  total stress  point  little moves  in the  direction of  the  mean  total  stress  p.
Consequently, the  excess  pore  water  pressure increases. Such  behavior in element  (5)
corresponds  to that  in Fig.11(a), in which  the  Mandel-Cryer effect  generates, In due
time,  the  effective  stress  point  reverses  in the  direction of  incieasing pt and  comes  into
the  elasto-plastic  state.  Similar behaviors can  be found on  the  stress  path  behaviors of

elements  (23),(24) and  (25) shown  in Figs.12 (i),(j) and  (k), respectively,  in which

the  Mandel-Cryer  effect  also  generates.

  Fig. 12(g) shows  the  stress  paths of  element  (21) located at  the  top of  the  layer near

the  end  of  the  surcharge.  As  shown  in Fig.11(b), the  excess  pore  water  pressure  of

element  (21) does not  gradttally decrease, but temporarily  increases. Judging from the

stress  path  behavior, this phenomena  may  come  from  the  rapid  shift  of  effective  stress

point  from the  passive stress  state  to the active,

  Figs.12(i) and  (j) show  the  stress  paths  of  elements  (23) and  (24), located on  the

boundary between  the  active  and  passive stress  regions  in the  layer, The  initial movement

of  their  effective  stress  paths is complicated,  because the  reversal  of  shear  direction and

the  unloading  behavior are  involved in.

  Fig.12(f) shows  the  stress  paths  of  eleme'nt  (12), in which  the  largest stres$  ratio

generates  at  the  end  of  loading. Fig,12 (1) shows  the  stress  paths  of  element  (28),
wh.ich  is an  example  of  elements  in the  passive  stress  state.

  As  shown  above,  the  process  of  multi-dimensional  elasto-plastic  consolidation  is very

complicated,  because the  rate  of  excess  pore pressure generation  depends on  the  shear

deformation during consolidation  involving the dilatancy efllect  of  clay,

Jncreasing Trend  of the  Undrained  Strength  dae  to  Consolidation

  In stage  constructioni  method,  which  is often  intreduced into banking construction  on

soft  clay  deposit, it is important to understand  the  increasing trend  of  the  undrained

strength  due  to consolidation,  The  presented method  of  elasto-plastic  censolidation

analysis  can  give  informations on  it. This  is one  of  important advantages  of  the  presented
method,  in which  a  strain  hardening  model  is used,

  Fig.13 shows  the  variation  of  the  strain  hardening parameter  p,' of  the marked  six

                                     elements  with  the  elapsed  time  in case-A.  The
   1,O
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    13. Variations of  the  strain  harden-

    ing  parameter  py' with  the elapsed

    time

hardening  is delayed. Because  the

strain,  it should  reflect  the  drainage

  The  degree of  strain  hardening  is

    ordinate  of  Fig.13 is  represented  by the  degree

    ef  strain  hardening based on  the  strain  harden-

    ing parameters  at  both ends  of  Ioading (five
    days) and  consolidation.  It is possible to esti-

    mate  the  variation  of  the  potential  undrained

    strength  of  clay  during consolidation  by means

    of  that  of  the  strain  hardening  pararneter.  In

    Fig.13, the degree of  settlement  U  is also

    shown.

      It is seen  from Fig.13 that  the deeper the

    element  is located on,  the  more  the  strain

strain  harclening is caused  by the  plastic volumetric

 behavior within  iayer.

  generally  delayed more  than  that  of  settlement.
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Especially, it ls noted  that  even  ln elernent  (7) located at  near

delay is caused  at  the  early  stage  of  consolidation,  Thus, it is
conventlonal  degree of  settlement  can  represent  the  increasing

strength  in the  whole  layer. Elements (13) and  (23), both oC

same  dgpth, have
 
a
 
little

 
bit

 
different

 
strain

 
hardening

 
trends.

 .
suggestive.

93･

the  top  surface  such  a

not  eonsidered  that  the

trend  of  the  undrained

which  are  located at  a

This  difference may  be

                                CONCLUSION

  In this paper  have been presented a  sophisticated  technique  of  multi-dimensional  elasto-

plastic consolidation  analysis  due to finite element  method.  The  main  conelusions  obtained

are  summarised  as  follows:

  (1) The  finite element  formu!ation for consolidation  is presented,  whlch  gives  a

solution  of  the  suthcient  accuracy  comparing  with  the  closed  forrn solution,  ,

  ( 2 ) An  elasto-plastic  analytical  model  of  elay  is propesed, which  is reasonably  applicable

to the  elasto-plastic  analysis  of  the  Ko-consolidation.

  (3) The  presented,method  of  consolidation  analysis  is also  characterized  by the  ability

to analyze  such  cases  that  the  drainage is permitted  even  during incrernental loading
and  that  the  permeability suddenly  changes  in the  layer, It is elarified  that  these  abilities

of  the  presented technique  make  a  more  realistic  consolidation  analysis  possible.

  (4) Multi-dimensional consolidation  analysis  is earried  out  for partially loaded ground
model  in the  Ko-state, using  the  preposed  elasto-plastic  model.  The  resulting  deformation
ancl  stress  path behaviors substantiate  the  validity  of  the  presented technique,  which

brings out  sorne  behaviors refiecting  the  rea'1 mechanism  of  censolidatien  of  clay,

  Thus, the  presented  method  of  consolidation  analysis  may  provide  a  useful  technique

for the  practical consolidation  analysis  of  clay  deposit, and  the results  may  offer important

clues  to solve  the  complicated  consolidation  behav5ors. ,
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                       NOTATION

  A=  hardening  coethcient

   "=:(oOof.,  aOaf,, ol}l.l,}T
  B=matrix  defined by Eq. (8)
be bs=vectors of  the  fourth and  fif･th rows  of  BJi, respectively

  C=  vector  transforming  the  representative  excess  pore  water  pressure                                                    '
     into the  volume  change  of  elernent  

'
 

'

  4=nonlinear elastic  stress-strain  rnatrix

 Qp-elastoLplastic stress-strain  matrix

  E=nonlinear  elastic  modulus

   e=  void  ratio

 AF=incremental  vector  of  the equivalent  nodal  force

fh,.flo=yield functions for the  active  and  passive stressstates,  respectively

  K=stiffness matrix  af  erement

'mcrement
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            Ko=coeMsient  o'f earth  pressure  at  rest

         kx, k.v==coeMcients of  permeability  in the  directions of  x  and  y, respectively

         fev, kh=ceethcients ef  permeability  in the  vertical  and  horizontal directions, respectively

            L=vector  transforming  the  noclal  displacement  increment  into the  volume  change

                of  element

            P'==:mean effective  principal  stress

           Pv'=strain hardening  parameter

           pMy'=maxirnum pv' of  element  befere time t=t

             q==generalizecl shear  stress

             t =-  real  ti me

           dU=  incremental vector  of  the  nogql  displacement

             u=excess  pore  water  pressure

             u=rePreSentatlve  exCesS  pore  water  preSSure
             V==.velume  of  element

           AV=:veiume  change  of  element

             v=volumetric  strain

           x-,ij==loeal co-ordinate  of  the center  of  element

ai,a2,  cr3,ab  evs=[coeMcients  on  the  distribution of  representative  excesg  pore water  pressure

        aa,  evp=parameters  on  the  plastic  strain  increment  ratio  for the  active  and  passive stress

                states,  respectively

             r:::generalized shear  strain

            rw==unit  weight  of  pore water

           rxev=shear  strain

       ei, e2, e3 ==principal  strains

         ex,  ev==normal  strains  in the directions of  x and  y, respectively

            ev=vertical  strain

             V=stress  ratio  (=qlp')
           opko==n on  the  Ko-line

             e=iconstant on  the difference approximation

             rc=:swelling  index

             Z=compression  index .

        Ma,  Mp=v  at  the  critical  state  in the  active  and  passive  stress  states, respectively

             pt]:non-negative scalar  quantity  
'
 

'

             y=PolssOn's  ratio

      ai', a2', as'=-effective  principal stresses

            av'==effective  vertical  stress

        am', ay'=effective  norrnal  stresses  in the  directions of  x  and  y, respectively

           rxv=shear  stress

           11ip=plastic strain  increment  ratio  (=6rP/o"vP)

1)

2)

3)

4)

5)

6)
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