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A SIMPLIFIED PROCEDURE FOR PROBABILITY-BASED
¢.=0 STABILITY ANALYSIS

Axira Asaoxa* and Minoru MaTsuo**

ABSTRACT

The objective of this study is to provide a simple yet accurate procedure for the probabilistic
stability analysis of an embankment constructed on a soft clay with finite thickness. The
analysis is based on the conventional ¢,=0 and circular arc slip surface assumptions.

The probabilistic soil profile description with respect to the undrained shear strength within
a clay deposit is given first introducing a simple stochastic process. This is shown to be a
general expression for the spatial variation of the strength of clays including the conventional
deterministic soil profile as a special case. The probabilistic description of the soil profile is,
however, transformed into the set of eight different deterministic soil profiles, each of which
is a three-layered system with three different strengthes. Through the composition of these
multi-layered systems, it is demonstrated that all the possibility in the distribution of a factor
of safety can be covered by only eight times of execution of the deterministic, and then,
conventional slope stability analysis for eight deterministic soil profiles. From this, the
layered system is called in this study an equivalent multi-layered system.

The developed procedure is illustrated in the case studies including a multi-failure mode
problem, from which the simplicity as well as the accuracy of the proposed method is verified
for the use in practical design.

Key words : clay, design, earthfill, heterogeneity; layered system, safety factor, soft ground,
stability analysis, statistical analysis (IGC : E6/H 4)

(e. g., Peck, 1967; Nakase, 1967, Wu, 1974;
Matsuo and Asaoka, 1976; Hanzawa et al,
1980). In practical design, however, all

INTRODUCTION

The conventional ¢,=0 stability analysis

is newly formulated assuming that the spatial
variation of the undrained shear strength of
clay follows a stochastic process.

The accuracy of the conventional procedure
itself is considered to have been widely
accepted when the testing manner is appro-
priate in which strength values are selected

design alternatives are required to satisfy
the design criterion that the computed factor
of safety be no less than a prescribed allow-
able value. This is mostly because of the
uncertainty in soil profile modelling as well
as the uncertainty in the method of stability
analysis used. In this study, the former
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source of uncertainty is mainly discussed.

The mathematical expression for the un-
certainty in soil profile modelling can be
made perhaps only by introducing the concept
of stochastic process.  Therefore, if one
follows a probabilistic soil profile description,
the stability analysis is also considered to be
made in a probabilistic way. Although many
literatures have been accumulated in this
research field (e. g., Biernatovsky, 1969; Wu
and Kraft, 1967, 1970; Matsuo and Kuroda,
1974; Alonso, 1976; Matsuo and Asaoka,
1976; Morla Catelan and Cornell, 1976;
Tang et al, 1976, Vanmarcke, 1977 b, etc),
there still exist two difficulties.

The first difficulty comes from the proba-
bilistic soil profile modelling itself because of
the limited number of available soil data.
A new simplified procedure for this problem
is introduced in the successive section. The
second one is the difficulty associated with
the minimum factor of safety search in the
random field of a shear strength distribution.
The reason for this is because the location
of the slip surface which minimizes the
factor of safety becomes also random when
the strength distribution is random. To avoid
this difficulty, it has been usual in many
literatures that the critical slip surface is
fixed at the location determined from the
mean value of shear strengthes. In the
present study, however, this problem is
solved completely in a different manner.
As a result, it is shown that the probabilistic
approach to the ¢,=0 stability analysis is
almost equivalent to some trials of the con-
ventional deterministic analysis for some
varieties of deterministic soil profiles. The
simplicity of the presented procedure is
illustrated in case studies.

PROBABILISTIC SOIL PROFILE DESCRIPTION

Even within homogeneous-like clay depos-
it, considerable variation is found from point
to point in measuring undrained shear
strength ¢,. The idea of using stochastic
process (or probability model) to describe
the spatial variability of ¢, is based on the

assumption that a series of cyy, Cyg =+oo , Cun
of N successive observations is regarded as a
sample realization from an infinite population
of such series that could have been generated
by the stochastic process. Being based on
this idea, the value of undrained shear
strength of any point is estimated with its
probability and what one can do is only to
establish the stochastic model which describes
the spatial variability of ¢, in a probabilistic
manner (probabilistic soil profile description).
The conventional deterministic soil profile is,
thus, considered as a very special case since
the deterministic model always gives the
value of ¢, with probability of one.

Recent developments in the use of proba-
bility theory in soil mechanics design have
provided considerable amount of literatures
on the description of the spatial variability
of the undrained shear strength of clays
(e. g., Hooper and Butler, 1966; Lumb, 1966;
1970; Matsuo and Asaoka, 1977; Kuroda
et al, 1981). In these literatures, special
efforts were made on the following three
topics, that is, (i) the in-situ heterogeneity
of clays, especizally, depth-dependent nature
of ¢,, (i) the effect of sample disturbance,
test inperfections and human factors, and
(iii) statistical uncertzinty which comes from
the limited availability of information (i.e.,
the limited number of soil samples and/or
testing). This paper deals mainly with the
first problem and the other two sources of
uncertainty are only briefly dealt with in
the discussion section.

To express the spatial (vertical) variability
of ¢,, one needs to determine at least the
mean value function ©#(z) and the covariance
function cov(z, 2’) (a second moment random
process). A general procedure for obtaining
estimates of these functions was proposed
by Vanmarcke (1977 a), who also discussed
the application of the probabilistic soil profile
to slope stability analysis. When large
amount of data is available, Vanmarcke's
method gives accurate estimates for the above
functions. In the case of relatively thin clay
layers, however, the number of soil samples
along vertical direction is always limited,
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and then the less sophisticated method is
desired. Asaoka and Grivas (1982) suggested
the applicability of a first order autoregressive
model to describe the vertical variability of
¢y, which is introduced in this section.

Let ¢,(2) denote the value of the undrained
shear strength at depth z. It is assumed that
the undrained strength is measured at con-
stant vertical interval 4z and ¢,;=c,(dz-7)
is generated by the following model:

Cut= ot & Cyi—y T 08; (1)
where the errors g, i=1,2, - , N are in-
dependent random variable of each other and
have zero mean and unity deviation while
oy, o, and o are constant coefficients, some-
times referred to as the parameters. When
the random process (1) has reached at the
stationary state, the mean and the covariance
functions for ¢,(2) are expressed as

,u(z):—l—if‘;{—l (=constant) (2)

1—02126Xp<‘£“;—2'1> (3)

respectively, in which

cov(z, /)=

Az

In (24}

I=

(4)

is the decay parameter describing how rapidly
the correlation decreases for increasing inter-
val |z—2/|. The parameters «,, o; and ¢ in
Eq. (1) can be estimated by the least squares
method using N observations c,;, ¢y, =+ s Cun
taken along a vertical direction. To verify
the stationarity of the data, the parameters
in the following random process 3, 3, and
o should be estimated:

vj:BO_i_BIvJ*I_I—O‘s.‘} (5)
in which
J:L 2, e ,N_ (6)

That is, v; is an inverse process of ¢,;. If
th= estimates for B, and (3, are close enough
to those of «, and «,, respectively, then
cu; is considered to have already reached at
the stationary state.

When some boreholes are available in a
given designing section, the mean values of
Egs. (2) and (3) of each borehole are to be
used. The illustrative example {for the

V;=CyuN+1-Js
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Fig. 1. Observations of the spatial
variation of ¢,

Table 1. Numerical values of parameters
Sample size 10x3
a 11.68 (kN/m?)
ay 0.437
Bo 11. 47 (kN/m?)
B 0. 455
(g, 1) =(Bo, B ? Yes
14 5.00 (kN/m?)
#(2) 20.78 (kN/m?)
/ in Eq. (3 1.21 (Gm)

proposed method is given in Table 1 which
is the results from the data shown in Fig. 1.

In some actual situations, especially in
the case of a thick normally consolidated
clay deposit, u«(z) should be determined as
a linear function of 2 In such case, the
similar method by Asaoka and Grivas (1982)
and Asaoka et al (1981) are recommended,
the discussion of which is beyond the scope
of this paper. Only the fact that u(z) and
cov(z, 2’) can be easily determined even from
the limited number of soil samples is empha-
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sized in this section.

EQUIVALENT MULTI-LAYERED SYSTEM

The general formulation for the factor of
safety in the ¢,=0 stability analysis is

given as follows:
l: rf c,(2)dL
—minl L
Fy=min M, (7)
in which
F; : factor of safety
L : circular arc slip surface
r : radius of L
M, : overturning moment, and

the operator min[ 7] denotes the search of
L

the slip surface L which minimize the
quantity in brackets. Since ¢,(2) is a
stochastic process with z, its integrated value

Ry= f cu()dL (8)

becomes also a random variable. Therefore,
the distribution for determination of F,
given in Eq. (7) depends on the joint proba-
bility distribution of Rj, Ry, «+--- , in which
L, L. denote the possible slip surfaces.
The equivalent multi-layered system given
in this section is designed so that the same
joint distribution for R, R, --+++- may be
obtained to that of the original stochastic
system at least its first and the second prob-
ability moments for any arbitrary combina-
tion of possible slip surfaces.

In Fig.2 is shown the original system
while Fig.3 shows the equivalent three-
layered system, in which ¢,;, 7=1,2,3 are
mutually independ random variables and
their means and the standard deviations are
expressed by u; and ¢;, i=1, 2, 3, respectively.
In other words, im the equivalent multi-
layered system, each layer with thickness
4 has its own strength ¢,; which is perfectly
correlated within the layer and perfectly
uncorrelated to the strengthes of the other
two layers. The parameters y; and g5, i=1,
2,3 can be determined in the {following
First, since the discussion is re-
stricted here to a base failure mode, all the

manner.

cu (7)
H(2)
cov (7,7

H NZ NN
1

7
Fig. 2. Original system

0 -
Curz (u1, 01)
A
ozt (K2, 02)
2A
Cust (M3, 03)
3A=H N/ /NN
|

Fig. 3. Equivalent multi-layered system

possible slip surfaces are noted to pass from
the top of a clay deposit to its bottom.
From this, when the line element dL is
expressed by w(2)dz, the weight function
w(z) is naturally defined on the range of
0=<2=<H, in which 2=0 and z=H denote
the top and the bottom of a clay deposit,
respectively. Now, let w(z) be assumed to
be well approximated by w(®)=a,+a,z+a,2%,
a polynomial function of the second order.
Then, the equivalent multi-layered system
in Fig.3 can be found to give the same value
of E[R;] (the first probability moment of
the joint distribution for R,, R;., -+-+-- ) as
that of the original system whatever values
a,, a; and a, may take (i.e., for any arbitrary
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slip surface L), if u;, i=1,2,3 satisfies

H
ulszAwsA:f w(2dz
0

4? 342 542 i
M + + s 5 :ﬂ u(z)zdz

2 2
43 743 1943 i
My 3 + s 3 + s 3 :ﬂ u(z)2bdz
(9)

in which «(z) in the right hand sides of
Eqgs. (9) is the mean value {function of a
stochastic process of ¢,(z). The u;, i=1,2,3
are easily detérmined by solving Egs. (9
simultaneously.

Following the same logic, for the equiva-
lent multi-layered system to give approxi-
mately the same value of E[R;-R;.] (the
second probability moment of the joint dis-
tribution of R;, R;) as that of the original
system for any arbitrary L and L’, the next
simultaneous equations for ¢;, i=1, 2, 3 should
be satisfied, that is,

PRV LEWRY LAY/

H rH
:f f cov(z, z')dzdz’
0 0

8 343 543
ot 4 +05° 5+032 5

2
H fH
:f f cov(z, z")zdzdz’ 10y
0 0
2 2 3d2 2 2\ 2
A4t entD)

H rH
:f f cov(z, z/)zz'dzdz=!
0 0

where cov(z, 2’) is a covariance function of
the original system, c¢,(2). Thus, the para-
meters g;, :=1,2,3 can also be determined
from Egs. (10).

If one needs more than the second order
approximation for w(z), the multi-layered
system with more than three layers should
be employed. It will be shown, however,
that the three layered system is enough for
usual engineering purposes through examin-
ing the illustrative examples in this study.

Using the data given in Fig. (1) and/or
Table 1, Eqgs.(9) and (10) determine the
equivalent multi-layered system, the para-
meters of which is tabulated in Table 2.

Table 2. Parameters for Fig.3
m=p=pr3 20.78 (kN/m?)
[ 4.51 (kN/m?)
a2 6.97 (kN/m2)
3 4.46 (KN/m?)

This example is continuously discussed in
the successive sections.

POINT ESTIMATES OF PROBABILITY
MOMENTS FOR F;

Now, it has been found that the factor of
safety F, given in Eq.(7) can be approxi-
mately regarded as a function of three dis-
crete random variables, ¢, ¢,s and c,3, while
the F, was originally considered as a functional
of a continuous stochastic process, ¢,(2).
This problem transformation makes the
distribution search for F, extremely easy.

For simplicity, F; in Eq. (7) is rewritten
here as

Fs=F;(cu1, Cuss CuslG) an

in which the symbol G is employed to express
the loading condition on a clay deposit and
some other conditions which must be taken
into consideration for the slope stability
analysis. In any case, F, should be noted
as a function of three random variables
Cu1> Cyo @and cus. The moments of the proba-
bilistic function Eq. (11) up to the second
order are readily estimated using the theory
of point estimates developed by Rosenblueth
(1975), as follows:

E[Fs]z%<F3+++'[‘Fs++—+ """ +Fe__)

Var[Fs]:%<Fs+++2+Fs++—2+ """ +F__.2)
—E[F{] (13)

where E[ 7] and var[ ] are the mean and

the variance of the random variable in
brackets and eight values Fy  ,,Fy, - ,
F,___ denote

Foyr i =Fs(uytoy, st 0, s+ 05lG) ‘
Fs++—:Fs<ﬂ1'{_‘0'1y Uy oy tt3—03|G) 14)

Fs-———:FS(ﬂl;Gb /12_0'2, IU'S_ 0‘3!G>,

NI | -El ectronic Library Service



The Japanese Geotechnical Society

PROBABILISTIC STABILITY ANALYSIS 13
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Fig. 4. Equivalent multi~layered system
to Fig. 1
respectively. That is, Fy, ., Feppr, «ooeer S B

are the factors of safety for the possible com-
binations of a plus or a minus sign in u;+
oy, 1=1,2,3. It must be now recalled that,
if ¢4 i=1,2,3 in Eq. (11) are deterministic
values like u;=+0;, the F, can be determined
by the conventional ¢,=0 stability analysis
in a usual way. Therefore, Eq. (12) and/or
Eq. (13) shows that a probabilistic slope sta-
bility analysis is no more than the combina-
tion of eight conventional, deterministic,
stability analyses for eight deterministic soil
profiles, u;+0;,, 7=1,2,3. Shown in Fig.4
is the eight soil profiles obtained from Table
2.

The comparison between Fig.4 and the
original observations given in Fig.1 will
give the intuitive interpretation for probabi-
listic approach developed in this study. That
is, in conventional analysis, the mean value
of Fig.1 is only the soil profile to be analyz-
ed and some other uncertain possibilities
in the soil profile must be covered by the

factor of safety, the value of which is sub-
jectively selected by experienced engineers.
In a probabilistic approach, on the other
hand, eight deterministic soil profiles are
to be analyzed, the results of which give
the distribution of the possible factor of
safety, at least its first and the second
moments.  Therefore, the decision of an
optimum design alternative can be made
examining whether the distribution of a
factor of safety is acceptable or not, the
index of which will presumably be the
“probability of failure” (i.e., the probability
that the factor of safety is less than unity).

ILLUSTRATIVE EXAMPLES AND DISCUSSION

The developed probabilistic approach is
first discussed in the illustrative example of
embankment stability on a soft clay deposit.
The cross section of the embankment is
shown in Fig.5. The measured undrained
strengthes of the clay deposit are plotted as
has been given in Fig.1 and then Table 1
provides the probabilistic description for the
subsoil profile. Since a base failure mode is
most probable in the case of Fig.5, the
equivalent multi-layered system obtained in
Fig.4 can be directly applied to this case
study. Two kinds of banking height are
analyzed; one is 5.5m height while the
other is 6.0 m height. In the stability analy-
sis given here, the shear resistance of bank-
ing materials is neglected as is usual with
the case of cohesionless low embankment
construction (Nakase, 1967, 1970).

The results of the analysis are summerized
in Tables 3 and 4, which correspond to 5.5

m height and 6.0m height, respectively.
‘__'_7-;5_”“__1
Embankment ‘l» 5.5m 6m:
Soft Clay 10m.
TRIRTRY

Fig. 5. Embankment cross section for
illustrative example
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Table 3. Probabilistic stability analysis for H=5.5m

" 1+ ) obd= ‘ bt ‘ 4+ ‘ B+ ‘ G-+ 1 7=+ ‘ 8-
Cur t oy (kN/m?) 25.29 | 25.29 | .29 | 2529 | 16.27 ’ 16.27 | 16.27 ‘ 16.27
Cu 2 0y (RN/m2) 2775 | 2775 | 13.81 | 13.81 | 27.75 | 27.75 | 13.81 | 13.81
J ! [
Cuimto(KN/m® | 25,24 | 1632 | 25.24 | 16.32 | 2524 | 1632 | 25.24 | 1632
F, | 162 | 13| 140 | 110 | 15 | 119 ] 120 | 099
E[F,] (Eq.12) 1.30 | { \ ! I
yvar[F,] (WEG 19 0.19 y | | | )

Table 4. Probabilistic stability analysis for H=6.0m

] 1+t ) Qv \‘ =+ ‘ 4= ’ 5+t y 6=+ { 7+ l 8-
ca oy (KN/m?2) 25.29 25.29 E 25.29 } 25.20 | 16.27 | 16.27 16.27 ‘ 16. 27
1
Caz t a0y (KN/m2) .75 | 2075 | 1381 [ 13.81 | 27.75 | 27.75 | 13.81 | 13.81
Cus t iyt o (KN/m2) 2.24 | 1632 | 25.24 | 1632 | 2524 | 16.32 | 25.24 { 16,32
Fy | rae | 120 | 19| |

100 | 138 | Log | 118 | 0.9

B[R] (Ba.1» | L10
| 0.180

5

o o
| ! ' o

In these tables, eight factors of safety are
calculated from eight different soil profiles.
Using these values, the mean and the stand-
ard deviation of a possible factor of safety
are also obtzined as listed in the tables.
These results are discussed over the following
four points:

(1) To check the consistency of the
proposed method with the conventional analy-
sis, Nakase’s stability chart (Nakase, 1970)
was applied to this problem using the mean
value of the measured undrained strengthes
given in Fig.1l. From this, it was verified
that the mean values of the factors of safety
obtained in Tables 3 and 4 exactly agreed
with those by Nakase’s stability chart.

(2) Observing the numerical relationship
between F, and u;+0;, i=1,2,3, in Tables 3
and 4, it can be seen that the F; given in
Eq. (11) is almost the linear function with
respect to ¢y, €y and cyg in their wide
ranges. This equation is expressed as F;=
0. 01275 ¢,;+0.01506 c,5+0.03419 ¢,3+0.01150
in the case of Table 3 and the equation
becomes F,=0. 01192 ¢,,+0. 01417 c,,+0. 03223
Cu3—0. 02057 for Table 4. From this fact, as
far as the mean value of F; is concerned,
the following simple equation is considered
to give a satisfactory result, that is,

E[Fs]:§<Fs++++Fs---> (15)

The accuracy of the above equation is easily
verified using the data given in Tables 3
and 4,

(3) The distribution function for F, can
be well approximated by the normal distri-
bution, which is also certified by the linearity
in the function of F, with respect to ¢,
cuz and c¢,3;, since the undrained strength
is well known to follow a normal-like distri-
bution. The probability of failure at G-condi-
tion can be, therefore, well evaluated by

1—E[F;]
=0 k| e

Where @ denotes the cumulative distribution
function of a standardized normal random
variable.  Applying Eq. (16) for the case
study, P,(H=5.5m)=6.4% and P,(H=6.0
m)=14.49% are obtained. Using these two
values, the probability of failure at H=6.0m
given the condition that the embankment is
safe up to H=5.5m, for instance, can also
be obtained as follows:

Prob.[F;£1 at H=6.0m|F;>1 up to
H=5.5m]

_P/(H=6.0m)—P;(H=5.5m) _ .,

=T 1= P(H=6.5m) 0%
The general discussion for the above equation
can be found in Matsuo and Asaocka, 1978.
(4) The distribution for F, discussed in
this study should be noted to have been
derived only from the probabilistic soil profile
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description. There are many other sources
which bring uncertainty into the stability
analysis. For example, a different method
of soil testing will give a different result.
Furthermore, ¢,=0 and circular arc slip
surface assumptions are known to have their
own analytical errors. Even in the probabil-
istic description, the statistical error in the
parameter estimates which comes from the
limitation of the number of available soil
samples is neglected. All these effects are
desirable to be taken into consideration in
a practical design. It is, however, still im-
portant to know the possible range of F,
due to the spatial variability of ¢, because
the contribution of this variability to the
total uncertainty of F, is known to be almost
the same as the contribution of the other
sources of uncertainty mentioned above
(e.g., Wu, 1974, Matsuo and Asaoka, 1976,
Tang et al, 1976, etc.).

APPLICATION TO A MULTI-FAILURE MODE
PROBLEM

In this section, the developed procedure
is applied to a double failure mode as shown
in Fig.6, in which the original subsoil
system consists of two different clay layers.
As illustrated in the figure, two base failures
are analyzed, one is the base failure on the

surface of the lower clay deposit while the
other is the failure which reaches to the sur-
face of the bed rock. The problem is to find the
correlation between two failure modes as
well as to determine the distribution of the
factor of safety for each failure mode. This
can be done introducing the equivalent multi~-
layered system as shown in Fig.7. To the
upper part in the original system are corre-
sponding the first three layers with the
strengthes ¢,;, ¢,» and ¢, the parameters of
which are determined by Egs. (9) and (10),
replacing w(z), cov(z,2’), H and 4 with
u1(2), covi(z,z"), H; and 4;, respectively.
These notations are given in Figs.6 and 7.
Using these parameters, since the values for
E[R;] and E[R;;-Ri, ] in the equivalent
multi-layered system become the same as
those of the original system, respectively,
for any given slip surfaces L L, passing
from 2=0 to z=H,, the distribution for Fy
(the factor of safety for the first {failure
mode) are naturally expected to be common
between the original and the equivalent
multi-layered system. As for the lower clay
deposit in the original system, the parameters
of the equivalent multi-layered system can
be determined solving the {following two
simultaneous equations with respect to u,
and o;, 1=4,D9,6:

Ha
f ﬂ(.?.')dz An 5 A]I ’ AII
H)y
H2 1 3 P 5 2
zu(2)dz = AH'H1+“2“AH? ’ Au'Hz‘]“”:‘Z‘AH » AH'H1+_2_AH
Hy
He 2 2 2 1 3 2 2 7 3 2 2 19 3
z ,U,(Z)CZZ AII'HI +AHH'H1+'—3—AH , AH'HI +34n ’H1+—3‘An s AH'HI +54H 'Hl—’_'é_dll
Hy
N
1 an
Mg
Hy ("H2
f cov(zz)dzdz’ Ar? dy® , dg?
Hi J Hi 2
04
He (H ’ / — 2 1 3 2 3 3 2 5 3
cov(zz')zdadz = d-H,+=47°, 4 H,+=43° , 4> H,+=—4; -l os?
Hi J Hi 2 2 2
H: (~H2 1 1 1 662
fcov(zz’)zz’dzdz’ de(ZHr{—dn)z,Zdnz(2H1+3dn)2,Zdn2(2H1+5AH)2
Hy J Hy

(18)
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TR B 5
o Embankment E[F ]:_1_Zjl I )
First Failure Mode 7/ Coper Clag sud =gy SII
z=1 - % 1
™ Second Failure Mode Lower Clay Var[FSH] :6_42 FSH2_~E[F8H]2
. \‘ W;// 1
Fig. 6. Double failure mode problem covL Far, FSH]:E}Z{Z For- Foa
2=0 —E[Fg1-E[Fl
Upper Clay i 20 & (21)
wi (2), covi (z, 2') ol 03 A
e e (. 03) A in which 3} Fp, D) Fyp? and X1 Fy;- Fsp denote
) An the sums of the sixty four different values
Lower Clay of the functions, Fy(=Eq. (20)), Fs?(=Eq.
2. cov 7, ) ol “ (20)®) and Fs;-Fyp(Eq. (19)-Eq. (20)), respec-
cue (iter 0) I tively, calculated from the substitution of
z=H, SRR AT M0y Into ¢y, 11,2, cveres 6. This is merely
Fig. 7. Equivalent multi-layered system because the number of the possible combina-

for Fig. 6

in which #;(z) and covy(z, z’) are the prob-
abilistic soil profile description for ¢,(2) of
the lower clay deposit. Egs. (17) and (18)
were derived so that the values for E[R;;]
and E[R;;-R;y/] calculated from the equiva-
lent multi-layered system might become the
same as those of the original system, respec-
tively, for any arbitrary slip surfaces Ly and
Ly’ as long as they pass through the surface
of the bed rock below the lower clay deposit.
Following the same logic of the equivalent
multi-layered system given in the former
section, the factor of safety for each failure
mode is now expressed as a probabilistic
function of discrete random variables c¢,;,
i=1,2, eeen ,6, as follows:
Fy=F(Cup Cuss Cus) 19
Fyn=Fp(cui, Cugs Cuss Cusr Cuss Cus)  (20)
in which Fy and Fy; denote the factors of
safety for the shallow and the deep base
failure modes, respectively. Then, as pre-
viously introduced, the point estimates
theory becomes applicable and the first and
second probability moments for the joint
distribution of Fy and Fyy can be estimated
in the following manner:

E[FsI]:‘é‘{FsI++++FsI++—+ """ +Fg__}

1

var[ Fg;]= A

VOSTRIRE ) ST

tions of plus and/or minus signs for i=1,
ARTITE ,6 is 26=64. As the results of this
procedure, it can be said that the joint
distribution for Fy; and Fjy is obtainable by
analyzing the stability for sixty four varieties
of a layered soil systems.

As previously discussed, both Fy and Fyy
are considered to follow approximately a
normal distribution, the probabilities such
as Prob [F,;;<1.0], Prob [Fy<1.0], and
Prob[F,; andfor Fy;;<1.0] can be calculated
from the two dimensional normal distribution
for Fy; and F,;, the parameters of which
are given in Egs. 21).

The procedure developed in this section
was applied to the case study of the embank-
ment stability at the Ebetsu test fill section,
the portion of the Central Express Way in
Hokkaido constructed by the Japan Highway
Public Corporation. The cross section of the
embankment and the subsoil layers are il-

3.0m 7.8m 2.7m 18.0m
5.0%
PRGasi
- - 314.0m
I 5 0m v =19.6kN/m ;
3.4m Peat. 3 = 10. 3k /m°
5.6m Clayey Peat, v =15. 7kN/m? '
A7 |
Fig. 8. Embankment cross section for

case study
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Table 5. Probabilistic soil profile
description for case study

ey 12.25 (kN/m?)
pea {cov; (z,2")

— ol
24.0lx exp (~—'52~(Z)J—-> (kN/m2)?
a 12(2) 17.54 (kN/m?)
claye t —
ey PeAN covata 2 43.11xexp<—l—zq%—l> (kN/m2)?

Table 6. Numerical results of case study
~ CASE 1* | CASE 2%

E[Fyl 1.78 1.18
Vvar[Fgl 0.48 0.28
E[Fynl 1.36 1.21
Vvar[Foyl 0.28 0.24
O(Fg, Fem)*** 0.25 0.26
Prob[Fa<1] 5.3(%) 25.1(%)
Prob{F,<1] 10.0(%) 18.4(%)
Prob[Fy<1 and/or Feyp<1] 14.2(%) 36.8(%)

* CASE 1: Shear resistance of banking materials is
neglected and vertical tension cracks are
assumed within an embankment.

** CASE 2: Shear resistance of banking materials is
introduced along a potential slip surface
with parameters of ¢=0 and ¢=30° (0.523
radian).
#** 0(,) 1 Correlation coefficient between the two values
in parentheses.

lustrated in Fig.8. As shown in this figure,
the upper part of the soft layers is made of
peat while the lower of soft clay with peat.
In Table 5 are listed the parameters of the
probabilistic soil profile of the wundrained
shear strengthes for this layered system.
Two failure modes were naturally expected,
one is the failure within the peat deposit
while the other is the failure including both
upper and lower clay deposit. Since each
soil deposit was not so thick that these two
types of failure were analyzed assuming the
base failure mode as suggested from the
conventional deterministic stability analysis.
That is, the first one is failure with the
slip surface which touches the surface of
the lower clay layer (the first failure mode)
while the second one is the slip failure on
the top of the bed rock (the second failure
mode). The application of the developed
probabilistic approach was tried to this prob-
lem, the results of which are summarized in
Table 6. As shown in the table, two cases
were analyzed, one is the case where the

shear resistance of the banking materials
was taken into the analysis with the para-
meters of ¢=0 and ¢=30°, while in the
other case the resistance was neglected.

In the actual condition of this embank-
ment, it should be stated that the large
lateral deformation was observed from the
top to the bottom of the original two-layered
system, although an actual slip failure was
not experienced.

CONCLUSIONS

The conventional ¢,=0 stability analysis
was newly formulated under the condition
of uncertainty in soil profile description.
The developed procedure includes the simple
scheme by which the spatial variation of
undrained shear strengthes should be modell-
ed for the purpose of ¢,=0 analysis. On the
basis of the analysis performed and results
obtained in this study, the following con-
clusions can be drawn:

(1) Using the limited number of
strength data of clays, a stochastic model
is naturally introduced to express the soil
profile. The simple procedure for this was
presented.

(2) The probabilistic soil profile descrip-
tion was shown to be approximately equiva-
lent to the set of eight different deterministic
soil profiles, each of which is a three-layered
system with three different strengthes (equiv-
alent multi-layered system). From this, it
was demonstrated that the possible distri-
bution of the factor of safety in ¢,=0 analy-
sis could be found by only eight trials of
the conventional deterministic stability
analyses.

(3) The simplicity as well as the accuracy
of the developed procedure was verified for
the use in practice through examining the
case studies including a double failure mode
problem.
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