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THE VARIATION OF SHEAR MODULUS OF A CLAY WITH
PRESSURE AND OVERCONSOLIDATION RATIO
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ABSTRACT

A method is described for expressing the elastic shear modulus of a clay as a power function
of the applied pressure and the preconsolidation pressure. The method has the advantage that
it incorporates the concept of normalisation of clay properties with respect to pressure, whilst
allowing a realistic variation of the shear modulus with overconsolidation ratio to be described.
A further advantage is that, since the shear strength is often expressed in a similar manner, the
rigidity index G/s4, which plays an important role in many geotechnical engineering analyses,

can be expressed as a power function of the overconsolidation ratio.

The new method is com-

pared with some existing data showing the variation of the stiffness of clays.
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INTRODUCTION

Although clays rarely, if ever, exhibit fully
recoverable behaviour, they do show a substan-
tially elastic response for a certain range of stress
paths. If the clays are approximately isotropic
then it is convenient to express the elastic
properties in terms of the bulk and shear
moduli. Many engineering calculations require
values of these moduli, especially the shear
modulus, which can be [difficult to measure
directly. It is therefore useful to establish
correlations between the shear modulus and
other quantities, for instance the mean effective
stress, overconsolidation ratio and undrained
shear strength. It is the purpose of this note
to examine how the shear modulus of a clay
varies with pressure and overconsolidation

ratio, and hence also deduce a relationship
with the undrained shear. strength.

ANALYSIS

The use of the term “‘elastic’’ is ambiguous
for highly nonlinear materials such as soil. In
some contexts, for instance dynamic loading
tests, it is used to refer to the behaviour at
very small strains (say less than 0.01%) for
which very small hysteretic damping occurs
(e.g. Hardin and Black, 1968). In the inter-
pretation of some monotonic loading tests it
is used only for a very small range of strain,
typically 0.001%, for which fully recoverable
behaviour is observed (e.g. Jardine et al.,
1984). If the definition of elasticity is restricted
to these cases then rather complex nonlinear
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models must be used to describe the behaviour
at slightly larger strains. A third possibility
is to divide the behaviour of soils into a range
for which the strains are broadly small and
recoverable, although in practice some irre-
coverable behaviour is observed, and a range
for which the strains are larger and irrecover-
able. This type of approach is exemplified by
the Cam-Clay type of plasticity model in
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Fig. 1. Definitions of shear moduli

which a single work-hardening yield surface is
employed and the behaviour within it is de-
scribed as “‘elastic’’. Such a model offers the
benefits of simplicity, although there will be
shortcomings in the description of the elastic
behaviour. This last approach is taken in this
Paper.

The above considerations mean that the
precise definition of the shear modulus is
difficult. Fig. 1 shows three possible definitions
which are in current use. The initial gradient
of the —y curve is given by G,, G is the
secant modulus to 509% of the failure stress
Tmex (similar definitions to other proportions of
Tmax are also used) and Gy, is the unload-
reload modulus (which depends on the size
of the unloading loop). A further modulus,
Gmax may be obtained from tests involving
very small amplitude cycling, e.g. dynamic
tests (Gmax may be different from G, in certain
circumstances). Although this last value is
considered as repreéenting most closely the
actual elastic behaviour of the clay, each of
the other values is relevant to particular en-

-gineering applications. The following discus-

sion applies to each of the above definitions
although the absolute values of the moduli
defined in alternative ways will differ widely.

The behaviour of many clays conforms broad-
ly to the pattern described by the critical state
type of model (Schofield and Wroth, 1968), in

’

p=1 . P log,p’

Fig. 2. Consolidation plots for a Critical
State model
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which case the elastic swelling lines are straight
and of gradient —« in V-logep’ space (Fig. 2),
where V is the specific volume and p’ the
mean effective stress (consolidation lines are
of gradient —2 in the same plot). The incre-
ment in volumetric strain v (compressive
positive) may then be determined as:
AVl _

vV Vp K (1)
where K is the bulk modulus. This implies
a variable bulk modulus having the value

4
K="?

£

various advantages (Butterfield, 1979 ; Wroth
and Houlsby, 1980) is to assume straight con-
solidation and swelling lines in log.V—log.p’
space. If —k* is the gradient of the swelling
lines in this plot (and —2* the gradient of the
consolidation lines) then it follows that the
increment in volumetric strain is given by :

dv ek dp _ ay

dv=

A minor alteration which has

dv = % > 6 (2)

This results in a bulk modulus which is truly
4
proportional to the mean stress since K= f T

Although this form of relation is preferable
to the more conventional approach, it is not
examined further here.

The approach described above represents the
normalisation of a soil property (in this case
the bulk modulus) with respect to stress level
(represented by the mean effective stress).
This type of normalisation of soil properties
with respect to pressure is central to both
Critical State soil mechanics and also to the
SHANSEP procedure (Ladd and Foott, 1974),
and has proved a valuable aid in simplifying
and understanding soil behaviour. It is
reasonable to expect that a normalisation of
the shear modulus with respect to the pressure
may also prove useful, and therefore the
variations of the value of the dimensionless
quantity G/p’ will be investigated.

It is important to note that any elastic model
in which the shear modulus depends on the
pressure, but the bulk modulus does not
correspondingly depend on the shear stress, will
result in non-conservative elastic behaviour,

i.e. it will not be thermodynamically accept-
able. This point is discussed by Zytynski et
al. (1978) and also by Houlsby (1985). Such
problems are not discussed further here, where
the purpose is to investigate the trends in
variation of the quantity G/p’. However, if
the results are to be incorporated into any
rigorously formulated mathematical model then
some further minor modifications to the theory
will be necessary.

‘Whilst maintaining the normalisation of soil
properties with respect to pressure, the ratio
G/p’ need not be constant, but could for
instance be a function of overconsolidation
ratio. This type of result is in fact predicted
by Critical State theory for the undrained
shear strength, for which it can be shown
(see for example Wroth, 1984) :

[%:FI: ;:’ ]ncRA (3)

where sy is the undrained shear strength, po’
the initial mean effective stress, (su/po’)nc is the
strength/pressure ratio for a normally consoli-
dated clay, R is the initial overconsolidation
ratio defined as (p.//po’) and 4 is a factor equal

to @ (which is also equal to L;*K*—)—)
The quantity p.’ is the preconsolidation pres-
sure defined as the intersection of the swelling
line with the isotropic normal consolidation
line (point B on Fig. 2 for a soil currently at
stress point A). The formula above provides
a convenient way of estimating both absolute
values of undrained strength, and also trends
of behaviour at different pressures and over-
consolidation ratios. It is well supported by
experimental evidence (Ladd et al., 1977).

Wroth et al. (1979) reported that a reasonable
fit to the variation of G for clays could be
obtained by using the expression :

[ jf ]:[ ; :Im(l—{-Cloge(R)) (4)
where (G/p')nc is a constant for a given clay
and C is a second constant. This formula is
based on data of Webb (1967) showing an
approximately linear variation of (G/p’) with
the parameter V,, which is defined as (V+
2 logep’) (see Fig. 2) and is linearly related to
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R {log scale)

Fig. 3. Rn versus log (R)

loge(R). (Wroth (1971) originally analysed
these data using e;=V;—1).

In the light of the variation of s, with
pressure an alternative expression

SHElr @

is proposed. Fig. 3 shows a plot of R against
loge(R), and demonstrates that this approxi-
mates closely to a straight line for values of
n up to about 0.7 and overconsolidation ratios
less than about 10. The new formula is there-
fore expected to be consistent with the same
data which suggested the original variation
with loge.(R).

The new expression has certain advantages,
for instance it implies :

G G
G=I: - :l an=|: :l 7 (1-n) cln
7 o e (6)

i.e. G depends on p’ to the power (1—#) and
p¢ to the power n. Since G may reasonably
be expected to increase with p’ for constant
P and to increase with p./ for constant p’
this immediately suggests on physical grounds
that » should lie between 0 and 1. (No such
simple argument could be used to limit the
value of the parameter C).

For sands, Hertzian contact theory can be

used to predict a variation of both bulk and
shear moduli as power functions of pressure.
The moduli are often expressed as proportional
to p'™ with m=~0.5. If any similar mechanism
is applicable to clay behaviour, then by com-
parison with Eq. (6), the value of (1—n) for
clays may also be expected to be about 0.5.
The second advantage of the new formula
is that by combination with the expression
for the undrained shear strength one may
derive a simple relationship between G, s, and
R. Assuming that isotropic elasticity is appli-
cable during the initial stages of an undrained
shear test, then it follows that p’=p,/, so that:

e @

which relates G directly to su. Since values
of n may typically be about 0.5 and 4 about
0.75, the exponent (n—A4) may be expected
to be approximately —0.25. This may be
compared with the data from Ladd and Edgers
(1972) (Fig. 4), assuming that some low Gso
values for normally consolidated specimens are
essentially due to additional strains caused by
plastic deformation. The 4 value for Boston
Blue Clay is about 0.8, and the shear modulus
variation suggests a value of (n—A4) of —0.65,
i.e. n=0.15 (perhaps a rather low value) and

[ f“’ ] =280.0.

The non-dimensional parameter (G/s,)defined
by Vesic (1972) as the rigidity index I, is
particularly useful since it appears in many
analyses, for instance in the cavity expansion

Esg A x plane strain active
Su + plane strain passive
300+ 8 simple shear

0 1 ! t ——

1 2 4 8 oCcR

Fig. 4. [ Gsf:' :! values for Boston Blue Clay,

after Ladd and Edgers (1972)
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analysis of the pressuremeter test, pile instal-
lation or cone penetration test. Note that for
a simple elsastic-perfectly plastic soil model
(G/su) is related to the inverse of the engineer-
ing shear strain to failure, so that the strain
to failure is predicted as varying as R“-™,
i.e. the soil behaves in a more ductile manner
with increasing overconsolidation ratio (al-
though the variation is rather small). In
practice this trend is not observed since,
especially at low overconsolidation ratios, con-
siderable plastic strain occurs long before peak
stress is reached.

Loudon (1967) presents shear test data in
the form of shear strain contours for triaxial
tests at different overconsolidation ratios. This
information is indirect evidence of the shear
modulus variation (although it confirms the
non-linearity of the stress-strain response). The
data are presented (see Fig. 5) in terms of the
non-dimensional parameters (g/p.’) against
(@' [pe’), where p./ is the equivalent pressure,
defined as the value of the pressure on the
isotropic normal consolidation line at the same
specific volume (point C in Fig. 2 for a soil
currently at stress point A). It may readily
be shown that :

~EHET @

The shape of the shear strain contour may be
deduced as follows :

G :|
IR'n, 9
P, n Cp € ( )

Substituting from equation (8):

q:3Gs:3[
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Fig. 5. Shear strain contours for kaolin, after
Loudon (1967)
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Fig. 6. Predicted shape of shear strain
contours for (1—n/A)=0.375

[Pq, ]:3[5, ] L‘f’, ]Mm’ (10)

:| varies with

So for e=constant, [ g
(9

4

P’ (l-n/A). . .
[Pe' ] Taking typical values of 4=0.8
and 7n=0.5 the exponent (1—#»/4) is 0.375, and
the predicted shear strain contours are as
shown in Fig. 6. It can be seen that the
trends of behaviour observed experimentally
are broadly matched by the theory.

SUMMARY AND CONCLUSIONS

Critical state models imply a variation of
the elastic bulk modulus in the form K/p'=
constant=1/k*. They also imply a variation
of the undrained shear strength in the form
(su/po”)=(su/po")neR*. In this note it is further
suggested that the variation of shear modulus

‘may be represented by an expression (G/p’)=

(G/p")neR™ and this is supported by experi-
mental data, resulting therefore in the relation-
ship (G/su)=(G/su)neR #® which may be con-
venient for estimating values of shear modulus
from the relatively easily measured undrained
strength.

NOTATION

C =Constant

e =Voids ratio (=V-1)
G =Shear modulus

I» =Rigidity index G/sy
K =Bulk modulus
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m =Exponent

n =Exponent

P’ =Mean effective stress

p¢’ =Preconsolidation pressure

pe’ =Equivalent pressure

Po’ =Initial effective stress in undrained test

g =Deviator stress

R =Overconsolidation ratio

su =Undrained shear strength

v =Volumetric strain

V =Specific volume

V: =Defined as V42logep’

r =Engineering shear strain

£ =Gradient of swelling line in V—logep’ space
£* =Gradient of swelling line in logeV—logep’ space
A4 =Gradient of consolidation line in V—logep’

space

A* =Gradient of consolidation line in logeV—logep’
space

A =Q—r)A

v =Shear stress
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