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                           TECHNICAL  NOTE

RELATIONSHIP  AMONG  TRESCA,  MISES, MOHR-COULOMB
        AND  MATSUOKA-NAKAI  FAILURE  CRITERIA

HAJiME  )v(ATsuoKA* and  TERuo NAKAT**

                                  ABSTRACT

 The  new  failure ctiterion  of  Ji･J2IJs==const. which  has been  proposed on  the  basis of

the  
"spatially

 mobilized  plane  (SMP)" is introduced as  a  failure eriterion  for granular

materials  (Ji, J2 and  Ja:the  first, second  and  third  effective  stress  invariants). This

failure criterion  is called  the  Matsuoka-Nakai  ("SMP") criterion.  The  Tresca and  Mises
criteria  are  usually  adopted  as  failure criteria  for metals,  and  the  Mohr-Coulomb  and

Matsuoka-Nakai  criteria  for granular materials  such  as  soils. The  Matsuoka-Nakai criterion
has a  concept  of  averaging  the  Mohr-Coulomb  criterion,  in such  a  way  that  the  Mises
criterion  has a  concept  of  averaging  the  Tresca criterion.  Such  interesting relationship

among  the  Tresca, Mises, Mohr--Coulomb and  Matsuoka-Nakai criteria  is discussed by reviewing

their  physical  meaning,  their  forms of  equations  and  their shapes  in three-dimensional

stress  space.
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INTRODUCTION

 There  have  been proposed  such  famous
failure criteria  as  the  Tresca, Mises and

Mohr-Coulomb.  The  Tresca  and  Mises cri-

teria are  usually  adopted  as  failure criteria

for metals,  and  the  Mohr-Coulomb  criterion

for granular  materials  such  as  soils. In

recent  years,  Ji3fJ3= const.  by Lade  and  Dun-
can  (1975) and  JiJJ2tJ3 =const.  by the  au-

thors  (1974, 1976, 1977) have also  been sug-

gested  as  failure criteria  for soils  (Ji, J2

and  Js : the  first, second  and  third  effective

stress  invariants). In this paper,  the  new

failure criterion  of  J,+J2/J3=const. which

has been proposed  on  the  basis of  the  
"spa-

tially mobilized  plane (SMP)" is examined,

and  the  mutual  relationship  among  the  Tres-

ca, Mises, Mohr-Ceulomb  and  Matsuoka-

Nakai  ("SMP") criteria  is discussed,
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PROPOSED  FAILURE  CRITERION  FOR
GRANULAR  MATERIALS  BASED  ON
"SPATIALLY

 MOBILIZED  PLANE

(SMP)"

  The  behaviour of  soil  particles is con-

sidered  to be governed  by the  frictional law,
i.e., the  shear-normal  stress  ratio.  The
plane on  which  tlie shear-normal  stress  ratio

is rnaximized  has been called  
"mobilized

plane", and  considered  to be the  plane where

the  friction between  soil  particles is mobilized
more  than  on  any  other  plane (Murayama,
1966). The  stress  state  on  the  

"mobilized

plane" corresponds  to  the  point at  which

a  straight  line from the  origin  is tangent

to the  Mohr's  stress  circle.

  Under  three  different principal stresses,

three  Mohr's stress  circles  are  drawn  and

three  
"mobilized

 planes"  whose  stress  states

correspond  to  points  Pi, P2 and  Ps in
Fig. 1 exist  between the  respectiye  two  princi-

pal stress  directions as  shovvn  in Fig.2(a).
These three  two-dimensional  mobilized

planes  have  been named  
"compoundedly

mobilized  planes (CMP)" as  a  whole  (Matsu-
oka,  1974). Paying  further attention  to the

plane  ABC  having these  three  mobilized

planes AB,  BC  and  AC  as  the  three  sides,

it has been  named  
"spatially

 mobilized  plane

(SMP)" as  in Fig. 2(b) (Matsuoka and  Nakai,
1974, 1977). The  

"spatially

 mobilized  plane

(SMP)" has a  concept  of  averaging  the  three

mobilized  planes,  and  the  stress  state  on  the

SMP  corresponds  to point P  in Fig.1.
The  values  at  points A, B  and  C  in
Fig.2(b) are  proportional to the  square  roots
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1. Shear  artd  nermal  stresses  on  mo-

bilized planes  ancl  on  the  spatially

rnobilized  plane  (Satake, 1978)
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 Fig. 2. Geometrical  representation  of  mo-

     bilized planes  and  the  spatially  mobi-

     Iized plane  in three-dimensional  space

of  the  respective  principal  stresses  according

to the  following equation.

 tan(4so+- ¢-"2'otj)=/ll-
sS'IJnn
-tth#:ll=/31

            (i, ]'=1, 2,3;i<  j') (1)
Therefore, the  SMP  coincides  with  the  octa-

hedral plane  in an  isotropic stress  condition

(O.otj==O) and  is variable  with  possible
changes  in the  stress  ratios.  In its physical
significance,  it is considered  to be the  plane
on  which  soil  particles are  best mobilized

on  the  average  in the  three--dimensional

stresses.  The  direction cosines  (ai, a2  and  a3)

of  the  normal  to the  SMP  are  expressed

as  follows :

       at=･V'.Jhl(a,.J})  (i=1,2,3) (2)
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where  Ji, JE and  J3 are  the  first, second

and  third  effective  stress  invariants which

are  given  by the  follewing equations.

          Ji=ai+a2+a3

          J2= ala2+a2a3+asOl

          Ja ==  oia2as  (3)
Throughout this paper,  the  term  

"stress"

is to be interpreted as  
"effective

 stress".

  Taking  Eq. (2) into consideration,  the  ner-

mal  stress  asb[b  the  shear  stress  TsMp  and

the  shear-normal  stress  ratio  TsMp!os}ip  on

the  SMP  can  be expressed  as  follows :

                           3h
   as]fp=ai･ai2+a2･a22+as+a32=                                (4)
                            4

 rs}ip==/(a!FT(Z2s)i`aa)2i.aa2322T!rEig2-aa)2'a2!.as2

     -  J .J,JL  Jle -  gJI'E'
     

-
q  (5)

S:::../JJrk-tT91･Z.,.
        /                            (as-al)2       2 (ai-a2)2                   (a2-as)2
      

:-3-

 4aia2 
+
 4a2a3 +

 4asai

     =g.IIJ.fi'i'q's'E,',,Ali5-n'i'ISmo23+tan2 ¢ moia'

                                (6)
wheretanip.,ij=:(oi-aj)12Vb-ib'I''(i,  J'=1, 2,

3;i<j')  and  di.,io is seen  in Figs.1 and

2. It is under$tood  from Eq. (6) that  TsMp/

asMp  is in the  form of  the  square  mean

of  tanip.,tj. This  is one  of  the  reasons

why  the  SMP  has a  concept  of  averaging
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the'three  mobilized  planes.

  On  the  assumption  that  soils  fail when

this stress  ratio  TsM.las,,p  reaches  a  Iimiting
value,  one  can  derive quite  a  simple  form

of  failure criterion  for soils  (Matsuoka and

Nakai, 1974, 1977;Matsuoka,  1976).

            Ji･J21J3=const. (7)
or

  tan2ip.ei2+tan2di.o23+tan2e..i3=const

                                 (8)
It is seen  from Eq.(7)  that  the  proposed

failure criterion  is one  of  the  simplest  nen-
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Fig. 3. Mutual  relationship  among  the
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spective  two  principal stresses  (Pi, P2 and

P,), as  well  as  the  shear  stress  T..,  and

the  normal  stress  a.,,  on  the  octahedral  plane
(P). Fig.1 shows  the  shear  and  normal

stresses  on  the  
"mobilized

 planes" on  which

the  shear--normal  stress  ratio  is maximized

under  the  respective  two  principal stresses
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dimensional  quantities  using  all  of  the  s't'ress

invariants Ji, J2 and  J3. If this criterion

is expressed  on  the  octahedral  plane,  one

obtaipes  a  smooth  co.p,vex  curve  circumscribed

with  the  hexagon representing  the  Mohr-
Coulomb  criterion  as  shown  in Fig.3(b).

The  three-dimensional  shapes  of  the proposed

Matsuoka-Nakai criterion  and  the  Mohr-

Coulomb  criterion  in the  prineipal stress

space  are  drawn  in Fig.4(b) when  the  cohe-

sion  c==O.

  Fig,5 shows  the  comparison  of  the  Matsu-

oka-Nakai  ("SMP") and  Mohr-Coulomb  crite-

ria  with  the  stress  states  at  failure on  the

octahedral  plane  obtained  ,by the  triaxial

compression,  triaxial  extension  and  true  tria-

xial  tests on  Toyoura sand  (Nakai and  Matsu-
oka,  1983). It is seen  from Fig.5 that  the

measured  values  agree  well  with  the  proposed

Matsuoka-Nakai, criter,ion.  drawn  by the  solid
        ttt
curve.

MUTUAL  RELATIONSH-IP  AMONG
FOUR  KINDS  OF  FAILURE  CRITERIA

 Fig. 6 shows  the  shear  and  normal  stresses'//
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6. Shear  and  normal  stresses  en  45e

planes  and  on  an  octahedral  plane

(Satake, 1978)
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(P,, P2 and  P3), and  the  shear  stress  TsMp

and  the  nermal  stress  asM?  on  the  
"spatially

rnobilized  plane  (SMP)" (P) (Satake, 1978).

The  45e planes and  octahedral  plane  are

shown  in Fig.7, and  the  
"mobilized

 planes"

and  
"spatially

 mobilized  plane" are  shown

in Fig.2. These figures show  that  the
"spatially

 mobilized  plane" is a plane  whose

three  sides  are  
"mobilized

 planes" even  as

the  three  sides  of  the  octahedral  plane  are

45e planes.
  In  Fig.6, T...=P202==const.  expresses  the

Tresca criteriQn  and  r..t=PO=const,  the

Mises  criterion.  In Fig,1, (Tla)...=tanzt
P2002=const.  represents  the  Mohr-Coulomb

criterion  and  Tsbi?!asM?=tanLPOO==const.

the  Matsuoka-Nakai  ("SMP") criterion  when

the  cohesion  c=O.  These  four kinds of  fail-

ure  criteria  are  described as  follows,
Tresca  criterion  :

                  al-a3

       
Tmax=402=

 2 
==const.

 (9)

Mises  criterion  :

  rect==PO

      
2,
 /( ai ff o2)2.(  

a2;a,)2.(
 
o,ia,)2

     =const.  (10)
Mohr-Coulomb  criterion  :

  (Tla)... 
=tan

 tL l]!O02= 
-2avi

 
:-Ta-,a-i3,-=

 const.

                                (11)
Matsuoka-Nakai  ("SMP") criterion  :

  rs,fp/os)f?=tanZPOO

    -g/(-,"i,a.2,)2+(,av2i,ai-,)2+(-//veE,a-.i-,)2

    =const.  (12)
'It

 is seen  from Eqs.(9)-(12) that  T..t  is in
the form of  the square  mean  of  T...,  and

TsMpfasMp  the  square  mean  of  (Tla).,.. Sata-
ke (1982) has also  suggested  that  the  Matsu-

oka-Nakai  criterion  is in the  statistically

modified  form of  the  Mohr-Coulomb  criteri-

･on, as  well  as  the  Mises  criterion  is in that
forrn of  the  Tresca criterion.

  Fig. 3 shows  the  mutual  relationship  among

these  four kinds of  failure criteria  described

on  the  octahedral  plane, The  shapes  of  the
'Tresca

 and  Mises criteria,  and  the  Mohr-
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Coulomb  and  Matsuoka-Nakai  ("SMP") cri-

teria  in three-dimensional  stress  space  are

shown  in Figs.4(a) and  (b). The  Tresca

and  Mises  criteria  are  considered  to  be the

failure criteria  for metals,  and  the  Mohr-

Coulomb  and  Matsuoka-nakai criteria  the
failure criteria  for granular  rnaterials  which

are  governed  by the  frictional law  (i.e.,
shear-normal  stress  ratio).

CONCLUDING  REMARKS

 The  interesting rnutual  relationship  among

the  Tresca, Mises, Mohr-Coulomb  and

Matsuoka-Nakai  ("SMP") failure criteria  was

presented by reviewing  their mechanical

meaning,  their  forms of  equations  and  their

shapes  in three-dimensional  stress  space.  It
was  found by this review  that  the  Matsuoka-

Nakai  criterion  had a  concept  of  averaglng  the

Mohr-Coulomb  criterion,  as  well  as  the  Mises

criterion  had  a  concept  of  averaging  the

Tresca criterion.  Comparing these  four

kinds of  failure criteria,  it was  shown  that

the  proposed  Matsuoka-Nakai criterion  held

a  definite position as  a  failure criterion  for

granular  materials  such  as  soils,
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