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ABSTRACT

An analytical method due to the hybrid finite element formulation is presented for
the multi-dimensional elasto-plastic consolidation analysis. To facilitate a reliable consol-
idation analysis of K,-consolidated clay layer, an elasto-plastic analytical model is also
proposed, which has a yield function with no singularity satisfying the K,-strain condition
on the K,line, followed by showing its reasonableness and advantage in numerical
computations.

To deal with a more realistic consolidation analysis, the presented method is also
characterized by the ability to analyze such cases that the drainage is permitted during
incremental loading and that the permeability suddenly changes in the layer.

Multi-dimensional elasto-plastic consolidation analysis is carried out for partially loaded
ground models. The resulting deformation and stress path behaviors substantiate the
validity of the presented analytical technique, which brings out some behaviors reflecting
the real mechanism of consolidation of clay.
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INTRODUCTION

In foundation engineering the one-dimensional consolidation theory of Terzaghi is most
commonly employed to estimate the progress of consolidation and settlement of clayey
ground. This theory is based, however, on assumptions that the soil has a linear elastic
deformability and that both its displacement and the flow of water through the porous
medium occur only in the vertical direction. The construction of an embankment on a
soft clay layer rarely causes such one-dimensional behaviors in the layer, but generally
nonlinear consolidation behaviors involving lateral displacement. Thus, to properly esti-
mate those phenomena, it may be indispensable to introduce a multi-dimensional consoli-
dation analysis considering a nonlinear stress-strain relation.

It is well-known that the Terzaghi-Rendulic theory of multi-dimensional consolidation
inadequately represents the continuity of soil mass. On the other hand, the Biot theory
(Biot, 1941) is preferable from this point of view, because it couples total stress equilib-
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rium to strain-compatibility during consolidation. It cannot be avoided, however, that
the resulting equations are complicated. Although several closed form solutions to Biot’s
equations have been published over the year, such solutions are limited to problems with
simple geometry and material properties. Then, a numerical method must be applied to
solve more complicated ones.

Development of the finite element method provided the necessary tool for treatment
of general consolidation problems with no restrictions on geometory, material properties
and boundary condition. Finite element formulations of the Biot theory of consolidation
facilitate its application and have made it possible to introduce into the design process
on evaluation of the time rate of settlement for a variety of two and three dimensional
problems,

The first finite element formulation of the Biot theory was that of Sandhu and Wilson
(1969), which was based on the Gurtin’s convolution variational theorem. Since then,
Yokoo et al. (1971 a,b), Hwang et al. (1971) and Valliappan and Lee (1975) analyzed
the process of consolidation by similar techniques, and Ghaboussi and Wilson (1973)
extended the functional formulation to include compressible pore fluid. Hwang et al.
(1972) carried out a formulation due to Galerkin’s method, and obtained the same result
as Sandhu and Wilson.

On the other hand, Christian and Boehmer (1970) succeeded in another approach of
the finite element formulation of consolidation, applying a generalized variational principle
to the static equations of equilibrium in terms of unknown displacements and pore
pressures. The time-dependent change in both stresses and pore pressures during consol-
idation is then introduced by applying the continuity equation in a finite difference
form. Such a technique has been proposed by Herrmann (1965) and used by Christian
(1968) in the solution of static stress distribution for undrained, incompressible soils.

The major shortcoming of all the formulations described above is, however, that they
do not account for the nonlinearity of the stress-strain behavior of the soil. Although
more realistic elasto-plastic models in the constitutive relation of the soil are recently
developed, there are little attempts on the application of these models to the consolida-
tion analysis, except by Akai and Tamura (1977). The elasto-plastic model applied by
them, however, does not satisfy requisitions of deformation characteristics, which must
be involved in an elasto-plastic model for the consolidation analysis of K,-consolidated
layer. Thus, their results may not be reliable enough for more detailed discussion.

In this paper, the authers give a sophisticated technique of multi-dimensional elasto-
plastic consolidation analysis due to the finite element method. A reasonable analytical
model of soft clay is proposed, which is applicable to the consolidation analysis of the
normally K,-consolidated clay layer. Then, the availability of the proposed analytical
method of consolidation is demonstrated by showing such analytical results for a partially
loaded ground model as time-dependent behaviors, especially stress path behaviors during
consolidation.

FINITE ELEMENT FORMULATION

Biot’s fundamental equations of consolidation under plane strain condition are repre-
sented in the following. That is, the equations of equilibrium condition are given as

follows:
Oo,/ , 0ty , Ou
ox T oy om0 1
9o,/ Oy, Ou _
oy T T oy =0
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in which ¢,/, ¢,/ and t,, are the effective normal stresses in the directions of x and
y and the shear stress induced by a surcharge, respectively, and « is the excess pore
water pressure. Applying Darcy’s law, the equation of continuity condition is given as.
follows: ;

- 2 2
in which v is the volumetric strain, ¢ is the real time, %, and %, are the coefficients
of permeability in the directions of = and y, respectively, and y, is the unit weight
of pore water. Thus, Egs. (1) and (2) compose the fundamental equations of consolida-
tion. Discretization of the equation of equilibrium condition according to the principle
of virtual work gives the following incremental relation.

AF=KA4U+L4u (3)

in which 4F and 4U are the incremental vectors of the equivalent nodal force and the
nodal displacement, respectively, K is the stiffness matrix of element, L is the vector
transforming the nodal displacement increment into the volume change of element 4V,
and du is the excess pore water pressure increment. According to the definition, the
volume change of element is given as follows: ‘
AV=LT4U (4)

Substituting the evaluated volume change of element by Eq. (2) into Eq. (4), Egs. (3) and
(4) make simultaneous equations of both unknown of 4U and 4du. The solution of
consolidation can be obtained by evaluating 4V and solving the simultaneous equations
step by step as the consolidation progresses. To solve Eq.(2) due to the calculus of
finite difference, the distribution of the representative excess pore water pressure %,
which is defined by Eq. (5), is spacially given by . .the following Eq. (6), according to
Christian and Boehmer (1970).

ﬁ.‘—‘{(l—ﬂ)ut-l—ﬁuz“t} o . (5)
=0ty + e+ gy + o %+ gy (6)

in which #, and u,.4 are the exceéss pore water pressures at the times ¢=¢ and ¢t=z+ 4¢,
respectively, 6 (0=60=1) is a constant on the difference .
approximation, and @i, @, @ @, and a5 are the indeter- |
minate coefficients, which are determined in a quadrilateral i \
element 7 and the four surrounding elements designated by

J, k, L and m, respectively, as shown in Fig.1. By des‘gnating 5 oL o
the representative excéss pore water pressures of the five f ‘ot %7/
elements by i, %y, @, %, and i,, and the locations of centers "~ i vl

of the four surrounding elements from the center of element Lol
iby (fzj» g;)» (Zrs Tr)» (%, ¥1) and (T, Im), as shown in bt
Fig.1, the vector uw of representative pore water pressure Fig. 1. Local co-ordinate

is represented as follows: used in evaluating
rate of flow

Pol
-
-~
=
L]
=<t

Uy 1 0 0 0 0 Ve,
Uy 1 ;95 22 952 || e _
u={%, )=|1 Z, 7, %x2 9% {es'=Ba (7>
Uy 1 & 4, &° 7,2 ||, ‘
U 1 o U T G/ s

Then,
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, a=B'u ' (8)
Substitution of Eq. (16) into Eq. (2), and then its transformation in consideration of Eq.
(8) give the fo'lowing equation.
AtV

4V=— (2k a,F2ka;) -

ZAtV

(kb T u+kybsTu)

= —CTu (9).
in which C=(2 4tV|y,) (kb +k,bs), 4t is the small increment of time, V is the
volume of element, and &, and b, are the vectors of the fourth and fifth rows of B!,
respectively. Transformation of Eq.(3) using the relation of du=u, 4, —u, and also
substitution of Eq. (9) into Eq.(4), referring the definition of # in Eq. (5), give the
following equations.

AF +Lu,, ,= KAU+ Lu;, 1. 4 } (10)

- (1 a)CTl% LTAU+0C ut+4t
in which u, and u,,, are the vectors of excess pore water pressure at the times t=t¢
and t=t+ 4¢, respectively. Both of equations in Eq. (10) represent the incremental
relat'ons of equilibrium and continuity condition, respectively, which should be satisfied
in the element ;. Assemblage of such incremental relations of all elements as in Eq.
(10) gives their overall extended stiffness matrix. In Eq. (10), =0, and =1 correspond
to the forward and backward differences, respectively. In the former (#=0), the excess
pore water pressure increment Ju is represented by an explicit form, and then Eq. (10)
is simplified as follows:

AF=KAU+L4du }

—CTu,=L74U (1
When 0<#=1, du can not be represented by an explicit form, and then Eq. (10) left
in the implicit form must be used in the analysis. In this paper, the midpoint difference
(#=1/2) is used, which may be most preferable from the viewpoint of both the accuracy
and the stability of solution. :

The presented formulation herein demands the use of quadrilateral elements. In the
following numerical analysis, the quadrilateral element composed of four triangular
elements is used, which is proposed by Wilson (1965). A central nodal point in a
quadrilateral element is eliminated by the static condensation. Thus, the stress and pore
‘water pressure are always constant within a quadrilateral element.

The consolidation analysis is carried out by solving Eq. (10) in each small time incre-
ment. In case where the stress-strain relation of material is nonlinear, nonlinear behavior
is approximated as piecewise linear in each time increment, and then the optimum time
increment should be carefully selected so as to make this approximation valid. Conse-
quently, the incremental procedure is used as the technique of nonlinear analysis.

ANALYTICAL MODEL FOR SOFT CLAY

General Remarks

There are some existing elasto-plastic models of clay which can be applied to the
numerical analysis. They are Cam-clay model proposed by Roscoe et al. (1963), an
extended model to the anisotropic consolidated state, named as anisotropic Cam-clay model
in this paper and a model by Ohta and Hata (1971), which is equivalent to both models
described above.
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It can not be recommended that these models are applied to the consolidation analysis
of the K,consolidated clay layer, because of the following reasons. ~That is, the plastic
strain increment ratio in Cam-clay model do not satisfy the K,-strain condition during
Kg-consolidation. Thus, the K,-consolidation analysis due to Cam-clay model gives a
contrary result to the fact that the effective stress path moves on the K -line during
K-consolidation. Because both active and passive states bounded on the K,-line are
mixed during the consolidation deformation in a K, consolidated clay layer, Cam-clay
model, in which both states are bounded at the isotropic state, may not be adequately
applied to such a kind of consolidation analysis. On the other hand, in both models
of anisotropic Cam-clay and Ohta-Hata the active and passive states are bounded on the
Kyline. Their yield function has, however, a singular point at 5=z, i.e. their yield
curve forms a cusp on the K,-line. This means that their plastic strain increment ratio and
hardening coefficient can not be uniquely defined on the K -line, and they change suddenly
and discontinuously on both sides of it. Then, the application of these models to the
K -consolidation analysis yields sawteethly oscillating stress paths, depending on the time
increment used in the analysis. In the deformation analysis of K,-consolidated clay layer
up to the final stage of consolidation, it is necessary to take larger time increments
with progressing consolidation, because of the limitation of the computing time in a
computer. Thus, the resulting effective stress path oscillates more strongly, and it may
be hopeless to obtain a smooth stress path, which is a requisition for the accurate result.

As described above, those models developed by the shear test result of soil have some
troubles for the consolidation analysis around the initial K,-state. It is needless to say
that the analytical ability of a model around the initial K -state is very important in
the K,-consolidation analysis. In this chapter a reasonable analytical model will be
presented, which has no troubles as described above and is applicable to the deformation
analysis of the K,-consolidated clay layer.

Presentation of Analytical Model

Yield locus and state boundary surface: First, parameters of the stress and the strain

are defined. Designating the mean effective principal stress and the generalized shear
stress- by p’ and q, respectively,
Ul’+0'2/‘}—.0'3,

3 (12)

p'=

a=5 @ =) (0 =)+ oy =0} 1 (13)

in which ¢,/, ¢, and ¢,’ are the effective principal stresses. Designating the volumetric
strain and the generalized shear strain by v and y, respectively,

v=¢,+¢e,+¢; (14)
=2 (et (rme) + (eg—e) Y 2 (15)

in which ¢, ¢, and ¢; are the principal strains.

Next, an analytical model based on the associated flow rule is derived, referring to
the concept of Cam-clay model. The plastic strain increment ratio, designated by 1/¢,
is assumed for the active and passive stress states as follows:

1_0r° _  ag : .\

PR 7 .7 e for the active ctat: | (16)
1 _orr_ —a, . o 7

o= = Mty for the passive state a7)
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in which the superscript p signifies plastic, @, and @, are the parameters for the active
and passive states, respectively, 7 is the stress ratio (=g¢/p’), and M, and M,(>0) are
the values of » at the critical states in the active and passive states, respectively.
The differential equation of yield function is given as the following equation -(Roscoe
and Burland, 1968).
oty _ op’ _ o =0
2 ?’ o+7
in which p,’ is the strain hardening parameter. Substitution of Egs. (16) and (17) into
Eq. (18), and then its integration under the initial condition of p'=p,, n=1x4 and p,/=
Pyo/» using the condition of normally consolidated state i.e. p,,/=p,, give the yield
functions f, and f, for the active and passive states, as follows:

18

=p,” for the active state (19)

Ma+ (a{a_l>—” }aa/(“a—l)
— pt —
fa=p {-Ala%—(cva-1)vko
— ap/(i=ap) : ,
fpzpl{%pj_((ll_cipz)nio} ’ =p,” {or the passive state (20)

in which #;, is » on the K line, and neither of «, and «, is unity.
The state boundary surface can be similarly obtained as follows:

P ?’ _ Qg M+ (es—17y } .
e'o e—lln< Po/ >+(l If)( aa""l >1n{Ma+(a¢'a_'l>7]ka

; ’ for the active state (21)
et £ (% i Mt O
erme=4 I‘n( Po,>+ “* K)<1“% 8 Mp+ (1=ap)y .
for the passive state (22)

in which e is the void ratio, e, is the initial value of e, and 1 and x are the compression
and swelling indexes, respectively.
Strain increment ratio and parameters a4 and a,: The following strain condition must

be satisfied in the K,-consolidation.
de, \ ‘
2=1.0 (23)

in which ¢, is the vertical strain. Eq.(23) is a restriction imposed on the total strain.
It is assumed, however, to impose a similar restriction each on elastic and plastic strain
components, as follows: -

mo=Lo @
e 1.0 (25)

in which the superscripts e and p signify elastic and plastic, respectively. Whenever
Egs. (24) and (25) are satisfied, Eq. (23) is valid.
As for the restriction on the elastic strain increment, Eq.(24) is always satisfied if
the Poisson’s ratio v of the clay is decided as follows:
K,
Ym0
1+ K,
in which K, is the coefficient of earth pressure at rest. As for the restriction on the
plastic strain increment, the following technique is used to satisfy Eq.(25). That is,
the plastic strain increment ratio 1/¢ must satisfy the following equation at 5=1;.

(26)
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1_/ore _2 6€vf’>_2 -
¢ _< 0v? >77=7/ko— 3< o )3 @)

The yield function in Egs. (19) and (20) satisfy Eq. (27) at p=1n;,, if the parameters a,
and a, are decided as follows:

&u= 2 (Ma=7710) (28)

ap:_“g‘(Mp+77ko) (29)

Consequently, two yield curves are smoothly connected on the K line and have no
singularity there.

On the other hand, introducing the assumption of the energy dissipation used in Cam-
clay model, the following equations are valid only at critical state of the presented analyt-
ical model.
a,=1.0 at =M, } (30)

a,=1.0 at y=—M,
The values of parameters «, and «, except at both of the initial K,-state and the
critical state are evaluated as a function of stress
state, based on shear test results of clays. By this 2.0 %

process, such inherent characteristics of clays as the
dilatancy and the anisotropy can be introduced into
the presented analytical model.

The solid curve in Fig.2 shows a yield function
of the presented analytical model obtained by the
technique described above, in which the parameters
o, and «, are approximated by the hyperbola as a
function of the stress ratio 7, as shown in Fig.3.
A yield function of the an’'sotropic Cam-clay model
is also shown by the broken curve in Fig. 2, in which
a,=a,=1.0 as shown by the broken line in Fig.3.

It is clear from Fig.2 that a singular point of the —1.0q 0.5 10 L5 20 25
yield function can be found on the K,-line of aniso- FEA EFFECTIVE STRESS b (KGF/CHY)

tropic Cam-clay model, but that no singular point on Fig. 2. Yield f““Cti‘f“ of the
the yield function of the presented analytical model. presented analytical model
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Fig. 3. Approximation of the parameters Fig. 4. Variation of the plastic strain
a, and a, by the hyperbola as a increment ratio 1/¢ with the stress
function of the stress ratio 7 ratio »
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Fig. 4 shows the variation of the plastic strain increment ratio 1/¢ with the stress ratio
7, in which the solid and broken curves represent those of the presented analytical
model and anisotropic Cam-clay model, respectively. It is confirmed from Fig.4 that
the plastic strain increment ratio of the presented analytical model varies continuously
and smoothly with the stress ratio, satisfying the K,-strain condition at D=7z 1. €.
Eq.(27). On the other hand, that of anisotropic Cam-clay model varies suddenly and
discontinuously with the stress ratio. Thus, the presented analytical model has not such
unreasonableness and difficulty on the numerical analysis of K,-consolidation as pointed
out at the beginning of this chapter.

Stress-strain relation: The associated flow rule and the normality rule are assumed in
the presented analytical model. Designating the elastic and elasto-plastic stress-strain
matrixes by D, and D,,, respectively, the elasto-plastic stress-strain relation is given as

follows:
do’'=D,,ds
D.aa’D,
‘(De"mmea >"5 (D)
in which
of
da,! de, 0o’
do’'=!4do, }, de=|de, |, a= a"if/ ,
AT‘ZU ATWU _a;‘
07y
y
1 1= 0
_ E(d—v) y
De*(l—l—l/) 1—=2y) | 1—v 1 0 ’
1—2v
0 0 Sy
E— 3(1+e) (1—2p)p”
K
f= {fa—pz,’zo for the active state
fo—2, =0 for the passive state,

__1/0f _0p)
b o=

The Poisson’s ratio v is decided by Eq. (26).
Checking of stress state: The consolidation analysis is carried out by an incremental

calculation of each time increment 4z. The decision of unloading in an element is made
according to the strain hardening parameter p,’. Designating the strain hardening para-
meter at the time = and the maximum one before this time by p,../ and p,’ in an
element, respectively, in the case of ?y..'=p,, the elasto-plastic matrix D,, is used in
the calculation, assuming that the plastic state holds in the element. On the other
hand, in the case of p, ,/<p,’, the elastic matrix D, instead of D,, is used, considering
that the unloading state is caused in the element.

ANALYTICAL RESULTS AND CONSIDERATIONS
General Remarks
To check the presented finite element formulation, the finite element solution of con-
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solidation was compared with the closed form solution by Gibson et al. (1970). The
consolidation rate and settlement in both solutions agree well (Matsui et al,, 1979). - This
substantiates the high accuracy of the presented finite element formulation.

To check the applicability of the presented method of elasto-plastic analysis for the K-
consolidation, the consolidation behavior of a pillar-shaped clay layer, both sides of which
are restrained in the horizontal direction, was analyzed (Matsui et al.,, 1979). As the
results, it is confirmed that the presented analytical elasto-plastic model perfectly satisfy
requisitions of deformation characteristics of the K -consolidation, and that the presented
method of consolidation analysis is accurately applicable to the K,-consolidation analysis,
considering the effect of the drainage during incremental loading, and also applicable to
such a case that the coefficient of permeability suddenly changes in the layer.

In this chapter, multi-dimensional consolidation analysis is carried out for a partially
loaded clay deposit. The detailed descriptions on the analyzed clay layer and surcharge
are summarized as follows:

(1) The clay layer is one hundred meter wide and ten meter thick. Its symmetrical
half region is descretized by fifty five (6x11) rectan-
gular elements. Numbering of the elements and nodes,

10m
referred later on, is shown in Fig.5. . : L ]

(2) A surcharge due to embankment, which is el [w [ ®
twenty meter wide, is idealized by a strip and flexible e e o] ISR S
load with rough base and is performed up to one meter O M T T T "
high with a loading rate of 0. 2m/day. The unit weight 5 |0 Ufls o |5 | ®» | = |
of fill material is 1. 75 tf/m? (17.15kN/m?®). e

(3) As for the boundary condition of the layer, Fig. 5. Numbering of the
the bottom is fixed and the sides are without lateral elements and nodes

displacement. As for the drainage condition of the
layer, both bottom and sides are impervious, while only the top is pervious. The drain-
age of pore water is permitted even during banking the fill.

(4) The layer is normally K,-consolidated. The distributions of the initial effective
vertical stress o, and the initial void

ratio ¢, are shown in Fig. 6 (a) and Table 1. Basic mechanical constants of soft clay
(b), respectively. 1« M, M, o B X,
(5) The mechanical characteristics 0.3 0.03 1485  La% 2.1 13 05

of soft clay of the layer are represented

. * t 't pl
by the presented analytical model ok

0 i 0
3 C1TF/M° = 9.8 Ki/M? ) - L
Y N : S
- o] o =
=0 s =0 (6 (2)
10 1 1.7 i 1 L. 10 L i i1 1 A 1 TR IR
i 5 10 1.5 2.0 2.5 10 104 1073
INITIAL EFFECTIVE VERTICAL STRESS oy (TF/M2) INITIAL VOID RATIO eo INITIAL VERTICAL COEFFICIENT
OF PERMEABILITY &, (W/DAY)
(a) (b) Fig. 7. Distributions of the
Fig. 6. Distributions of the initial effective vertical stress initial vertical coefficient
o, and the initial void ratio e, of clay layer of perm:ability %, of

clay layer
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previously described, of which the basic mechanical constants are shown in Table 1.

The parameters a, and a, are approximated by the hyperbola as shown in Fig. 3.
Numerical analyses are carried out for five cases in which various permeabilities are
assumed, as shown in Table 2. Fig.7 shows two

Table 2. Analyzed cases types of distributions for the initial vertical co-

CHARACTERISTICS OF

CASE PERMEABILITY efficient of permeability k,, each of which is used
kyo l ku/k, CC"}&&@%EPD%E%N in the analysis. The horizontal coefficient of
A a 1 | constant permeability %, is assumed to be equal to or ten
B a 10 constant times the wvertical one %, i.e. &,/k,=1 or 10.

c 1 t . . ! .
b | constant The coefficient of permeability during consolida-

D b 10 1‘ constant ] X i )
E a 1 | variablex tion is constant in case-A, -B, -C and -D, while
+ according to Eq. (32) in case-E varies according to the following equa-

tion.
kv—_—_kvolo(e—eo)/o-3 (32)

It is not a main purpose of this paper to describe the result of parametric study in
detail, which will be presented in subsequent paper. Therefore, the availability of the
presented analytical method is demonstrated herein mainly by the result of case-A. Some
results of other cases are referred to emphasize the ability and the adequancy of the
presented analytical method.

General Nature of Response

Fig.8 shows the time settlement curves of all cases. The consolidation occurs from
the beginning of the loading. The time settlement curves vary unsmoothly at the
elapsed time of five days, because of stopping the incremental loading. It is seen in
Fig.8 that the effect of permeability on the consolidation deformation is remarkable.
This substantiates that to accurately estimate and introduce into analysis the permeability
characteristics of ground, especially its distribution and anisotropy at the initial state
and its change involved by the consolidation, is essential to predict the consolidation
deformation accurately.

Fig.9 shows the variations of vertical displacements at the top of the layer with the
elapsed time in case-B. It is seen in this figure that the surface of the side area off the
surcharge gradually rises even after loading (after five days), and that the rising of
node (7) located at a farther position off the surcharge continues for a longer time than
at node (6). Such surface rising does not stand out in case-A, which has not the
anisotropic permeability.

Fig.10 shows the variations of horizontal displacements within the layer with the

"
g-s !
5 S
- e | NODE (5
1 A — v
] l N \ e . ©
= N W5 -
w157 2 CASE-B \
= I K\\ ASE-D 510
5 FREE DRAINAGE /C 2 \
=22r a c
g T \ _ASEE .| = )
g g ™ ASE-C e o
S5 = 2 =4
J__ FIXED IMPERVIOUS BASE | CASE"B)\Q\ ‘ =2 L
30 r f——————s0m —  + CASE-A-F 100 10t 10° 103
% ELAPSED THE © (DAV)
L1 ! — . s . .
v 0 107 rs o Fig. 9. Variations of vertical displace-
ELAPSED TIME ¢ (DAY) ments at the top of the layer with
Fig. 8. Time-settlement curves the elapsed time
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elapsed time in case-A. It is seen from this figure 10°
that at the upper part of the layer(at node (3), (15)
and (27)), a little deformations occur, first, in the
lateral direction off the surcharge, followed by lateral
deformation in the opposite direction in a certain
time. The latter deformations show a time lag with
increasing the depth. On the other hand, at the
lower part of the layer (at node (39) and (51)), defor-
mations gradually occur only in the lateral direction

CASE-A

101_.

!

ey
s

10 v

@7y

ELAPSED TIME t (DAY)

off the surcharge. To adequately understand the ) 7 o \f

consolidation phenomena, it may be very important 10

to note such deformation behavior within the layer. ﬁobg 3 ((19 3@9)
Fig.11 shows the variations of excess pore water 20 o GJ.O 0 o

pressure with the elapsed time in case-A. Fig.11(a) ORLZONTAL BISPLACEMERT  dn  (CI)

shows the dissipation behavior of the excess pore Fig. 10. Variations of horizontal

water pressures of five elements (1) to (5), located displacements within the layer

at near the center of the surcharge. It is seen from with the elapsed time

this figure that at the early stage of consolidation the dissipation rate of the excess pore
water pressure decreases with inceasing the drainage distance, and that a rise of excess
pore water pressure is recognized in the lowest element (element (5)) even after loading
(after five days). This phenomena is well known as the Mandel-Cryer effect. Fig.11
(b) shows the dissipation behavior of five elements (21) to (25), located at near the
end of the surcharge. It is seen that the amounts of excess pore water pressures genera-
ting in these elements are smaller than in elements (1) to (5), but that their dissipation
behaviors are more complicated. This fact may reflect the complexity of stress states in
the elements located on the boundary between the active and passive stress states in

the layer.
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Fig. 11. Variations of excess pore water pressures with the elapsed time

Stress Path Behavior

Transition of the stress state in each element is investigated, considering the relation-
ship with the general nature of response described in the previous section. Fig. 12 shows
both effective and total stress paths of representative twelve elements in case-A from
the beginning of loading through the end of consolidation. The arrow and the number
in Fig.12 signify the end of loading and the elapsed time in day, respectively, and also
TSP and ESP signify the total stress path and the effective stress path, respectively. It
can be noticed in Fig.12 that most of the effective stress paths move on or around the
K,line, Consequently, as previously emphasized, the important advantage of a model
without any singular point on the K,line can be again recognized in the consolidation
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Fig. 12. Effective and total stress paths

analysis of K,-consolidated layer.

Fig. 12(a) shows the stress paths of element (1) located at the top of the layer near
the center of the surcharge. It is recognized in this figure that the effective stress
point moves in the direction of increasing the mean effective stress p’ even during
incremental loading. This is so because in the presented analytical method the drainage
is permitted even during incremental loading. In about twelve days after loading, the
effective stress point reaches the K,-line, and since then moves up along the Kg-line,
In more than one hundred days after loading, it crosses the K,-line and comes into the
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during multi-dimensional consolidation

passive stress state, and then meets total stress point. The consolidation is completed

there.

This shift of the effective stress point from the active stress state to the passive

is a response corresponding to the reversal of the lateral deformation in the upper part
of the layer, as shown in Fig. 10.

Figs.12 (b), (¢), (d) and (e) show the stress paths of elements (2), (3), (4) and (5),
respectively, which are located below element (1) in order of increasing depth. Compar-

ing these stress paths behaviors,

their differences in the time-dependent consolidation

behavior and the stress state-dependent behavior reflect well the characteristics of the
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positions of each element.: ,

The stress path of element (5) shows a specially interesting behavior. As shown in
Fig.12(e), just after the end of loading the effective stress point moves in the direction
of decreasing the mean effective stress p’/, occurring the unloading within the element,
while the total stress point little moves in the direction of the mean total stress p.
Consequently, the excess pore water pressure increases. Such behavior in element (5)
corresponds to that in Fig.11(a), in which the Mandel-Cryer effect generates. In due
time, the effective stress point reverses in the direction of increasing p’ and comes into
the elasto-plastic state. Similar behaviors can be found on the stress path behaviors of
elements (23), (24) and (25) shown in Figs.12 (i), (j) and (k), respectively, in which
the Mandel-Cryer effect also generates.

Fig. 12(g) shows the stress paths of element (21) located at the top of the layer near
the end of the surcharge. As shown in Fig.11(b), the excess pore water pressure of
element (21) does not gradually decrease, but temporarily increases. Judging from the
stress path behavior, this phenomena may come from the rapid shift of effective stress
point from the passive stress state to the active.

Figs. 12(i) and (j) show the stress paths of elements (23) and (24), located on the
boundary between the active and passive stress regions in the layer. The initial movement
of their effective stress paths is complicated, because the reversal of shear direction and
the unloading behavior are involved in.

Fig.12(f) shows the stress paths of element (12), in which the largest stress ratio
generates at the end of loading. Fig.12 (1) shows the stress paths of element (28),
which is an example of elements in the passive stress state.

As shown above, the process of multi-dimensional elasto-plastic consolidation is very
complicated, because the rate of excess pore pressure generation depends on the shear
deformation during consolidation involving the dilatancy effect of clay.

Increasing Trend of the Undrained Strength due to Consolidation

In stage construction! method, which is often introduced into banking construction on
soft clay deposit, it is important to understand the increasing trend of the undrained
strength due to consolidation. The presented method of elasto-plastic consolidation
analysis can give informations on it. This is one of important advantages of the presented
method, in which a strain hardening model is used.

Fig.13 shows the variation of the strain hardening parameter p,’ of the marked six

elements with the elapsed time in case-A. The

. 1.0 i — / ordinat‘e of Fig. .13 is represented by t'he degree
g 0s % /// of strain hardening based on the strain harden-
£ sk yd i’ ing parameters at both ends of loading (five
E ELEMENT / _/ 1(23) days) and consolidation. It is possible to esti-
E“r* DAy ! mate the variation of the potential undrained
E 0.2 2///%:-// (T strength of clay during consolidation by means
0.0 ==t o = of that of the strain hardening parameter. In
ELAPSED TIFE ¢ (DAY) Fig.13, the degree of settlement U 1is also

Fig. 13. Variations of the strain harden- ghown.
ing parameter p,' with the elapsed It is seen from Fig.13 that the deeper the

time element is located on, the more the strain

hardening is delayed. Because the strain hardening is caused by the plastic volumetric
strain, it should reflect the drainage behavior within layer.
The degree of strain hardening is generally delayed more than that of settlement.

NI | -El ectronic Library Service



The Japanese Geotechnical Society

ELASTO-PLASTIC CONSOLIDATION ANALYSIS 93

Especially, it is noted that even in element (7) located at near the top surface such a
delay is caused at the early stage of consolidation. Thus, it is not considered that the
conventional degree of settlement can represent the increasing trend of the undrained
strength in the whole layer. Elements (13) and (23), both of which are located at a
same depth, have a little bit different strain hardemng trends. This difference may be
suggestive.

CONCLUSION

In this paper have been presented a sophisticated technique of multi-dimensional elasto-
plastic consolidation analysis due to finite element method. The main conclusions obtained
are summarised as follows:

(1) The finite element formulation for consolidation is presented, which gives a
solution of the sufficient accuracy comparing with the closed form solution.

(2) An elasto-plastic analytical model of clay is proposed, which is reasonably applicable
to the elasto-plastic analysis of the K -consolidation.

(3) The presented method of consolidation analysis is also characterized by the ability
to analyze such cases that the drainage is permitted even during incremental loading
and that the permeability suddenly changes in the layer. It is clarified that these abilities
of the presented technique make a more realistic consolidation analysis possible.

(4) Multi-dimensional consolidation analysis is carried out for partially loaded ground
model in the K,-state, using the proposed elasto-plastic model. The resulting deformation
and stress path behaviors substantiate the validity of the presented technique, which
brings out some behaviors reflecting the real mechanism of consolidation of clay.

Thus, the presented method of consolidation analysis may provide a useful technique
for the practical consolidation analysis of clay deposit, and the results may offer important
clues to solve the complicated consolidation behaviors. .

ACKNOWLEDGEMENTS

The authors are indebted to Professor T.Ito, at the Osaka Un1vers1ty, for his kind
support and encouragement. They wish also to express their gratitude to Messrs. T.
Yamamoto and A. Tamura for their assistance of numerical calculations. This work was
performed with the financial support of Grant-in-Aid for Scientific Research the Ministry
of Education. This support is gratefully acknowledged.

NOTATION
A=hardening coefficient

_{of of @8f\\T
“{ da;' 0oy’ afxy}
B=matrix defined by Eq. (8)
b,, by=vectors of the fourth and fifth rows of B-1, respectively
C=vector transforming the representative excess pore water pressure increment
into the volume change of element
D,=nonlinear elastic stress-strain matrix
D, ,=elasto-plastic stress-strain matrix
E=nonlinear elastic modulus
e=void ratio
AdF=incremental vector of the equivalent nodal force
fa; fo=yield functions for the active and passive stress states, respectively
K=stiffness matrix of element :
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Ky,=coefficient of earth pressure at rest
by, ky=coefficients of permeability in the directions of 2 and y, respectively
ky, B, =coefficients of permeability in the vertical and horizontal directions, respectively
L=vector transforming the nodal displacement increment into the volume change
of element
p'=mean effective principal stress
py'=strain hardening parameter
p,'=maximum p,’ of element before time f=¢
g=generalized shear stress '
t=real time
dU=incremental vector of the nodal displacement
u=—excess pore water pressure
#=representative excess pore water pressure
V=volume of element.
A4V=volume change of element
v=volumetric strain
X, =1local co-ordinate of the center of element
cy, @y, &g, iy, as=coefficients on the distribution of representative excess pore water pressure
@4, p=parameters on the plastic strain increment ratio for the active and passive stress
states, respectively
7=generalized shear strain
Tw=unit weight of pore water -
T yy=shear strain
€4, €3, Eg=principal strains ,
ez, €y=normal strains in the directions of x and y, respectively
ep=vertical strain
p=stress ratio (=gq/p")
Nio=7 on the K,line
f=constant on the difference approximation
r=swelling index
A=compression index
M,, M,=7 at the critical state in the active and passive stress states, respectively
#=non-negative scalar quantity
y=Poisson’s ratio
g, 0., 03'=effective principal stresses
o, =effective vertical stress
g, 0,/ =effective normal stresses in the directions of x and y, respectively
Tzy=shear stress
1/¢=plastic strain increment ratio (=§71?/§vP)
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