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BEARING  CAPACITY  OF  RECTANGULAR  FOOTINGS  ON
                          '

             CLAYS  OF  STRENGTH  INCREASING

                    LINEARLY  WITH  DEPTH

                                  AKIo NAKAsE*

                                   ABSTRACT

  A  complete  set  of  bearing capacity  factor for rectangular  footings on  clays  of' undrained

$hear  strength  (th=iO) increasing linearly with  depth was  compiled  by combining  the  exact

plasticity soiution  for continuous  footings and  the slip  circle  solution  for rectangular

footings. Effect of  increasing $trength  with  depth was  expressed  in term  of  the  ratio

kB/ce, where  k is the  rate  of  increase in strength  with  depth, co  is the  strength  at  the

clay  surface  and  B  is footing width.  It is examined  that the value  of  feB/co likely to  be
encountered  in practice is within  the  range  from e,2 to 30.

  As  compared  with  results  of  the  present  analysis,  three other  kinds of  bearing capacity

formulae proposed for the  case  of  strength  increasing with  depth, were  found to over-

･estimate
 the  bearing capacity.  The  maximum  extent  of  overestimation  expected  in practical

problem  is almost  300%.

  A  set  of  approximate  expressions  for bearing capacity  factor was  proposed  for con-

venience  of  practicai use,  which  is fttnction of  the  ratio  feBlco and  the  footing shape

B/L.  The  maximum  extent  of  underestimatien  by these  approximate  expressions  is 5%.

Key  words  : bearing capacity,  cohesive  soil, continuous  footing, footlng, fully saturated

             soil, shallow  foundation, slip  surface

IGC:  E3

                                 INTRODUCTION

  It is well  known  that  the  undrained  shear  strength  c.  (¢ =O)  of  clays  increases with

･depth, In the  case  of  normally  consolidated  and  lightly overconsolidated  marine  clays

without  dried crust,  the  strength  increases linearly with  depth. The  bearing capacity

problem  for these  soils, therefore,  should  be approached  by  taking  into account  this

.strength distribution. Davis and  Booker (1973) presented the  exact  plasticity solution  for
the  bearing capacity  of  continuou$  footing$ on  the  surface  of  clays  of  strength  increasing
.Iinearly with  depth. No  exact  plasticity solution,  however,  seems  to have been obtained
'for

 rectangular  footings on  clays  of  such  strength  distribution.

  The  slip circle  method,  on  the other  hand, has been  often  used  in practice for working

out  the  bearing capacity  of  clays  of  inhomogeneous  strength.  The  Author (1966) presented
the  bearing capacity  $olution  for rectangular  footings on  clays  of  strength  increasing
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           '

linearly with  depth, by the  use  of  slip  circle  method.  As has been pointed  out  by Davis
and  Booker, the  slip circle  method  is likely to give  an  upper  bound to the  correct  solution,

In the  absence  of  exact  solution  for rectangular  footings, however, no  other  method  than
the  slip  circle  method  seems  to be available  for assessing  the infiuence of  footing shape･

on  the bearing capaeity.

  The  purpose of  the  present paper is to combine  two  different kinds of  solutions,  the
exact  plasticity solution  for continuous  footings and  the  solution  for rectangular  footings
by the  slip  circle  method,  in order  to  take  into consideration  the change  in the  shape･

factor for rectangular  footings with  ;rarious  linear strength  distribution of  clays.  Until
the  complete  set  of  plasticity solution  becomes  available,  this sort  of  combination  would

be of  some  value  in engineering  practice.

                              PLASTICITY  SOLUTION

  The  case  considered  in the  analysis  is shewn  in Fig.  1. The  clay  stratum  is assumed

                              
'
 to be saturated  with  water  table  equal  to･

      c,  or  above  its surface.  Undrained  shear

                                          strength  c.  is assumed  to increase linearly

                           B with  depth and  expressed  c.=co+fe:-,  (¢  :=  O).

                                          co is the  strength  at  the  clay  surface  and  k'
                  Length  of  feetinq  : L
                                

'
 is the  rate  of  increase in strength  with･

z  depth, which  is equal  to the  product of  the

      cu=c,+kz  (pt=o) submerged  unit  weight  ancl  the (c/p) value-

                                          of  particular  clay.  The  exact  plasticity
    Fig.1, Condition for the  analysis
                                          solution  was  obtained  for continuous  foot-
ings (BIL==O), with  rough  and  smooth  bases respectively.  And  the bearing capacity  q'
was  expressed  in the  form

                              q== F[(2+rr)  ce+  
fe4B]

 (1)

where  F  is a  dimensionless factor depending only  in the ratio  kB/co (Davis and  Booker.
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Fig.2. Bearing,capacity factor  for centinuous  footings
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1973).

 The  result  of  analysis  by Davis and  Booker  was  presented in graphs  showing  relationship

between  the  factor F  and  the  ratio  kBfco. It is found  that in the  extreme  cases  of  either

ce=O  or  k=O, the facter F  becomes unity  irrespective of roughness  of  the  footing base,

which  gives  the  bearing capacitles

                             gm;£
2.',,T2C.a.11S]

 (2)

  Eq. (1) can  be written  in the  form  with  the  bearing capacity  facter

                         q=c,[(2+rr)F+f  
k,B,
 ]==cervh, (3)

"rhere  N}, is the  bearing capacity  factor for continuous  footings (BIL==O). Solid lines in

Fig. 2 show  relationship  between the bearing capacity  factor IVb, and  the  ratio  kBfc,,

which  are  worked  out  by the  F  vs  feB/co relationship  by Davis and  Booker,

                       SOLUTION  BY  SLIP CIRCLE  METHOD

  The  slip circle  method  was  employed  for ebtaining  the  bearing capacity  of  rectangular

footings on  the  surface  of  clays  with  strength  increasing linearly with  depth                                                                     (Nakase,
1966), In this analysis,  the  slip surface  was  assumed  to be a  part of  horizontal cylinder

emerglng  from  an  edge  of the  footing as  shown  in Fig. 3(a). In evalttation  of  the  resis-

tance along  the two  side  surfaces,  a  sort  of  degree ef  mobilization  was  taken  into con-

$ideration  by introducing the reduction  factor of  r/R  as  shown  in Fig. 3(b). This concept

of resistance  mobilization  was  also  employed  by Tschebotarioff (1951) for the ease  of

rectangular  footings on  clays  of  homogeneous  strength,

                           ･ts  "                           #-
                        .-:- hx

                     ./N  4

               .".-.'-eooti"g
 

-
 ,,

              '

                    (a) Cb)

                    Fig. 3. Key  sketch  to the  slip  circle  method  .

  The bearing capacity  factor for continuous  footings (BfL=rO) obtained  by the  slip circle

 method  is shown  by dashed line in

 Fig. 2. In the extreme  cases  of  1,s

 either  co=O  or  k=:O, the  bearing

 capacity  of  eontinuous  footings by e.
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Table 1. Bearing capacity

      factor by sllp  circlefactor

 and

method
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determine an  appropriate  value

since  this particular case  gives

to the link between the  exact

tion and  that  by the  slip  eircle

method.  Available information of

the  shape  factor n  in connection

with  the  plasticity solution  is given
in Table 2. The  shape  factor of

O.3, recommended  in the  first edi-

tion of  the  Terzaghi and  Peck's
text  book, has been  widely  used  in

engineering  practice. Judging from  the

that  n=O.  2 in the present  analysis.

  Let the bearing capacity  facter N},

plasticity solution  in Fig. 2. And

IV}= N},(1+O.  2S)  for rectangular

that  the  shape  factor by the  slip  circle

O.44 and  it is reduced  to O.2, the

otheF  cases  of  kB/c,>O  shall  be

  Thus  obtained  shape  factor n  is
tien is made  between the  rough

may  be coupled  to either  ef  N}, va!ues

shows  some  numerieals  for the

l Bearing  czpacity  factor

       shape

  Shape  factor  it
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 of  the  shape

 risesolu-

factor

 Table

.factor IV} with  the  footing shape,  BfL,

 is shown  in Fig. 4, where  the  ratio

 NL!IVL, is plotted against  BfL  for various

 values  of  the  ratio  kBlco. From  this

 figttre it is found  that  the  bearing capac-

 ity factor for rectangular  footings may

 be expressed  in the  form

            IV} -  N}, [1 +n  -BL-] (s)

 where  n  is a dimensionless shape  factor

 depending only  in the ratio  kBlco. In

 the case  of  homogeneous strength  (fe=
 O), the  bearing capacity  of  rectangular

 footings is

         q=5.52c,[1+O.44S]  (6)

 which  coincides  to the  Tschebotarioff's

 expression.  Bearing capacity  factor A]1:,

 and  shape  factor n  by the  slip  circle

 method  are  shown  in Table  1.

   COMBINATION  OF  TWO  SOLVTIONS

   The  point  of  this  combination  is to

 n  for the  case  of  hemogeneous strength,

  2. Shape faetor n  (eu,=co, k==O)

Reference ["l
TLEI,3 

Lr
NQtes

Terzaght-Peck (1948)

Skempton  (!951>

Meyerhof  (1951)

/

Terzaghi-Peclc  (1967)

Yarpaguchi  (1969)

Semiempirical

D.22

    1o.

 Ie      Smooth, eircular  or  square

e.22-
 

Rough,
 

circular
 
or

 
square

D.2O,

 10SemiempirlcalSmooth,  circular

       information in Table 2, however, let it be assumed

     for continuous  footings be taken  that  by the  exact

   above  mentiened  assumption  Ieads to an  expression  of

   footings on  clays  of  homogeneous  strength.  Considering

       method  for the  case  of  homogeneous  strength  is

  shape  factor obtained  by the stip  circle  method  for all

reduced  to  O. 210.44.

  shown  in Fig. 5. In the  slip  circle  method,  no  distinc-
 base and  smooth  base. The  shape  factor in Fig. 5, therefore

        by the  exact  plastlcity solution  in Fig. 2, Table 3
combined  solution  for bearing capacity  factor for rectan-
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3. Bearing  capacity  factor andshapefactor
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gular footings on  claywithstrengthincreasing  linearly withdepth.

                                 VALUE  OF  kBfco

  In the  precedings, the effect  of  inereasing strength  is expressed  in term  of  the  ratlo

kB/co. In  normally  consolldated  or  lightly overconsolidated  marine  clays,  the  k value  is

in the  range  from  O.8kNfm3  to 2.0kNlm8,  which  corresponds  to the  submerged  unit

weight  of  clays  of  4kN/mS  to 5kN/m3  and  the  (clp) value  of  O.2 to e.4. As  for the  c,

value,  2kN!rn2  to 5kN!m2  will  be commonly  found. If the  footing width  B  of  1rn to
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30rn  is considered,  therefore,  the value  of  the  ratio  kBfc,  most  likely encountered  in

practice  will  be in the  range  from O.2 to 30. 
'

             COMPARISON  WITH  OTHER  BEARING  CAPACITY  FORMULAE

  In his paper on  the  bearing capaelty  of  clays,  Skempten (1951) recomrnended  that, in
the case  of  inhomogeneous  strength  with  depth, the  average  value  of  strength  in the

range  from  footing base down  to the  depth of (2f3)B should  be taken  as  an  equivalent

strength.  In the case  of  linear!y increasing strength,  this leads to the equivalent  strength

ef  c-.=c,+k(Bi'3).  In this recommendatiQn  Skempton  made  a  remark  on  the  limitation
that  the  use  of  this equivalent  strength  should  be confined  to the  case  where  the  strength

within  the  above  rnentioned  range  is wlthin  ± 50%  of  the  average  strength.  In the case

of  linearly increasing strength,  this lirnitation corresponds  to the  range  of  kB/coS3.

Applying this equiva!ent  strength,  Skernpton's expression  for bearing capacity  factor  for

rectangular  footings becomes

                         Nc:=s･o(1+o･2iill)(1+'±- iB,) (7)

  In the  use  of  vsrell  known  Terzaghi's formula, Peck  et  al, (1953) also  referred  to the

equivalent  strength.  Their equivalent  strength  is the  average  value  of  strength  in the

range  from footing base down  to the depth of  B. rn the case  of  linearly increaslng

strength,  this leads to cJ.==c,+k(B/2).  They  did not  mention  about  the  limitation of  the

use  of  this equivalent  strength,  This recomrnendation  was  made  in connection  with  the

Terzaghiis formula  for rectangular  feotings with  rough  base and  the shape  factor of  n=

O.3. In the present  comparison,  however, in order  to be conservative  for the present

analysi$,  let it be assumed  that  the  bearing capacity  factor for continuous  footing is that

fer smooth  base, i. e, IV},=5.14, and  the  shape  factor is O.2. The  use  of  n=:O.2  is based

on  the  second  edition  of the  Terzaghi  and  Peck's text  book  (1967), Then  new  version  of

the  bearing capacity  factor by Peck  et  al  becomes

                        IV}=5･ 14(1+O･2{})(1+-l; IB,) (s)
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 The  bearing capacity  factors obtained  by Eqs. (7) and  (8) are  compared  wlth  that  by

the present  combined  analy$is  in Fig. 6. It is found  in the figure that the N,  values  by

these  equations  are,  in general,  larger than  that  by the  present  analysis,  In the  case  of

Skempton's  recommendation,  the  comparison  should  be confined  in the  range  of  kBlcog3.

Then  it rnay  be said  that  the  Skempten's  formula  overestimates  the  bearing capacity  by

2e%  at  maximum.  On  the other  hand, the recommendation  by Peck  et  al is found  to

seriously  overestirnate  the  bearing capaeity.  The  extent  of  overestimation  is found  to

increase with  the ratio  kB/co, and  it becomes almost  300%  at  kBv'co of  30, which  is con-

sidered  the  upper  limit of  the  ratio  encountered  in practice.

  In their paper on  the plasticity solution  of  bearing capacity  of  continuous  footings on

clays  ef  strength  increasing linearly with  depth, Livneh  and  Greenstein (1973) recommended

to use  the  strength  at  the  depth of  e.4B  as  an  equivalent  strength,  This equivalent

strength  is in between  those  recommended  by Skempton  and  Peck et  al,

           APPROXIMATE  EXPRESSIONS  FOR  BEARING  CAPACITY  FACTOR

  Values of  the  bearing capacity  factor N, ean  be obtained  either  from  Figs. 2 and  5 or

from Table 3. In engineering  practice, however, the  approximate  expression  for the  N}

value  would  be useful.  For this purpose the N}, vs  kBlco curve  and  n  vs  kB/co curve  are

approximated  by three  straight  lines for ranges  of  feBYco of  O to 4, 4 to 30 and  30 to 10G

respectively.  By  this approximation,  the bearing capacity  factor NL  for rectangular

footings can  be expressed  as  a  functien of  the  ratio  kBfc, and  the  footing shape  B/L  as

shown  in Table 4, In the Table, the  maximum  extent  of  underestimation  by these  ex-

pressions is also  shown.  Considering the nature  of  stability  problem  in clays,  undetestima-

tion up  to 5%  may  be permissible in engineering  practice.

                     Table  4. Approximate  expressions  for IVL

          Reugh  base

                I' Max.  extent  of
          Range  of  under-estirnation

           ectL 
Approximate

 
exPreSSiOnS

 fl..e {l..1're
           .-. 1 ......"- "--.. ,.---"  ...-.- .-r.-

        
"

 o"  4 N,..[s.14+1.ots(4iBIL)][1+{o.2oo-o.olg(4iBIL)}£] 4%  i/ s%

                 i

           4-  30 
l
 lV}==[7'19+O'504(Vt)1[1+{O'132re'O02(S.mB,  )}S] I 4%  3%

           3o-leo  
lM=:[lo.43+o.3g6(ft)1[1+o.os7S]

 
2%

 , 
1%

          Smeoth  base

                                                      Max,  extent  of
          Range  ot  under-estimatien

            -t l 
Approximate

 
expreSSiOnS

 i=o i.1-'rm
                 1 -...-.......-.-. -

            o- 4!  M=t [s, 14+o. 6so(-k.?)]1[1+{e.2oe-o olg(et  )}i] 1%  I O%

            4-  3o I rv}=[6.2o+o.412(Xt)][1+{o.132-O,O02(et)}S] 
Il

 4%  
l
 3%

           3e-loo 
ll
 lv}=[s.s7+o.333(ftftL)][1+o.os77]  / 

1%  1%

                            CONCLUDING  REMARKS

  A  set  of  bearing･ capacity  factor for rectangular  footings on  clays  of  strength  increasing
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linearly with  depth was  compiled  by cornbining  the  exact  plasticity solution  for continuous

foetings and  the  slip  circle  solution  for rectangular  footings, Until the  complete  set  of

exact  plasticity solution  becomes available,  this combined  solution  could  be used  in actual

clays,  where  the  undrained  shear  strength  increases with  depth.

  As  compared  with  result  of  the  present  analysis,  three  kinds of  bearing capacity  for-
mulae,  so  far proposed  for the  case  of  clays  of  strength  increasing with  depth, were  found
to overestimate  the bearing capacity.  The  extent  of  overestimation  increases with  the

kBfce and  it becomes almost  300%  at  kBfco==30, which  is considered  the  upper  limit of  this

ratio  encountered  in practical problems,

  Approximate expressions  for the bearing capacity  factor were  proposed.  These expres-

sions  underestimate  the  bearing capacity  by up  to 5%. Considering the  nature  of  stability

problem  in clays,  however, thi$ extent  of  underestimation  may  be permissible  in engineer-

ing practice.
  Footings on  the  surface  of  clays  were  considered  in the  present  analysis.  .For the  case

of  footings with  embedment  depth, results  of  the present  analysis  could  be readily  used

with  concept  of  the  net  loading on  the  footing, provided  that the embedment  depth is
within  the  extent  for the shallow  foundation,

                             ACKNOWLEDGEMENT

  The  author  wishes  to  express  his thanks  to  Professor H. Yamaguchi  of  the  Tokyo
Institute of  Technology  for making  helpful rernarks  on  this analysis.

                                 NOTATION

  B=width  of  footing n==shape  factor depending  enly  in kB!ce
  co=undrained  shear  strength  at  surface  of  clay  Nc==bearing  capacity  factor for rectangular  footing
     stratum  Nco=bearing  capaeity  factor for continuous  footing
  c-.=undrained  shear  strength  q=ultimate  bearing capacity

  ct,=  average  value  of  cu  R=radius  of  slip  circle

  F=dimensienaless  facter depending only  in r=radius  veetor  in side  faces of  cylindrical  slip

     kBfce surface

  k=rate  of  increase in undrained  shear  strength  x=depth  belew ground  surface

     with  diepth e=angle of  shear  resistance

  L=length  of  footing
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