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A  SIMPLIFIED  PROCEDURE  FOR  PROBABILITY-BASED

                e.=O STABILITY  ANALYSIS

AKiRA  AsAoicA* and  MmoRu  MATsuo**

                                   ABSTRACT

  The  objective  of  this study  is to  provide  a  slmple  yet accurate  procedure  for the  probabilistic

stability  analysis  of  an  embankment  constructed  on  a soft  clay  with  finite thickness.  The
analysis  is based on  the  conventional  ¢ u==O  and  circular  arc  slip  surface  assumptions,

  The  probabilistic soil  profile description with  respect  to  the  undrained  shear  strength  within

a  clay  deposit is given  first introducing a  simple  stoehastic  process, This is shown  to be a

general  expression  for the  spatial  variatien  of  the  strength  of  clays  including the  conventional

deterministic soil  profile as  a  special  case.  The  probabilistic  description of  the soil  profile is,
however, transforrned into the set  of  eight  different determini'stic soil  profiles, each  of  which

is a  three-layered  system  with  three  different strengthes.  Through  the  composition  of  these

multi-layered  systems,  it is demonstrated  that  all  the  possibility in the  distribution of  a  factor
of  safety  can  be covered  by only  eight  tirnes of  execution  of  the  deterministic, and  then,                                                                               .
conventional  slope  stability  analysis  for eight  deterministic soil  profiIes. From  this, the

layered system  is ealled  in this study  an  equivalent  multi-layered  system.

  The  developed procedure is iliustrated in the  case  studies  including a  multi-failure  mode

problem,  from which  the  simplicity  as  well  as  the  accuracy  of  the  proposed method  is verified

for the  use  in practical design.

Key  words  : clay,  design, earthfiIl,  heterogeneityl layered system,  safety  factor, soft  ground,

fitabilit.y...analy..sis, statistical  analysis  (IGC : E61H4)

INTRODUCTION

  The  eonventional  ¢ .=O  stability  analysis

is newly  formulated assuming  that  the  spatial

variation  of  the  undrained  shear  $trength  of

clay  follows a  stochastic  process.
  The  accuracy  ef  the  conventional  procedure
itsel{ is censidered  to  have  been widely

accepted  when  the  testing  manner  is appro-

priate ln which  strength  values  are  seleeted

(e,g,, Peck, 1967; Nakase, 1967; Wu,  1974;

Matsuo and  Asaoka, 1976; Hanzawa  et  al,

1980). In practical design, however, all

design alternatives  are  required  to satisfy

the  design criterion  that  the  computed  factor
of  safety  be no  le$s than  a  prescribed  allow-

able  value.  This is mostly  because of  the

uncertainty  in soi!  profile modelling  as  well

as  the  uncertainty  in the  method  of  stability

analysis  used,  In this study,  the  former
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source  of  uncertainty  is mainly  diseussed.

  The  mathematical  expression  for the  un-

certainty  in soil  profile rnodelling  can  be
rnade  perhaps only  by introducing the  concept

of  stochastic  process.  Therefore, if one

follows a  probabilistic  soil  profile description,

the  stability  analysis  is also  considered  to be
rnade  in a  probabilistic  way.  Although  many

literatures have  been accumulated  in this

research  field (e.g,, Biernatovsky, 1969; Wu
and  Kraft, 1967, 1970; Matsuo  and  Kuroda,

1974; Alonse, 1976; Matsuo and  Asaoka,
1976; Morla  Catelan and  Cornell, 1976;
Tang  et  al, 1976, Vanmarcke, 1977b, etc),

there  still exist  two  diraculties.

  The  first dificulty comes  from  the  proba-

bilistic soil  profile rnodelling  itse!f because of

the  limited number  ef  avai!able  soil  data.
A  new  simplified  procedure for this  problem
is introduced in the  successive  section.  The
second  one  is the  diMculty  associated  with

the  rninimum  factor of  safety  search  in the

random  field of  a  shear  strength  distribution.
The  reason  for this is because the  location
of  the  slip  surface  which  minimizes  the

factor ef  safety  becomes  also  random  when

the  strength  distribution is random.  To  avoid

this  dithculty, it has been usual  in rnany

literatures that  the  critical  slip  surface  is
fixed at  the  location determined  from  the

mean  value  of  shear  strengthes.  In the

present study,  however, this  problem  is
solved  completely  in a  different manner.

As  a  result,  it is shown  that  the  probabilistic
approa ¢ h to the  th.=O stabMty  analysis  is
almost  equivalent  to  some  trials of  the  con-

ventional  deterministic analysis  for some

varieties  of  deterministic soil  profiles. The
sirnplicity  of  the  presented  proeedure  is
illustrated in case  studies.

PROBABILISTIC  SOIL  PROFILE  DESCRIPTION

 Even  within  homogeneous-like clay  depos-
it, considerable  variation  is found  from  point
to point  in measuring  undrained  shear

strength  c..  The  idea of  using  stochastic

process  (or probability  model)  to describe
the  spatial  variability  of  c.  is based on  the

assumption  that  a  series  of  cui,  cv.2, '''''', cuN

of  N  successive  observations  is regarded  as  a

sample  realization  from'an infinite populatiorr

Qf  such  serie$  that  could  have been generated
by the stochastic  process.  Being  based on

this idea, the  value  of  undrained  shear

strength  of  any  point  is estimated  with  its

probability and  what  one  can  do is only  to

establish  the stochastic  model  which  describes
the  spatial  variability  of  c.  in a  probabilistic

manner  (probabilistic soil  profile description),

The  conventional  deterministic soil  prefile is,

thus, considered  as  a  very  special  case  since

the  deterministic model  always  gives the

value  of  c.  with  probability  of  one.

  Recent  developments  in the  use  of  proba-
bility theory  in soil  mechanies  design have

provided considerable  amount  oi  literatures
on  the  description of  the spatial  variability

of  the  undrained  shear  strength  of  clays

(e. g,, Hooper  and  Butler, 1966] Lumb,  1966;

1970; Matsuo ancl  Asaoka, 1977; Kuroda

et  al,  1981), In these  literatures, special

efforts  were  made  on  the following three

topics, that  is, (i) the  in-situ heterogeneity
of  clays,  especially,  depth-dependent  nature

of  c., (ii) the  effect  of  sample  disturbance,
test inperfections and  human  factors, and

(iii) statistical  uncerteinty  which  comes  from

the  Iimitecl availability  of  information  (i, e.,

the  limited number  of  soil  samples  andlor

testing). This paper  deals rnainly  with  the

first problem  and  the  other  two  sources  o{

uncertainty  are  only  briefly dealt with  in

the  discussien section,

  Te  express  the  spatial  (vertical) variability

of  c.,  one  needs  to determine at  least the

rnean  value  function pt(z) and  the  covariance

function cov(x,  ."')  (a second  moment  random

process). A  general  procedure for obtaining

estimates  of  these  functions was  proposed

by Vanmarcke  (1977a), who  also  discussed

the  application  of  the  probabilistic soil  profile
to  slope  stability  analysis.  When  large
amount  of  data is available,  Vanmarcke's
method  gives  accurate  e$timates  for the  above

funetions. In the  ease  of  relatively  thin  clay

layers, however,  the  number  of  soil  samples

along  vertical  direction is always  limited,
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 le ASAOKA  AND

and  then  the  less sophisticated  method  is
desired. Asaoka  and  Grivas (1982) suggested

the  applicability  of  a  first order  autoregressive

model  to  describe the vertical  variability  of

c.,  which  is introduced in this  section.

  Let c.  (2) denote the value  of  the  undrained

shear  strength  at  depth x, It is assumed  that

the  undrained  strength  is measured  at  cen-

stant  vertical  interval dg and  c.i:=c.(Azii)

is generated by the following model:

          cgt=ao+aictL,t-t+asi  (1)

viThere  the  errors  Eb  i=1,2,a･-･･･,N  are  in-
dependent  random  variable  of  eaeh  other  and

have  zero  mean  and  unity  deviation while

ae,  ai  and  a  are  constant  coedicients,  some-

times  referred  to as  the  parameters, When
the  random  process (1) has reached  at  the

stationary  state,  the  mean  and  the  covariance

functions for c.(x)  are  expressed  as

    /t(z)=17eve.,  (=constant) (2)

    cov(z,  g') ==i-ak,,exp(-  
kiz'!

 ) (3)
respectively,  in which

                   dz

             
l=:L

 ln aJ  (4)

is the  decay parameter  deseribing how  rapidly

the  correlation  deereases for increasing  inter-

val  lx-z", The  parameters cro, ai  and  a  in
Eq. (1) can  be estimated  by the  least squares

method  using  N  ebservations  cui, c.2, '''''', cuN

taken  along  a  vertical  directiosi. To  srerify

the  stationarity  of  the  data, the  parameters
in the  following random  process Be,Bi and

a  should  be estirnated:

           vj=Bo+Bivj7i+aej  (s)
in which

       vj=cuN+i-.j,  J=1,2,･･････,Ar. (6)
That  is, vj  is an  inverse preeess of  c.i.  I{

the  estirnates  fer 3o and  Si are  close  enough

to those  of  evo and  ai,  respectivery,  then

c.t  is considered  to have already  reaehed  at

the  stationary  state,

  IVhen some  boreholes are  available  in a

given  designing section,  the  mean  values  of

Eqs.(2) and  (3) of  each  borehole are  to be
used.  The  illustrative example  for the
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   Fig. 1. 0bseryations of  the  spatial

       variatie"  of  cu

 Table  1. Numerical  values  of  parameters

     sample  s!ze  1 lex3

         ao  I 11.6B  (kN/m2)

         X,i 

il

 :Ii;7(kNfm2)
         fi1 e. 455

    (ao, crD=("Oo,  Si)? Yes

         a  5,eD  (kNfm!)
        g(E) 20. 78 (kN/rn!)
      lin  Eq.  (3) 1.21 (rn)

proposed  method  is given  in Table 1 which

is the  results  from the  data shown  in Fig, 1,

  In some  actual  situations,  especially  in

the  case  of  a  thick  normally  conselidated

clay  deposit, u(z)  should  be determined as

a  Iinear function Qf  x.  In such  case,  the

similar  method  by Asaoka  and  Grivas (1982)
and  Asaoka et  al (1981) are  recommended,

the  dlscussion of  which  is beyond the  scope

of  this paper.  Only  the  fact that  IL(g) and

cov(x,  x')  can  be easily  determined  even  from

the  limited number  of  soil  samples  is empho-.-
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PROBABILISTIC

EQUIVALENT  MULTI-LAYERED  SYSTEM

 The  general  formulation for the  factor
safety  in the  ¢ .=O  stability  analysis

given  as  follows:

efis

STABILITY

         4--mtn[fJ2 ti'(,2)dL] (7)

in which

     F, : factor of  safety

     L:circular arc  slip  surface

      r:radius  of  L

    Mo:overturning moment,  and

the  operator  mln[  ] denotes the  search  of
             L

the  slip  surface  L  which  minimize  the

quantity  in brackets, Since c.(x)  is a

stochastic  process with  z,  its integrated value

            RL=Lcu(a)dL  (s)

becomes also  a  random  variable,  Therefore,
the  distribution for determination of  F,

given  in Eq. (7) depends on  the  joint proba-
bility distribution of  Rh  RL,, ･･･-･･, in which

L,L'･･････ denote the  possible slip  surfaces.

The  equivalent  multi-layered  system  given
in this section  is designed so  that  the  same

joint distribution for RL,Ry,･･-･-･ may  be
obtained  to that  of  the original  stochastic

$ystein  at  least its first and  the  second  prob-

ability  moments  for any  arbitrary  combina-

tion  of  possible  slip  surfaces,

 In Fig.2 is shown  the  original  system

while  Fig.3 shows  the  equivalent  three-

layered system,  in whieh  c.i,  i=1,2,3  are

mutually  independ  random  variables  and

their means  and  the  standard  devigtions are

expressed  by ittt and  a2, i--1, 2, 3, respectively.

In other  words,  in the  equivalent  multi-

layered system,  each  layer with  thickness

A  has its own  strength  c.i  which  is perfectly
correlated  within  the  layer and  perfectly

uncorrelated  to the  strengthes  of  the  other

two  layers. The  parameters  ptt and  ai, i--1,

2,3 can  be determined in the  following
manner.  First, since  the  discussion is re-

stricted  here to a  base failure mode,  all  the

ANALYSIS

o

t{z

3A  =

Cu

Fig. 2. 0rigimal system

o

C:1:("t.Ul)

1cu/:(p:,a:,)

c,l:(stl.gr,)

'

  Fig. 3.

posslble slip

the  top of

From  this,

expressed

zv(z)  is naturally

OSz$H,

the  top  and

respectiveiy,

be well  approximated

a  polynomial
Then,  the

in Fig,3  can

of  E[RL]

the  joint
that  of  the

ao,  ai  and

11

zEquivalent

 multi-layered  system

  surfaces  are  noted  te  pass  from

  a  clay  deposit to its bottom.
  when  the  line element  dL  is
by av(2)dx,  the  weight  function

       defined on  the  range  of

in which  z==O  and  x=II  denote

   the  bottom of  a  clay  deposit,

   NQw,  let zv(x)  be assumed  to

          by wCx)=  ao+a,x+a2xE,

   function of  the  second  order.

  equivalent  multi-layered  system

  be found  to give  the  same  value

 (the first probability moment  of

distribution for RL,RLj,･-･-･･) as

  original  system  whatever  values

a2  may  take  (i. e., for any  arbitrary
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 12 . ASAOKA

slip  surface  L), if ptt, i--1,2,3 satisfies

  ptid+xx2d+thA==1"st(2)dz                                 l
  pt, 

d22
 +pt,a2d- Z'+pt,-5-2A-e:;1"pt(2)ada 1

  pti 
d33
 +/t2L3ja+pt,193AS=1"pt(z)x2dz  l

                                 (9)
in which  pt(z) in the  right  hand sides  of

Eqs. (9) is the  mean  value  function of  a

stochastic  process  of  c.(x).  The  stt, i--1,2,3
are  easily  determined by solving  Eqs. (9)
simultaneously.

  Foilowing the  same  logic, for the  equiva-

lent rnulti-layered  system  to give apprexi-

mately  the  same  v･alue  of  E[RL･RL,]  (the
second  probability  moment  of  the  joint dis-
tribution  of  RbRL,)  as  that  of  the  original

system  fer any  arbitrary  L  and  L', the  next

simultaneous  equations  for ai, i'=1, 2, 3 should

be satisfied,  that  is,

   ai2d2+aL,2M2+a32it!

     =JIJiJ]ffcovcz,gi)dzd:t

   a,2 -42-Z +  o,2 -3-,.l-3. 
-F.
 .,2 

.5
 
.2d.rG.

     =J]Ji.(lf[  cov  (.g, 2')ad2d2t  
(10)

   ai2(. 
d2Z
 )2+o22(:3 1.2.)2+ us2(g  sLt )2

     
-mJIHJIi"cov(z,zt),zzfd2dzt

where  cov(x,=･')  is a  cavariance  function of

the  original  system,  c..(x).  Thus,  the  para-

meters  at, i--1,2,3 can  also  be determined
from Eqs. (10).
  If one  needs  more  than  the  second  ordey

approximution  fer w(z),  the  murti-layered

system  with  more  than  tkree  layers should

be employed.  It will  be shown,  however,

that  the  three  layered system  is eneugh  for

usual  engineering  puTposes  through  exttmin-

ing the  illustrative examples  in this study.

  Using tlte data given  in Fig,(1) andlor

Table 1, Eqs.(9) and  (10) determine  the

equivalent  multi-layered  system,  the  para-

meters  of  which  is tabulated  in Table 2.

ANDMATSVO

      TabJe  2. Pararneters  for Fig.3

        pt1=pt2="3 20. 78 (kNlm2)
           ai  4.51 (kN!m2)
           e2  1 6. 97 (kN!m2)

           03  i 4. 46 (kN/rn2)

This example  ls continuously  discussed in
the  successive  sections.

POINT  ESTIMATES  OF  PROBABILITY

MOMENTS  FOR  F,

  Now,  it has been found that  the  factor of

safety  F, given  in Eq.(7) can  be approxi-

mately  regarded  as  a function of  three  dis-

crete  random  variables,  c.i,c.2  and  c.3, while

the  F, was  originally  considered  as a  functional
of  a  eontinuous  stochastic  process,  c.(li".).

This  problem  transforrnation  makes  the

distribution seareh  for F, extremely  eusy.

  For  simplicity,  F, in Eq, (7) is rewritten

here as

          L=4(cui, cu2,  cu31G)  (11)
in which  the  symbol  G  is employed  to express

the  loading conditiQn  Qn  a  elay  deposit and

some  other  cenditions  which  must  be taken

into consideration  for the  slope  stability

analysis.  In any  case,  F, shQuld  be noted

as a  function of  three  random  variables

cui,cu2  and  c.s.  The  moments  of  the  proba-
bilistic iunction Eq,(11) up  to the  second

order  are  readily  estimated  using  the  theory

of  point  estimates  developed by Rosenblueth

(1975), as  fellows:

  E[F}]=tg(i7k,,..+E,..-+･-････+4..-ny)
                                (12)

  var[Fs]==-l;(Fk+++2+F,++-2+･･････{-F,..v-!)
          -E[E,Z]

 (13)

where  E[' ] and  var[  ] are  the  mean  and

the  variance  of  the  random  variable  in

brackets and  eight  values  F,+..,F,..-,･･････,

F,...-. denote

   4+++==Fle(pti+oi,y2+a!,"3+aslG)

   4+ ÷
-=4(t!ti±oi,t!t2+a2,tt3-a3iG)  a4)

   4-.--=F,(pti-ai,"2-a2,pt3-as!G),
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 Fig. 4. Equiyalent  multi-layered  system

     to Fig. 1

respectively.  That is, F,..+,4++-, ･･････, Fs---
are  the factors of  safety  for the  possible com-
binations of  a  plus  or  a  rninus  sign  in ptt±

at, i=1,2,3, It must  be now  recalled  that,

if c.v  i=1,2,3  in Eq. (11) are  deterministic
values  like ptt± tit, the F, can  be determined
by the conventional  ¢ .=O  stability  analysis

in a usual  way,  Therefore, Eq. (12) andlor

Eq. (13) shoxvs  that  a  probabilistic slope  sta-

bility analysis  is no  more  than  the  combina-

tion  of  eight  conventional,  deterministic,
stability  analyses  for eight  deterministic seil

profiles, th± ab  im-1,2,3, Shown  in Fig.4
is the  eight  soil  profiles obtained  frorn Table
2.

  The  comparison  between  Fig.4 and  the

original  observations  given  in Fig.1 wil!

give  the  intuitive interpretation for probabi-
listic approach  developed in this study.  That
is, in conventional  analysis,  the  mean  value

of  Fig.1 is only  the  soil  profile to be analyz-

ed  and  some  other  uncertain  possibilities
in the  soil  profile must  be covered  by the

factor of  safety,  the  value  of  whieh  is sub-

jectively selected  by experienced  engineers.

In a probabilistic  approach,  on  the other

hand, eight  deterministic soil  profiIes are

to be analyzed,  the  results  of  which  give

the  distribution of  the  possible factor of

safety,  at  least lts first and  the  second

rnoments.  Therefore, the  deeision of  an

optimum  design alternative  can  be made

examining  whether  the  distribution of  a

factor of  safety  is acceptable  or  not,  the

lndex of  which  will  presumably  be the
"probability

 of  failure" (i, e.,  the probability
that  the  factor ef  safety  is less than  unity).

ILLUSTRATIVE  EXAMPLES  AND  DISCUSSION

  The  developed probabilistic approach  is
first discussed in the  illustrative example  of

embankment  stability  on  a  soft  elay  deposit.
The  cross  section  of  the  embankment  is

shown  in Flg.5. The  measured  undrained

strengthes  of  the clay  deposit are  plotted  as

has been given in Fig.1 and  then  Table 1

provides the  probabilistic description for the
subsoil  profile. Since a  base failure mode  is･

most  probable  in the  case  of  Fig.5, the

equivalent  multi-layered  system  obtained  in
Fig.4 can  be direetly applied  to this case

study.  Two  kinds of  banking height are

analyzed;  one  is 5.5m  helght while  the

other  is 6. 0m  height. In the  stability  analy-

sis given  here, the shear  resistance  of  bank'
ing materials  is neglected  as  is usual  with

the  case  of  cohesionless  low  embankment

construction  (Nakase, 1967, 197e)J

 The  results  of  the  analysis  are  summerized

in Tables 3 and  4, which  eorrespond  to  5.5
rn  height and  6,Om  height, respeetively.

t2.5m

-"-m

I/mbankment-5.)-nl6m/

SoftCluvv IOm

Fig. 5. Embankment  cross  section  for
    il]ustrative  exarnple
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Table

         ASAOKA  AND  MATSUO

3. Probabilistic stability  analysisforH'==5.5m

l 1+++2.+-  1 3+-+4+--  1 s-++ 1 6-+-7-+  1 s--

 Cui':  

'pt-i
± az  (kNlm2) !

 Cu2:P2 ± ot  (kNlm2) l

. fu3:sta±
 
ffa
 (kNl.m2).. !

       Fs 1
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In these  tables, eight  factors of

caleulated  from eight  different soil

Using  these  values,  the  mean  and

ard  deviatlon of  a possible factor
are  also  obtained  as  listed in the

These  results  are  discussed over

four points:

  (1) To  check  the  consistency

proposed  method  with

sis, Nakase's stabillty  chart

was  applied  to this  problem  using

sralue  of  the  measured  undrained

given  in Fig.1. From  this, it was

that  the  mean  values  of  the  factors
obtained  in Tables 3 and  4 exactly

with  those  by Nakase's stability

  (2) Observing the  numerical

between  F,  and  stt± at, i--1,2,3,  in

and  4, it can  be seen  that  the  F,

Eq, (11) is almost  the  linear
respect  to c.i, cu2, and  cu3 in
range$.  This  equation  is expressed

O. O1275 c.,+O,  O1506 c,.,+O,  03419

in the  case  of  Table  3 and  the

becomes  F,=O.  Oll92 c.i+O.  O1417

c.3-O.02057  for Table 4. From  this

far as  the  mean  value  of  F, is
the  fellowing simple  equation  is

to  give  a satlsfactory  result,  that  is,

                1
         

E[4]=t7(J7k++++Es---)

Probabilistic stab

1+++ ) 2++H  i 3-+
    '

ility analysis  for H=6.0m
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          safety  are

            profiles.

           the  stand-

           of  safety

             tables.

        the  following

             of  the

the  eonventional  analy-

      (Nakase, 1970)
           the  mean

          strengthes

             verified

            o{  safety

             agreed

         chart,

         relationship

            Tables 3

            glven  in
       function with

          their  wide

             as  Fs=

         c.s+O.  Ol150
                -

            equatlon

         c.2+O.  03223

            fact, as

          concerned,

          considered

              (15)

           i

The  accuracy  of  the

verifiecl  using  the

and  4

  (3) The  distribution

be well  approximated

bution, which  is also  certifie

in the  function of

cu2  and  c.3,  since

is well  known  to  follow

bution. The  probability
tion  ean  be, therefore,

         I'rCG)'f¢[
Where  di denotes the
function of  a  standardized

variable.  Applying
study,  Pf  (H  ==  5, 5 m)
m)==14.4%  are  obtainecl,

valties,  the  probability of  f

given  the  condition

safe  up  to H==5.5m,

be ebtained  as  follows:

 Prob. [4Sl  at  U=

   H'==5.5m]

     nPfCH=6.0m)-
     

L'
 

--
 1-=?}'(H =:  5. 5m)

The  general  discussion

can  be found  in Matsuo

  (4) The  distribution
this  study  should  be
derived only  from  the  probabilistic soil

i･ 1
i-

 -. -l-.

 above  equation  ls easily

data given  in Tables 3

    function for F, can

  by the  normal  distri-

      d by the  linearity

F, with  respect  to c.i,

the  undrained  strength

    a  nermal-like  distri-
   of  failure at  G-condi-

     well  evaluated  by

 i't-EEi'rL[ik-]]=] (i6)

 cumulative  distribution

       normal  random

  Eq, (16) for the  case

 =6.  4%  and  Pr(H==6,  O

      Using  these  two

     ailure  at  H=:  6. e m

that  the  embankment  is
  for instance, can  also

 6.0mlF,>1  up  to

. .llf.gH--.5,iM-).=s,s%

  for the  above  equation

     and  Asaoka, 1978.

    for F, discussed in
  noted  to have been

               profiIe
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description. There  are  many  other  sources

which  bring uncertainty  into the  stability

analysis.  For  example,  a different method

of  soil  testing  will  give  a  different result.

Furthermore, ¢ .=O  and  circular  are  slip

surface  assumptions  are  known  to have their

own  analytical  errors,  Even  in the probabil-

istic description, the  statistical  error  in the

parameter  estimates  which  comes  from  the

limitation of  the  number  Qf  available  soil

samples  is neglected.  All these  effects  are

desirable to be taken  into consideration  in
a  practical design, It is, however, still im-

portant  to know  the  possible  range  of  F,
due  to the  spatial  variability  of  c.  because
the  contribution  of  this  varlability  to  the

total uncertainty  of  F, is known  to be almost
the  sarne  as  the  contribution  of  the  other

sources  of  uncertainty  mentioned  above

(e,g., Wu,  1974, Matsuo  and  Asaoka, 1976,
Tang  et  al,  1976, etc.)i

APPLICATION  TO  A  MULTI-FAILURE  MODE
PROBLEM

  In this section,  the  developed procedure
is applied  to  a  double failure mode  as  shown

in Fi.cr.6, in which  the  original  subsoil

system  consists  of  two  different clay  layers.
As  illustrated in the  figure, two  base failures
are  analyzed,  one  is the  base failure on  the

yl

"

i li,,ii
d

i,)= 
,,
 nd-ZA:',

.stgpesUe

 Lff2J]lff'cov(2z')d2dx'
 Lf'J]iff2cgv(xz')xdzdz'ILff2Lff2cov(2z')z2'dzdz'
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surfaee  of  the  lower clay  deposit while  the

other  is the  failure which  reaches  to the  sur-

face of  the  bed reck.  The  problem  is to find the
correiation  between  two  failure rnodes  as

well  as  to determine  the  distribution of  the

factor of  safety  for each  failure mode.  This
can  be done introducing the  equivalent  multi-

layered systern  as  shown  in Fig,Z  To  the

upper  part in the  original  system  are  corre-

sponding  the  first three  layers with  the

strengthes  c.i, c.2  and  c.3,  the  parameters  of

which  are  determined  by Eqs, (9) and  (10),
rep!acing  pt(z), cov(x,z'),  H  and  d with

pti(z), covi(2,2'),  Hi  and  ti,, respectively,

These  notations  are  given  in Figs,6 and  7.

Using  these  parameters,  since  the  values  for
E[RL,] and  E[RL,･RLt]  in the  equivalent

multi-layered  system  become  the  same  us

those  of  the  original  system,  respectively,

for any  given slip  surfaces  LbLi'  pas$ing
from  x==O  to  x=,-EIi,  the  distribution for F,i

(the factor of  safety  for the  first failure

mode)  are  naturally  expected  to be common

between the  original  and  the  equivalent

multi-layered  system.  As  for the  lower ciay

deposlt in the  original  system,  the  parameters
of  the  equivaient  multi-layered  system  can

be determined solving  the  following two

simultaneous  equations  with  respeet  to pti,

and  at, i -- 4, 5, 6:

             d,

               3
        d,･H,+idi

d,a,d.･H,2+3li,2-H,+

1p(ew,lt':,
ll

j

S tiu3, li ll ･H,2+5".2  ･H,"  tt d.
                      (17)

      di2 ,
 An2

 d.2･H,+gti,S , d.2-H,+gd.S

tdll2(2H,÷ 3di)2, {- d,2(2H,+5],)2ki
i

(18)
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z=O

F/tr/bn/IL[uct/･:･

Rt  
"i

 
}:i:/1,treM-de

 f/--...y/V'ppcrClay
z=1[i-'XxNxgCCOmH

 
,1,)ule

 
sfiode/].7...

l.eu'e[CtaL,

z !.'  O

z L.'  H/

Fig. 6. Double  failure mode  problem

z =  E･[]

 Fig.

C.(tLl.Ol) At
UpperC]uy

lti(Z),COVI(V.,Z')
c.J(u/,o,,) Al

=u]{"1,a" AE

L',,.d("/,ift) Atl

i.o"･erCla}'

Yi/CZ),COV]1(1,Z')
t.fi(",,a,) Ali

C.,,{"-,oe} AII

7. Equivalent  multi-layered  system

for Fig. 6

in which  Lti(:) and  covll(2,z')  are  the  prob-
abilistic  soil  profi!e description for c.(ej  of

the  lower clay  deposit. Eqs.(17)  and  (18)
were  derived so  that  the  values  for E[Rzi]
and  E[Rm･Rm,]  calculated  from the  equiva-

Ient multi-layered  system  might  become the

same  as  those  of  the  original  system,  respec-

tively, for any  arbitrary  slip  surfaces  Lll and
Lti' as  long as  they  pass  through  the  surface

of  the  bed rock  below the  lower elay  deposit.

  Following  the  same  loglc of  the  equivalent

multi-}ayered  system  given  in the  former
section,  the  factor of  safety  for each  failure
mode  is now  expressed  as  a  probabilistic

function of  discrete random  variables  c.t,

i--1,2, ･-･-･･,6, as  follows:

     4i==4i(cubc"2,cu,s) 
'
 (19)

     4u=  Fki(eub cu2, cu3, cu"  cus, cnt6) (20)
in which  F,i and  4ll denote the  faetors of

safety  for the  shallow  and  the  deep base
failure modes,  respectively.  Then, as  pre-
viously  intreduced, the  point estimates

theory  becom'es applicable  and  the  first and

second  probability  moments  for the  joint
distrlbutien of  li',i and  l7kE can  be estimated

in the  fo!lowing manner:

E[4,]

var[4i]

        +････-･+4,-.-HE}-E[4,]2
       ]-E[4[]

 
=6rt

 E] Esi

var[17leu]  ==  Eiill4 Z 4J2 -E[4ll]2

            i
cov[4i,

 
17Zs[]

 
=
 6Jt {= 4i 

'
 
Fs

 ll}

           -E[q,]･E[Fk,]

                                (21)

in which  ZF,u,ZLu2 and  ZJFki･4ll denote

the  sums  of  the  sixty  four different values

oi  the  functions, 4,(==Eq, (20)), LiZ(=Eq.
(20)2) and  4,J4,(Eq. (19)'･Eq, (20)), respec-

tively, calculated  from the  substitution  of

ptt±/ Ot i'nto c.t, i=1,2, ･･････6. This  is merely

because the  number  of  the  possible combina-

tions  of  plus  and/or  minus  signs  for i=1,

2,･･････,6 is 26=64. As the  results  of  this

procedure, it can  be said  that  the  joint
distribution for F,i and  17kll is obtainable  by
analyzing  the  stability  for sixty  four varieties
of  a layered soil  systems.

  As  previously  discussed, both 4i and  4J
are  considered  to  follow approximately  a

normal  distribution, the  probabilities  such

as  Prob  [E,,<LO], Prob  [4i<LO], and

Prob[F,i andlor  l71ill<1.0] can  be calculated

from the  two  dimensional normal  distribution

for F,i and  4], the parameters of  which

are  given  in Eqs. (21),
 The  procedure  developed in this section

was  applied  to the  case  study  of  the  embank-

ment  stability  at  the  Ebetsu test  fi11 section,

the  portion  of  the  Central Express  Way  in

Hokkaido  eonstructed  by the  Japan }'Iighway
Public Corporation. The  cross  section  of  the

embankment  and  the  subsoil  layers are  il-

.l.O/n 7,Xm  Z･ .TtJn

rr
' ]s.om

'2.0in

 s.c)t,t"7,

 
--19.6]cN,tm34.0rn/

  1==g{iil]i++++4i+t-+'''''i+Flei--u}

 -k{L,-.2+4,..-2

3,4m Pcat. .i, 
';
 10.3kNlm  

t'

:t[s.6.niC[uyey
 Pear, 'i, ="  l5.7kNlm!  .

-Fig.
 8. Embankment  cross  section  for

    case  study
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     Tab!e  5. Probabilistic  soil  profile

--.r...  .g.Lgp!ription for..caEg st!dy.  .-

        (m(a) 
12,

 
25
 (kN,trn2)

     
Pea

 lcovl(t, z,) 2,l.D!xe.p(r  
ll2'.

 g'L)(kNfm2)2
        (P2(E) 17, 54 (kN/mz)
ciayey

 
Peaticova(t,

 zt)  43. iixexp("IX2T]  gt L) (kN/m!)z

Table  6. Nurtterica1  results   efcAgE'case  study

!
'"

 

'i'1*

S,AII 

'
 

M-
 

'"-''

V"Er[FII]
E[17tsi]Vbar'[Flff]

P(FsT, Far)'""

Prob[FsiSl]

Prob[F,llu<.1]'

Prob[F,fKl  andler  F,liKl]l"

]. 7SO.4S1.3tiO.28e.255,3(%)lo.e(%)14.2(%)lt

/'

il

CASE  2**

 1.18

 O. 28
 L21

 O.24

 O. 2625.
 1(%)18.4(%)36,8(%)

 
*
 CASE  1 : Shear  resistance  of  banking  materials  is

         neglectedi  and  vertical  tenslon  cracks  are

         assumed  within  an  embankrnent.

'"
 CASE  2 : Shear  resistance  of  banking  material$  is

         introduced  along  a  potential  slip  surface

         with  parameters  of  e=O  and  g;=300  (O. 523
         radian).

'"'
 p(, ) : Correlation  coefficient  between  the  two  values

      in parentheses.

lustrated in Fig.8. As  shown  in this  figure,

the  upper  part of  the  soft  layers is made  of

peat while  the  lower of  soft  clay  with  peat
In Table  5 are  listed the  parameters  of  the

probabillstic soil  profile of  the  undrained

shear  strengthes  for this layered systern.

Two  failure modes  were  naturally  expected,

one  is the  failure within  the  peat  deposit
while  the  other  is the  failure including both
upper  and  lower clay  deposit. Since each

soil  deposit was  not  so  thick  that  these  two

types  ef  failure were  analyzed  assuming  the

base failure mode  as  suggested  from the

conventional  deterministic stability  analysis.

That  is, the  first one  is failure with  the

slip  surface  which  touches  the  surface  of

the  lower clay  layer (the first failure mode)

while  the  seeond  one  is the  sl{p  failure on

the  top of  the  bed rock  (the second  fai!ure
mode).  The  application  of  the  developed

probabilistic approach  was  tried  tQ  this prob-

lem, the  results  of  which  are  summarized  in

Table 6. As  shown  in the  table, two  cases

were  analyzecl,  one  is the  case  where  the

shear  resistance  of  the  banking materials

was  taken  into the  analysis  with  the  para-

rneters  of  c=O  and  di=30e, while  in the

other  case  the  resistapce  was  negle ¢ ted.

  In the  actual  condition  of  this embank-

ment,  it should  be stated  that  the  large
lateral deformation  was  observed  from the

top  to  the  bottorn of  the  original  two-layered

system,  although  an  actual  slip  iailure was

not  experienced,

CONCLUSIONS

  The  conventional  ¢ .=O  stability  analysls

was  newly  formulated  under  the  condition

of  uncertainty  in soil  profile description.
The  developed procedure  includes the  simpie

scheme  by which  the  spatial  variation  of

undrained  shear  strengthes  should  be modell-

ed  for the  purpose of  di.==O analysis.  On  the

basis of  the  analysis  performed  and  resu!ts

obtained  in this  study,  the  following con-

clusiens  can  be drawn:

  (1) Using the  limited number  of

strength  data of  c]ays,  a  stochastic  model

is naturally  introduced to express  the  soil

profile, The  simple  procedure  for this was

presented,

  (2) The  probabilistic soil  profile descrip-
tion  was  shown  to be approximately  equiva-

lent to  the  set  of  eight  different deterministic

soil profiles, each  of  which  is a  three-layered

system  with  three  different strengthes  (equiv-
alent  multi-layered  system),  From  this,  it

was  demonstrated that  the  possible  distri-

bution of  the  factor of  safety  in ¢ .=O  analy-

sis  could  be iound  by only  eight  trials of

the  conventional  deterrninistic stability

analyses.

  (3) The  simplicity  as  well  as  the  accuracy

of  the  developed procedure was  verified  for

the  use  in practice  through  examining  the

case  studies  including a  double failure mode

problem.
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