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THE  FACTOR  OF  SAFETY  AGAINST  UNDRAINED
               FAILURE  OF  A  SLOPE

P. J. MooRE*

                              SUMMARY

  In the application  of  the Fellenius, the Bishop and  the friction circle  methods  of  slope

stability  analysis  the factor of  safety  is defined in terms of  the failure shear  stress that may
be mobilized  at  the existing  in-situ value  of  effective  normal  stress.  No  account  is taken
of  the additional  pore pressure change  (positive or  negative)  that may  occur  between the
in-situ state and  the failure state  when  the possibility of  undrained  failure is being examined.
Expressions fbr all three  methods  in which  allowance  is made  for the development of  these
additional  pore pressures, have been derived. It is claimed  that the resulting  redefinition

of  the factor of  safety  is more  logical and  more  valid  than  the  conventjonal  definition,
The use  ofthese  expressions  is illustrated by their application  to the analysis  of  the failure
of  the Seven Sisters embankment  in Canada.

                           1. INTRODUerION

  In many  of  the methods  of  slope  stability analysis  the safety factor is defined as the
ratio  of  the available  shear  strength  of  the soil  to the shear  stress required  to rnaintain
equilibrium.  The  available  shear  strength  is considered  to be the shear  stress  that is mo-
bilized at the same  value  of  effbctive normal  stress  as  for the in-situ soil  mass  that is in
equilibriurn. Largely because of  the way  in which  the  slope  stability rnethods  are  des-
cribed  it is often  incorrectly assumed  that the effbctive normal  stress remains  constant  dur-
ing the mobilization  of the available  shear  strength.  For the case of  drained loading
or  unloading  such  an  assumption  cannot  be generally applicable.  For undrained  loading,
the additional  pore pressures that may  be developed as  the sojl  approaches  failure are  not

taken into aocount  in such  a  definition of  safety  factor.

  The pore pressure development for a potential undrained  failure situation  should  pre-
ferably be allowed  fbr by the inclusion of  an  appropriate  term  in the  expression  fbr safety
factor. In the Bishop (1954) method  of  slices the pore pressures developed by undrained

loading are allowed  fbr by the introduction of  a  pore pressure parameter B. These pore
pressures are used  to cal ¢ ulate  the effective  normal  stress at  which  the factor of  safety

calculation  is carried  out.  Further development of  pore pressures between this equi-

librium state  (foIIowing undrained  loading) and  failure are  not  taken into consideration.
To allow  for this further development of  pore pressures modified  expressions  have been
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derived fbr the Fellenius (1936) and  Bishop methods  of  slices and  fbr the friction circle

method  CTaylor, 1948).

 DETERMINA[[ION  OF  THE  SHEAR  STRESS  ON  THE  FAILURE  PLANE  AT  FAILURE

 At  any  point along  a potential failure arc the stresses may  be represented  by the Mohr

circle  I in Fig. 1. By  means  of  two  different procedures in the simplified  Bishop and

ordinary  (Fellenius) methods  of  slices  the effectiye  normal  stress a.'  on  the failure surface

is fbund. The factor of  safety  (,F}) is then defined in terms  ofthe  ratio  ofthe  failure shear

stress Tf(=  EH),  at  a  normal  stress  of  a.'  to the initial shear  stress T(=  GH)  summed

over  the entire failure arc. It may  be shown  that this conventienal  factor of  safety  is

                2  [(a,' +  o3') -  (ai' -  a3')  sin  e'] tan e' +  2c'
                                                                (1)           4
             

-
 X(alt-a3r) cos  ipt

in terms of  the initial major  and  minor  principal effective  stresses.  Such a  definition of

the factor of  safety  infers that the effective  stress  path would  fbllow the line DC  to reach

failure. A  stress path is here defined as  the locus of  the tops of  the Mohr  circles

                   [(ai' +  a3')!2, (at' 
-

 a3b!2]

However  the stress path DC  is only  one  of  an  infinite number  of  possible stress paths to

failure and  account  should  be taken of  this in examining  the  possibility of  undrained
                                   .

failure.

  As  indicated above  the factor of  safety  is a measure  of  the amount  by which  the failure

shear  stress exceeds  the existing  equilibrium  shear  stress.  For example  let GH  in Fig. 1
represent  the existing  shear  stress  and  assume  that the actual  undrained  failure point is

represented  by point K  that  is, the  shear  stress  on  the failure plane at failure (Tff) is equal

to KL. For purposes of  illustration assume  that the shear  stresses  Ga  EH  and  KL

are 1.0 2.0 and  1.6 kg/cra! respectively.  The conventional  factor of  safety  (4) is equal

$eese.om

ct

             qcr;  q
           Effective Normat  Stress

Fig. 1. Relationsliip between fhilure circles  and  stress  paths
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to 2.0. However  this does not  mean  that the soil could  sustain  a  doubling of  the shear

stress,  failure would  in fact occur  at a lower stress  of  1.6 kglcm2. For undrained  failure

some  allowanoe  should  be made  for possible changes  in the efTective normal  stress as the

soil approaches  failure. In the example  it would  be more  logical to indicate the safety

factor as  1.6 and  not  2.0. That  is, the factor of  safety  (F) should  be defined as  the ratio

of  rff  to T when  summed  over  the  failure arc.

                X  2{c' cos  ¢
'
 +  sin  ip' [a3' +  Af(ai' -  a3')]}

            
F=  i[1-sin  

¢
' (1-iAf)] (oi'-a3') (2)

  This definition of  safety  factor indicates the role  played by the pore pressure parameter
Af  in the evaluation  of  undrained  failure. The  factors of  safety  defined in equations  (1)
and  (2) become  equal  only  in the particular case  where  the stress  path to failure is along

the line DC,  that is, for one  particular value  ofAf;  or when  they are  each  equal  to unity.

  The shear  stress Tff  is related  to the initial principal effective  stresses  as  fbllows

         ,,,  .,  -go.s 
¢t {. gicp.s 1di!+sifiinip{'1[a-3'2･i 

fA/f(ai'
 
-

 
a3')]}

 (3)
                                                        '

but fbr sloep  stability analyses  it is more  convenient  to express  Tff  in terins of  the initial
shear  stress  T and  initial effective normal  stress a.t.

      ,ff  .,, cos  {stIdcg.s 
f.i.1.+."ra.nLs/ItVt'ii;

 g,t(ain-g6'iA2fl)f-i+ 
sin

 
g5')..)

 (4)

      MODIFICATION  TO  THE  ORDINARY  (FELLENIUS) METHOD  OF  SLICES

  Referring to a typical slice in Fig. 2 the effective normal  stress (a.') and  shear  stress (T)
may  be related  to the weight  (JV) of  the slice  by resolving  forces normal  and  tangential

to the  failure arc.

                           m
                      

a.'=
 dl  

cos2
 
cr-ui

 (5)

                           ur 
.

                       
r=

 zx  slnacos  cr (6)

  Substitution of  equations  (5) and  (6) into equation  (4) yields a  further expression  fbr
the shear  stress  Tff,

        Tff  =  [ 1 -  sinC2?(9'-  2Af) ] [C' cos di' +  sin ip ( AMx cos'  cr -  ue)
             +  dPVx sin cr cosatan  O' (2Af -1+  sin e')] (7)

  This expression  could  then  be used  in corijunction  with  the definition of  the factor of

 safety

                          X  rffAI  sec cr
                      F=
                            XWsina  (8)
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Fig. 3.Embankment  fer s]ope  stabi]ity analyses
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to eyaluate  the stability of  a  slope  against  undrained  failure. Such an  evaluation  was  car-

ried  out  fbr the potential failure arc  and  slope  in Fig. 3. This is the same  slope  that has
been subjected  to detailed analyses  by wnitman and  Moore  (1963). The  results  of  the
calculations  using  equations  (7) and  (8) are  shown  by the lowest ¢ urve  in Fig. 4. The
dominant influence of  the pore pressure parameter Af  on  the factor of  safety  against

undrained  failure is evident.  The  use  of  the conventional  calculation  infers that the soil

possesses one  panicular value  of  the parameter  Ar. Generally this cannot  be true. It
should  be emphasised  that the modification  contained  in equations  (7) and  (8) do not

remove  the shortcomings  of  the Fellenius method  which  have been discussed by Taylor

(1948) and  by Whitman  and  Moore  (1963),

            2. MODIFICATION  TO  THE  FRIenON  CIRCLE  METHOD

  The  conventionai  graphical construction  for the solution  of  slope  stability problems
by means  ofthe  ftiction circle method  is illustrated in Fig. 5. The  effbctive  normal  fbrce
IV' per unit  length may  be considered  to be equal  to an  average  normal  enective  stress

(a.) acting  over  a length equal  to the length of  the chord  (L,) connecting  the extremities
of  the potential failure arc.

Fig. 5. Construetion for friction circle  rnethod  of  analysis

                            IV' =a.'Le  (9)
  Sjmilarly the shear  fbr¢ e (T) may  be put equal  to the shear  stress (T) acting  over  the length
Le･

                              T==  TL.  (10)
  In Fig. 5 the shear  force T  would  be equa1  to the yector  sum  of  the initially mobilized

foroes IV' tan ip.' and  C"'. Following substitution  of  equations  (9) and  (10) into
equation  (4) an  expression  for safety  factor in terms of  the forces N'  and  Tis obtained.
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         Trf  c'L,  cosa ip' +  sin ip' [N' cos  ip' 
-Y

 T(2Af-  1 +  sin ¢
')]

                                                               (11)     F==
          T  

-
 T[1-sin  ip'(1-2A,)]

  This expression  was  used  to find the factors of  safety  fbr the arc  in Fig. 3, the results
being indicated by the dotted curve  in Fig. 4. These safety  factors exceeded  those fbund
by the Fellenius method  fbr all values  of  Af.

             MODIFICATION  TO  THE  BISHOP  METHOD  OF  SLICES

  From  Fig. 2 the effective  normal  stress is determined by resolving  forces in the vertical

direction giving

                         w
                   a.'=  zll  

-Ttan
 cr-ui  (12)

  The shear  stress  T  is assumed  to be related  to the failure shear  stress Tff  through  the factor
of  safety

    Trf
T=
    .FH

(13)

 It should  be noted  that this is not  the same  as  the assumption  rnade  in the original

Bishop method  where  the shear  stress  was  taken as

T ==  zi;' (C' +  a.'  tan g6t) (14)

  Bishop assumed  that the factor of  safety  was  also  equal  to the ratio  of  resisting  to

overturning  moments  about  the centre  of  the potential failure arc. Substitution of  equa-

tions (12) and  (13) into equation  (4) yields an  expression  fbr the failure shear  stress

                    d cos e' +  sin ip' ( AWM -  ui)
                                                               (15)
   

Tff
 
=

 1 +  sin di'(2Af -  1)                          tan cr sin  di' tan di' (2Af- 1 +  sin  ip')
             cos  ip' 

+
 F  

-
 F

  This equation  in corijuction  with  equation  (8) has been  applied  to  the solution  of  the

problern in Fig. 3 fbr a  eondition  of  undrained  failure. The results are  shown  in Fjg. 4,

The pattern of  variation  of  safety  factor fbr the Bishop method  is quite similar  to those

fbr the  Fellenius and  fi;iction circle  methods.  As  expected  from a  study  of  Fig, 1 the

conventionally  calculated  safety  factors by  all three  methods  infer that the parameter Ar

is in the  region  ofO.2  to O.3. For  values  of  Af  outside  this range  the conventional  calcula-

lations convery  a misleading  impression of  the factor of  safety.  For Af values  in the yi-

cinity  of  zero  or  below the soil can  sustain  a much  greater increase in shear  stress  befbre

failure occurs  than  would  be inferred from the nurnerical  yalue  of  the conventional  factor
of  safety.  On  the  other  hand for Af  values  in the region  of  unity  the soil can  sustain  a

smaller  increase in shear  stress prior to failure than  would  be inferred from the magnitude

of  4･
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  Based upon  the fbregoing discussion it is maintained  that th

ground,  should  be defined in terms of  the ratio of  rff  to T.e

 factor of  safety,  on  logical

.

         3 APPLICA[rrON  TO  AN  AerUAL  EMBANKMENT  FAILURE

 The failure of  the Seven  Sisters embankment  in Canada  has been described by Peterson,

Iverson and  Rivard (1957). This small  embankment  was  located on  a fbundation of

saturated  highly plastic clay.  Following construction  of  the embankment  a  series  of

slides occurred  in spite of  an  adequate  calculated  factor of  safety. The authors  were

unable  to explain  the discrepancy between the computed  and  actual  safety  factors. In

discussing this paper Walker  (1957) concluded  that in designing fbr such  conditions  (in-
competent  fbundations) either the safety facotr requirements  must  be greater than 2 or

strength  factors representative  of  the worst  conditions  found should  be used.

  The  reconciliation  of  calculated  and  actual  factors of  safety  becomes possible only  when

consideration  is giyen to the construction  pore  pressures developed in the foundation clay

by the weight  of  the embankment.  Since the problem is obviously  one  of  undrained

failure it provides an  excellent  application  of  the equations  developed earlier in this

paper.

  A  typical cross  section  of  the embankment  together with  the previously found critical

failure arc  is shown  in Fig. 6. The  factor of  safety  according  to the  Fellenius method  of

slices and  in which  the pore pressures are  extracted  from a  flow net  is 1.40. But  the factor
of  safety  obtained  by the more  correct  Bishop method  of  slices is 1.74.
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Fig. 6. Typical cross  seetion  of  Seven Sisters embankment

  A  determination of  safety  factors using  equations  (8) and  (15), in which  the initial pore
pressure ui, was  determined from steady  seepage  considerations  was  carried  out.  The

results are  shown  by the fu11 line in Fig. 7. The fact that this curve  does not  yield safety
factors in the vicinity of  unity  supports  the belief that it is unrealistic to consider  the initial

pore  pressures determinable from steady  seepage  considerations.

  A  re-analysis  was  carred  out  with  the intial pore pressures considered  as  construction

pore pressures. These pore pressures were  calculated  from the  expression  of  Skempton

(1954) fbr a saturated  soil,

                       du =:  da,+A(Aa,-Ao3)  (16)

NII-Electionic  
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in which  the changes  in major  and  minor  principal stresses  were  determined from Bisheps

(1952) relaxation  solution  for stresses in an  earth  dam after construction.  This solution

is applicable  to a  plane strain situation  in which  the Posissons ratio of  the sQil is O.5.

  The  results  of  the analysis  are  shown  by the dashed line in Fig. 7. It is seen  that failure
would  be predicted for values  of  the  pore pressure parameter Af  in the vicinity of  O.75.

Laboratory determined values  of  this parameter have been reported  by Casagrande and
Rivard  (1959) and  by Simons (1959). From  triaxial cornpression  tests values  ef  Af
varying  from O.57 to O.75 were  measured.  Based upon  these findings it seems  that failure
ofthe  embankment  could  have been expected.  It may  be argued  that fissuring ofthe  fbun-
dation clay  and  cracking  of  the embankment  contributed  to the failure. Nevertheless it

must  be emphasized  that failure would  have been imminent even  with  the two  proposed
mechanisms  inoperative.

            4. APPROXIMATE  DETI!RMINA[llON  OF  SAFETY  FACTOR

  The  analyses  described abeve  can  be quite laborious and  time consuming  if they are  not

carried  out  with  the help of  a  computer.  Another  alternative,  however, is available,

namely,  the use  of  an  approximate  technique which  yields answers  close  to those  obtained

by the longer method,

  Referring to Fig. 1 an  expression  relating  the shear  stresses rff,  rf  and  T  may  be ob-

tained to yield
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    [rf cos  ip' +  T  tan ¢
'
 (2Af +  sin  ¢

'
 -  1)]

2Af) (20)

89

sin ¢
'
 (1 -

  If the ratio  of  rff  to T  is put equal  to the approximate  safety  factor JF;ipprex.  and  the
ratio of  Tf  to T  equal  to the conventional  facter of  safbty  17L, then equation  (20) can  be
expressed  as

Eipprox. =L
 cos2  

'+
 sin  

'
 (2Af sin  to' -  1)

1 -  sin ip' (1 -  2Af) (21)

  This equation  was  used  in coajunction  with  the embankment  outlined  tin Fig. 3 and
for which  the safety  factors determined by the previously described techniques are  shown

in Fig. 4. The  extent  to which  jFh,,,...  approximates  the safety  Factors F  obtained  by

the longer methods  is indicated in Fig. 8. For the Bishop method  it is seen  that the error

is no  more  than  a few percent.
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Fig. 8. Variations in mbty  factor introduced by approximate  analysis
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  The  magnitudes  of  the differenoes that can  exist  between the approximate  and  conven-

tional safety  factors are  illustrated for two  values  ofthe  effective angle  of  shearing  resistance

in Fig. 9. For values  of  the pore pressure parameter  Af  in the vicinity  of  unity  the con-
ventional  definition yields an  unconservative  estimate  of  the factor of  safety. With  ne-

gative Af  parameters the conventional  safety  factor is significantly  lower than the logically
more  correct  value.  The  two  estimates  of  safety  factor are  in approximate  agreement  if
the  A  parameter is in the vicinity  of  O.2 to O.3.
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Fig. 9.Comparison  of  approximate  and  cenyentional  safety  facters

                      5. CONCLUDING  COMMENTS

 An  argument  has been presented fbr redefining  the safety  factor fbr undrained  failure

ofa  slope  in terms of  the shear  stress on  the failure plane at failure. This necessitates
a  determination of  the additional  pore pressure that may  develop between the in-situ

and  fai1ure states ofthe  soil. For the Fellenius, Bishop and  friction circle methods  ofslope

stability analysis,  equations,  which  take these pore  pressures into account  haye been

derived.

   Af:
    B:
    d:
   Cmt:

    F:

    4:
jFLpprox.:

    K:

    Lc:

   Nt:
    R:
    T:

    Ul:

                  6. NOTATION

Skemptons pore  pressure parameter at failure
Pore pressure parameter  (B =  u` dX7 PV)
effective  cohesion  intercept

mobilized  value  of  effective  cohesion

factor of  safety (F =  rfflr)

factor of  safety  calculated  from conventional  techniques (4 ==

factor of  safety  calculated  from approximate  expression

coeMcient  fOr use  with  friction circle method

length of  chord  in friction circle  method

effective normal  force in friction circle method

radius  of  potential failure arc

shear  fOrce in friction circle  method

initial pore pressure

TflT)
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     m:

     cr:

      r:
    Au:

    dl:
Aoi, Aos :

     ¢
t:

    ipmt:
 att) ast:

    Ont:

      T:

     Tf:

    Tff:

weight  of  slice

inclination of  base of  slice  to horizontal
unit  weight  of  soil

change  in pore  pressure
slice  width

changes  in magnitudes  of  principal stresses

effective  angle  of  shearing  resistance

mobilized  angle  of  shearing  resistance

initaial major  and  minor  principal efTective  stresses

initial normal  effective  stress  on  failure plane
initial shear  stress on  failure plane
failure shear  stress  corresponding  to a.'

shear  stress on  faiiure plane at failure

                               7. REFERENCES

Bishop, A. W.  (1952). The  Stability of  Earth Dams,  Ph.D. thesis, University of  London,  pp. 1-176.
Bishop, A.  W.,  (1955). The  Use ofthe  Slip Circle in the Stability Analysis ofSlopes.  Geoteclmique 5,
  pp. 7-17.
Casagrande, A., and  Rivard, P. J., (1959), Strength of  Highly  Plastic Clays. Norwegian  Geotechnical
  institute Pub. No. 31, pp. 1-22.
Fellenius, W., (1936). Calculation of  the Stability ofEarth  Dam,  Trans. 2nd. Cong. Large Dams, Vol. 4,
  Washingten, pp. 445462.
Peterson, R,, Iverson, N.  L., and  Rivard, P. J., (1957). Studies of  Several Dam  Failures on  Clay Foun-

  dations. Proceedings of  the  Fourth  International Confbrence on  Soil Mechanics  and  FoundationEngi-

  neering,  Vol. 2, pp. 348--352.
Simons, N., (1959). Laboratory Tests on  Highly Plastic Clay from Seven Siestrs, Canada. Norwegian

  Geote ¢ hnical Institute Pub. No.  31, pp. 25-27.
Skempton,  A.  W., (1954). The Pore Pressure Parameters  A  and  B. Geotechnique  4, pp. 143-147.
Taylor, D.W.,  (1948). Fundamentals ofSoil  Mechanics, pp. 1-7oo, New  York: Wiley
Walker, F. C,, (1957). Earth Dams, Slopes and  Open  Excavations, Gcneral Report, Proceedings of  the

  Fourth Intermational Conference on  Soil Mechanics  and  Foundation  Engineering, Vel. 2, pp. 463-467.
Whitman, R. V., and  Moore,  P, J., (1963). Thoughts concerning  the mechanics  of  slope  stability  analysis,

  Proc. 2nd. Panamerican  Conf. on  Soil Mech. and  Found, Eng.  Vol. 1,, pp. 391411.

(Received May  16, 1970)

Kby  P}1)rds:slope stability, stability analysis,  slopes,  pore pressures, shear  failures, embankments,

safety  factors.


