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SUMMARY

In this study are shown the expressions for calculating stresses and displacements beneath
the rectangular flexible foundation resting on an elastic isotropic layer of limited thick-
ness, underlain by a rigid base. The solution is given for the vertical and horizontal load.
The contact between the campressible layer and rigid base has been assumed to be per-
fectly rough.

Stresses and displacemens have been calculated for the ratio H/B = 1.0; 2.0; 3.0 and
5.0 (where H is the thickness of the compressible layer and B is the width of the founda-
tion), for L/B = 1.0; 2.0 and 5.0 (where L and B are the dimensions of the foundation)
and for the Poisson’s ratio 2 = 0.15; 0.30 and 0.45.

INTRODUCTION

The stress distribution in an isotropic layer of finite thickness resting on a rigid base
was treated by several investigators, Marguerre (1933), Biot (1935), Sovinc (1961), Poulos
(1967), Milovic and Tournier (1970).

In this study, stresses and displacements in an elastic layer of finite thickness produced
by a rectangular flexible foundation are shown. The solution is given for the vertical
and horizontal load.

Using Fourier’s series, stresses and displacements have been determined for the ratio
H/B = 1.0; 2.0; 3.0 and 5.0 (where H is the thickness of the compressible layer and B
is the width of the rectangular foundation), and for the ratio L/B = 1.0; 2.0 and 5.0,
where L and B are the dimensions of the foundation.

The calculation has been| programmed on the computer IBM-360-40.

ASSUMPTIONS AND DEFINITIONS

The following assumptions and definitions have been made in this study:
—the rectangular foundation is flexible and has a rough base;
—the soil behaves as an isotropic, homogeneous continuum which obeys Hooke’s
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law. The mechanical properties of soil are defined by two elastic constants, Young’s
modulus of elasticity, E, and Poisson’s ratio, y;

~—the compressible layer with a horizontal upper boundary is of finite thickness H,
limited by a rigid base (Fig. 1);

Ly L Fig. 1. Geometrical description

—the contact between the compressible layer and the rigid base is perfectly rough;
—the direction of the applied load is vertical or horizontal to the foundation;

—there are no body forces.

The calculation of stresses and displacements is made for a rectangular foundation of

width B = 1.0 m and p, = 1.0 kg/cm® or P, = 1.0 kg/cm?, with the following sign con-
ventions (Fig. 2):

—the vertical axis Az is positive downwards;

—the axis Ax is horizontal and positive towards the right from the point 4;

—the settlement w is positive if in the direction of increasing z;

—the horizontal displacement u is positive in the positive x direction;

—the normal stresses are positive if compressive;

—the inclination, 0, is the angle between the vertical axis and load. This angle is posi-
tive in the trigonometric sense; »

—the compressive normal load, p,, is positive if it is in the positive z direction;

—the horizontal load, p,, is positive if it is in the positive x direction.
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Fig. 2. Sign conventions
THEORICAL STUDY
a) Vertical load
The displacement functipns for u, v and w are given by the following double trigono-

metric series:

U= %} ; U,ue 5in ax cos By (1)
v = % ; Vun €OS aX sin By (2)
W= %} ; W o €OS ax coOs By (3)
with:
T
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By substituting these expressions in the differential equations of equilibrium:

00
a0

(1 - 2u)yv + oy = 0 (5)
o0

1 - 2p)yyw + i 0 (6)

where # is the Poisson’s ratio and 6 = (du/dx) + (dv/dy) + (0w/dz) the volume ex-
pansion, one obtains:

o’u o*u o*u 0% o*w
21 = 1) P (1= 2ﬂ)< oy? t o ) + 0xay toxoz = 0 (7)

0% 0% 0% 0u o*w
2= ) e + (0= 2“)( o T o > oxay T ayaz = ®)

o*w a*w o*w 0*u o™
201 - ”)"'32? + - 2ﬂ)< axt T gy > T oxoz T ayez 0 ©)

The Fourier’s coefficients are expressed as follows:
fm=n=20
Uoo - 0; Voo - 0; Woo e ﬁaﬁ (10)
All

if m#%=0 or n£0

U,., = ~2—1~G-~{[C1a + Csf + azC,]sinh yz + [Coar + Coff + azCs] cosh yz}  (11)
Vi = Q%'{[Clﬁ + Csa + BzC,]sinhyz + [Coff + Coa + BzCs]coshyz]  (12)

W = 72'16'{[(3 — 4u)Cy — Cyy — 7zCs] sinh 7z +
+ (3 — 4p¢)C; — Cyy — yzC,] cosh 7z} (13)
For the rough rigid base, the boundary conditions are:
w=0; u=0; v=0 when z=0
g, =—p=— };jn %} Apn cOSaxcos By when z=H
Tow =0; 7,,=0

Using these conditions, the following expressions for constants are obtained:

C2:C5:C6:0
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Cs = aya[7H cosh yH — (1 — 2p) sinh yH]/DEN
Ci= — au,[yH sinh yH + 2(1 — p)cosh yH]/DEN
with:
DEN = 1[7?H? + 4(1 — pz)* cosh? 7H — (1 — 2p2)* sinh® yH]
P=a®+ p?

The coefficients a,, are given by the following expressions:
fm=2M-+1 and n=2N+1

Ay = 0
if m=2M and »n=2N
— _EL . nw. 4L . mzB
Goo = p oy 5 amo = (Z )T sinp
4B nrL
= —_— N » - e ——
Ao = (— 1) Tnn S0 oL

— (—_ 1\M+N, :
@ = (= )Y T SISy Sy,

Using the stress-strain relationship:

Oy A A Ar 0 0 0 €z
Oy A, An A O 0 0 &y
g, = A12 Alg All 0 0 0 &, (14)
Tay 0 0 0 45 O 0 Yoy
Tox 0 0 0 0 A55 O sz
Tuy 0 0 0 0 0 A Toy |
where:
E(1—p) Ep E
Ay = 3 A= ; Ay =G =55
TTA+ =2 TP T A+ A =2 77 2(1 + o)
the following expressions for stresses are obtained:
g, = 2, ), (aAuU + BALV + Amidpzl/—) cos ax cos By (15)
aw
Oy — Z Z (aAle -+ lBAuV + Am?) COS X COS ‘By (16)
dw
g, = >, 2. <aA12U + BALV + Auﬁ) cos ax cos By (17)
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dv .
=Ix A,,,,( ar._ /3W> cos ax sin By (18)
Tow = Z Z‘A%(% — aW> sin ax cos By (19)
= 2, 2, — As(aV + BU) sin ax sin By (20)

b) Horizontal load
In this case, the displacement functions for #, v and w are given by the following trigono-

metric series:

l|
s

21 Uy cos ax cos By (21)
(22)

||
M

2 Vi sin ax sin Sy
n

(23)

| l

21 22 Wi sin ax cos Sy
m n

The boundary conditions are:
w=0; u=0; v=0 when z=0

Toe = P(X, ¥) = 21 21 @upcOSaxcos By when z=H
g,=0; 7,=0

The Fourier’s coefficients are given by:
if m=0 and n=0

U =22, V=0, W.=0.

if m=0 and n+#0

1 Qon,
U —Gﬁzh—M{"SIHhﬁZ Vm:O, Won——O.

if m#0 and =20
Upo = ‘216—{[(3 — 4p)D, + aDyz] sinh az 4 aD,z cosh az}

Woo = {[ (3 — 4p)D; + aD,z] sinh az + aD;z cosh az})

D, = ayJaH cosh aH + (1 — 2u) sinh a H]/DEN
D, =— ay,JaH sinh a H — 2(1 — p)cosh a H|/DEN
DEN = o’[a*H? +4(1 — p)?cosh? aH — (1 — 2p)* sinh? aH] .
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if m=#=0 and n=+0

Vi = — }%{[(3 — 4p)Cy — a*Cy - yCyz] sinh yz + yCsz cosh 7z}

N

3 - 4#)C2

RECTANGULAR LOAD

— 4p)Cy 4 yCyz] sinh yz -+ yCyz cosh 7z}

C, = adm,[yH sinh yH — 2(1 — p) cosh yH]/DEN

Cy= — aly, [yH cosh yH + (1 — 2y) sinh yH]/DEN
2 A
Co = ay® cosh yH

DEN = y’[(1 — 2p)* sinh® yH — 4(1 — )’ cosh® yH —

B*Cs + yCyz] sinh yz + yC,z cosh 7z}

r’Hd’]

Using the stress-strain relationship given by eq. (14), the following expressions for

stresses are obtained:

§M

Z|

Ty

I
M
2V

Tz:c

Il I
sM M
M =M

Tay

The coefficients a,., are identical to those obtained for the vertical load.

The dimensionless coeffi

the ratio (H/B) = 1.0; 2.0;

three values of the Poisson

<—- aAn U+ BALV + Alz'%W) sin ax cos By 24
dw\ .

( aA, U+ BALV + Am“E‘) sin ax cos By (25)
dw

<~ aAnU + BdnV + A’ ) sin ax cos By (26)

As <6ch12/ B W> sin ax sin By 27

A55< au + aW> cos ax cos By (28)

Ags(aV — BU) cos ax sin By 29)

RESULTS

\’s ratio.

The stresses and displad
the following form:

icients for stresses and displacements have been calculated for
3.0 and 5.0, for the ratio (L/B) = 1.0; 2.0 and 5.0, and for

ements, produced by a vertical load, p,, are now expressed in
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Table 1. Influence values 7, I, and I,z

(L/B) = 1.00 Point A
H/B 2B r=0.15 ¢ =0.30 ¢ =0.45
Iy Iy Lo Iy Iy Lyen Iy Iy Lyan
0.00 1.000 0.441 — 1.000 0.549 — 1.000 0.638 —
0.10 0.974 0.310 0.738 0.974 0.425 0.739 0.974 0.520 0.740
0.20 0.941 0.214 0.544 0.943 0.308 0.545 0.947 0.397 0.548
1.0 0.40 0.837 0.040 0.276 0.842 0.113 0.275 0.855 0.192 0.274
0.60 0.682 —0.005 0.167 0.690 0.062 0.164 0.712 0.149 0.164
0.80 0.563 0.013 0.131 0.570 0.093 0.122 0.595 0.211 0.114
1.00 0.473 0.083 0.117 0.468 0.201 0.096 0.478 0.391 0.067
0.00 1.000 0.527 — 1.000 0.649 — 1.000 0.766 —
0.10 0.970 0.385 0.726 0.970 0.500 0.726 0.970 0.590 0.726
0.20 0.931 0.261 0.521 0.931 0.355 0.522 0.931 0.446 0.522
0.40 0.802 0.061 0.236 0.802 0.122 0.236 0.804 0.181 0.237
2.0 0.80 0.462 —0.027 0.062 0.464 0.003 0.062 0.469 0.034 0.063
1.20 0.282 —0.023 0.033 0.286 —0.005 0.033 0.294 0.027 0.033
1.60 0.200 —0.005 0.030 0.204 0.020 0.028 0.215 0.057 0.025
2.00 0.157 0.027 0.028 0.155 0.067 — 0.161 0.132 0.011
0.00 1.000 0.545 — 1.000 0.672 — 1.000 0.795 —
0.10 0.970 0.400 0.724 0.970 0.502 0.724 0.970 0.635 0.724
0.20 0.930 0.275 0.518 0.930 0.370 0.519 0.930 0.464 0.519
0.40 0.799 0.070 0.230 0.799 0.131 0.230 0.799 0.191 0.231
0.80 0.452 —0.024 0.052 0.453 0.003 0.052 0.454 0.030 0.053
3.0 1.20 0.263 —0.025 0.020 0.264 —0.009 0.020 0.266 0.007 0.021
1.60 0.170 —0.018 0.013 0.172 —0.006 0.013 0.175 0.007 0.014
2.00 0.122 —0.011 0.012 0.124 0.000 0.012 0.129 0.013 0.012
2.50 0.091 -—0.001 0.013 0.093 0.011 0.011 0.099 0.029 0.010
3.00 0.073 0.13 0.012 0.073 0.031 0.009 0.0076  0.063 0.004
0.00 1.000 0.555 — 1.000 0.684 — 1.000 0.811 —_
0.10 0.970 0.432 0.723 0.970 0.521 0.723 0.970 0.625 0.723
0.20 0.930 0.282 0.517 0.930 0.380 0.517 0.930 0.476 0.517
0.40 0.798 0.076 0.228 0.798 0.138 0.228 0.798 0.200 0.223
0.80 0.450 —0.020 0.048 0.450 0.007 0.049 0.450 0.034 0.049
1.20 0.258 —0.023 0.015 0.258 —0.009 0.015 0.258 0.006 0.015
5,0 1.60 0.162 -—0.017 0.007 0.162 —0.009 0.007 0.163 0.000 0.007

0.110 -—0.013 0.005 0.111 —0.007 0.005 0.112 0.000 0.005
0.075 —0.008 0.004 0.075 —0.004 0.004 0.077 0.001 0.004
0.055 —0.006 0.004 0.056 —0.002 0.004 0.057 0.003 0.004
3.50 0.043 —0.004 0.004 0.044 0.000 0.004 0.046 0.006 0.004
4.00 0.036 —0.002 0.005 0.037 0.003 0.004 0.039 0.009 0.004
4.50 0.031 0.001 0.005 0.032 0.006 0.004 0.034 0.015 0.004
5.00 0.027 0.005 0.005 0.027 0.012 0.003 0.029 0.023 0.002

LN
888
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Table 2. Influence values I, Iz» and Iy.p

(L/B) =2.00 Point A
¢ =0.15 ©=0.30 ¢ =0.45
H/B z/B
Iy Iy Inzn I Iy Lo Iy Iy Lyzn
0.00 1.000 0.511 — 1.000 0.571 — 1.000 0.607 —

0.10 0.992 0.364 0.775 0.992 0.445 0.775 0.992 0.501 0.777
0.20 0.976 0.245 0.589 0.977 0.314 0.589 0.981 0.377 0.593

1.0  0.40 0.919 0.047 0.337 0.924 0.122  0.334  0.936 0.207  0.337
0.60 0.821 —0.006 0.233 0.827 0.080 0.226 0.847 0.193  0.224
0.80 0.732 0.020 0.198 0.734 0.130 0.181  0.754  0.291  0.165
1.00 0.651 0.115 0.181 0.638 0.273  0.145 0.639  0.523  0.099
0.00 1.000  0.656 —  1.000 0.731 —  1.000 0.79 —
0.10 0.985 0.502 0.754 0.985 0.545 0.755 0.985 0.620 0.764
0.20 0.963 0.325  0.552  0.963 0.390 0.552 0.964 0.449  0.554
0.40 0.877 0.084 0.271 0.878 0.138 0.272 0.880 0.189  0.274
2.0 0.80 0.615 —0.039 0.090 0.619 0.00 0.091 0.627 0.044  0.093
1.20 0.436 —0.036  0.058 0.441  0.000 0.057 0.455 0.046  0.057
1.60 0.334 —0.007 0.054 0.340 0.036 0.050 0.356 0.100  0.046
2.00 0.271 0.048 0.052 0.269 0.115 0.038 0.277 0.227  0.020
0.00 1.000  0.691 —  1.000 0.772 —  1.000  0.848 —
0.10 0.982 0.508 0.751 0.982 0.580 0.752 0.982 0.675  0.752
0120 0.961 0.350 0.546 0.962 0.418 0.546 0.962 0.482  0.547
0.40 0.872 . 0.102 0.261 0.872 0.156 0.261 0.873  0.207  0.263
0.80 0.598 —0.032 0.073 0.599 0.002 0.073 0.602 0.036 0.074
3.0 1.20 0.403 —0.040 0.033 0.405 —0.016 0.033 0.409 0.010  0.035
' 1.60 0.286 —0.030 0.024 0.289 —0.001  0.024 0.295 0.012  0.025
2.00 0.217 —0.019 0.023 0.220 0.000 0.022 0.229 0.025  0.023
2.50 0.168 —0.002 0.024 0.171 0.020 0.022 0.180  0.055  0.020
3.00 0.137 0.024 0.024 0.137 0.059 0.017 0.142 0.116  0.008
0.00 1.000 0.710 —  1.000  0.795 —  1.000 0.879 —
0.10 0.981 0.525 0.750 0.981 0.605 0.750 0.981 0.702  0.750
0.20 0.961 0.366 0.544 0.961 0.436  0.544 0.961 0.505 0.544
0.40 0.870 0.114 0.257 0.870 0.170  0.257 0.870  0.224  0.258
0.80 0.594 —0.024 0.066 0.594 0.009 0.066 0.594 0.043  0.066
1.20 0.393 —0.036 0.024 0.394 —0.014 0.024  0.395 0.007  0.025
5.0 1.60 0.270 —0.030 0.012 0.271 —0.015 0.013 0.272 0.000 0.013
2.00 0.195 —0.023 0.009 0.195 —0.012 0.009 0.197 0.000 0.010
2.50 0.138 —0.017 0.008 0.139 —0.008 0.008 0.141 0.002  0.008

3.00 0.104 —0.001 0.008 0.105 —0.004 0.008 0.108 0.006 0.008
3.50 0.083 —0.007 0.008 0.085 0.000 0.008 0.088 0.011 0.008
4.00 0.070 -—0.003 0.009 0.071 0.005 0.008 0.075 0.018 0.008
4.50 0.060 0.002 0.009 0.062 0.012 0.008 0.065 0.029 0.007
5.00 0.053 0.009 0.009 0.053 0.023 0.007 0.056 0.045 0.004
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Table 3. Influence values Iy, Iz, and 1.5

(L/B) =5.00 Point A
p=0.15 2 =0.30 2= 0.45
H/B z/B
I Iy Iyon Iy Iy Lyen Iw Iy Lzn
0.00 1.000 0.525 — 1.000 0.566 — 1.000 0.592 —
0.10 0.996 0.365 0.796 0.996 0.425 0.796 0.996 0.462 0.797
0.20 0.980 0.252 0.610 0.981 0.303 0.608 0.983 0.358 0.609
1.0 0.40 0.920 0.050 0.367 0.922 0.117 0.360 0.930 0.200 0.358
0.60 0.830 —0.005 0.271 0.832 0.081 0.257 0.843 0.199 0.246
0.80 0.753 0.022 0.239 0.751 0.138 0.212 0.760 0.307 0.183
1.00 0.688 0.121 0.221 0.672 0.288 0.171 0.665 0.544 0.108
0.00 1.000 0.715 — 1.000 0.745 — 1.000 0.760 —
0.10 0.99 0.505 0.772 0.990 0.565 0.772 0.990 0.590 0.773
0.20 0.971 0.362 0.565 0.971 0.390 0.566 0.972 0.410 0.568
0.40 0.889 0.104 0.290 0.890 0.135 0.290 0.893 0.163 0.293
2.0 0.80 0.667 —0.040 0.119 0.670 —0.004 0.118 0.677 0.039 0.120
1.20 0.524 -—0.043 0.092 0.528 0.002 0.088 0.539 0.063 0.088
1.60 0.441 —0.008 0.092 0.443 0.054 0.082 0.455 0.144 0.072
2.00 0.385 0.068 0.088 0.377 0.162 0.064 0.379 0.310 0.032
0.00 1.000 0.778 — 1.000 0.812 — 1.000 0.836 —
0.10 0.990 0.541 0.767 0.990 0.610 0.767 0.990 0.649 0.768
0.20 0.969 0.408 0.556 0.969 0.436 0.556 0.970 0.458 0.557
0.40 0.884 0.137 0.272 0.884 0.165 0.273 0.885 0.188 0.274
0.80 0.649 —0.027 0.089 0.650 0.000 0.089 0.653 0.026 0.091
3.0 1.20  0.489 —0.049 0.052 0.492 —0.022 0.052 0.498 0.008 0.054
1.60 0.391 —0.043 0.045 0.395 —0.015 0.044 0.404 0.020 0.046
2.00 0.329 -0.029 0.046 0.333 0.003 0.044 0.344 0.046 0.043
2.50 0.278 —0.002 0.049 0.281 0.038 0.043 0.292 0.099 0.038
3.00 0.241 0.042 0.047 0.238 0.102 0.034 0.242 0.198 0.016
0.00 1.000 0.819 — 1.000 0.859 — 1.000 0.895 —
0.10 0.990 0.603 0.765 0.990 0.642 0.765 0.990 0.703 0.765
0.20 0.969 0.442 0.511 0.969 0.473 0.551 0.969 0.503 0.552
0.40 0.881 0.164 0.264 0.881 0.19%4 0.264 0.882 0.22]1 0.265
0.80 0.641 -—0.010 0.075 0.641 0.015 0.075 0.642 0.039 0.076
1.20 0.474 —0.040 0.033 0.475 —0.018 0.033 0.476 0.003 0.034
5.0 1.60 0.367 —0.041 0.021 0.368 —0.023 0.021 0.370 —0.003 0.023
2.00 0.294 —0.037 0.018 0.296 —0.020 0.018 0.299 —0.001 0.019
2.50 0.233 —0.029 0.017 0.235 —0.014 0.017 0.239 0.005 0.018
3.00 0.191 —0.022 0.018 0.193 —0.007 0.018 0.199 0.013 0.019
3.50 0.162 —0.014 0.019 0.165 0.002 0.019 0.172 0.024 0.019
4.00 0.141 —0.006 0.021 0.144 0.012 0.019 0.152 0.040 0.018
4.50 0.126 0.005 0.022 0.128 0.027 0.019 0.135 0.062 0.016
5.00 0.113 0.020 0.021 0.113 0.048 0.015 0.117 0.096 0.008
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’#‘ahle 4. Influence values 7y, Iz, and Iy.p

(L/B) =1.00 Point C
©=0.15 p = 0.30 p=0.45
H/B z/B
Iy Iy Lo I Y Lyen Iz Iy Lion
0.00 0.250 0.083 0.000 0.250 0.112 0.000 0.250 0.134 0.000
0.20 0.250 0.061 0.121 0.250 0.921 0.119 0.250 0.122 0.114
1.0 0.40 0.250 0.039 0.105 0.250 0.072 0.103 0.250 0.110 0.098
0.60 0.250 0.028 0.079 0.250 0.064 0.079 0.250 0.112 0.075
0.80 0.241 0.028 0.059 0.238 0.071 0.064 0.239 0.133 0.070
1.00 0.227 0.040 0.056 0.220 0.0%4 0.073 0.215 0.176 0.096
0.00 0.250 0.131 0.000 0.250 0.163 0.000 0.250 0.190 0.000
0.20 0.250 0.089 0.136 0.250 0.117 0.136 0.250 0.142 0.135
0.40 0.243 0.052 0.128 0.244 0.076 0.127 0.245 0.098 0.126
2.0 0.80 0.210 0.010 0.080 0.211 0.028 0.079 0.214 0.048 0.077
1.20 0.170 0.001 0.044 0.172 0.016 0.043 0.178 0.037 0.042
1.60 0.141 0.003 0.024 0.142 0.023 0.025 0.149 0.053 0.025
2.00 0.118 0.021 0.019 0.117 0.050 0.024 0.120 0.098 0.030
0.00 0.250 0.146 0.000 0.250 0.181 0.000 0.250 0.213 0.000
0.20 0.249 0.100 0.138 0.249 0.129 0.138 0.249 0.156 0.137
0.40 0.241 0.060 0.131 0.241 0.083 0.131 0.242 0.106 0.130
0.80 0.203 —0.013 0.084 0.203 0.028 0.084 0.204 0.044 0.084
3.0 1.20 0.157 —0.003 0.049 0.158 0.008 0.049 0.160 0.020 0.048
1.60 0.121 —0.007 0.028 0.122 0.003 0.028 0.125 0.014 0.027
2.00 0.096 —0.005 0.017 0.098 0.004 0.016 0.102 0.016 0.016
2.50 0.077 0.001 0.009 0.078 0.012 0.009 0.083 0.028 0.010
3.00 0.064 0.011 0.007 0.064 0.027 0.009 0.066 0.054 0.011
0.00 0.250 0.156 0.000 0.250 0.192 0.000 0.250 0.227 0.000
0.20 0.249 0.107 0.138 0.249 0.137 0.138 0.249 0.167 0.138
0.40 0.241 0.066 0.132 0.241 0.090 0.132 0.240 0.113 0.131
0.80 0.200 0.016 0.086 0.200 0.032 0.086 0.201 0.047 0.086
1.20 0.152 —0.001 0.051 0.153 0.009 0.051 0.153 0.019 0.051
1.60 0.114 —0.006 0.030 0.114 0.001 0.030 0.115 0.008 0.030
5.0 2.00 0.086 —0.007 0.019 0.087 —0.002 0.019 0.087 0.004 0.018
2.50 0.063 —0.006 0.011 0.064 —0.002 0.011 0.065 0.003 0.011
3.00 0.049 —0.005 0.007 0.050 —0.001 0.006 0.051 0.004 0.006
3.50 0.040 —0.003 0.004 0.040 0.001 0.004 0.042 0.006 0.004
4.00 0.034 —0.001 0.003 0.034 0.003 0.003 0.036 0.009 0.003
4.50 0.029 01001 0.002 0.030 0.006 0.002 0.032 0.014 0.002
5.00 0.026 0.005 0.002 0.026 0.011 0.002 0.027 0.022 0.003
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Table 5. Influence values Iy, Iz, and I,

(L/B) = 2.00 Point C
pr=0.15 ©r=0.30 pr=0.45
H|/B z/B
127) IZ’U IiEZ’U Iz'v IZ’I} ICEZ?) IZ’I) IE’U Ixz'v
0.00 0.250 0.085 0.000 0.250 0.108 0.000 0.250 0.129 0.000
0.20 0.250 0.062 0.119 0.250 0.089 0.118 0.250 0.118 0.113
1.0 0.40 0.250 0.041 0.104 0.250 0.072 0.103 0.250 0.112 0.097
0.60 0.250 0.029 0.079 0.250 0.067 0.081 0.250 0.118 0.078
0.80 0.248 0.030 0.061 0.244 0.076 0.069 0.240 0.141 0.075
1.00 0.241 0.042 0.061 0.232 0.099 0.080 0.223 0.183 0.107
0.00 0.250 0.147 0.000 0.250 0.164 0.000 0.250 0.176 0.000
0.20 0.250 0.100 0.136 0.250 0.116 0.136 0.250 0.129 0.135
0.40 0.248 0.059 0.130 0.249 0.076 0.129 0.250 0.092 0.127
2.0 0.80 0.230 0.012 0.086 0.231 0.030 0.085 0.234 0.051 0.082
1.20 0.205 -—0.002 0.051 0.207 0.020 0.051 0.212 0.048 0.049
1.60 0.183 0.005 0.031 0.183 0.033 0.032 .188 0.072 0.033
2.00 0.163 0.029 0.026 0.160 0.068 0.033 .160 0.131 0.042
0.00 0.250 0.172 0.000 .250 0.192 0.000 .250 0.207 0.000
0.20 0.250 0.118 0.139 .250 0.135 0.139 .250 0.149 0.139
0.40 0.246 0.072 0.134 .246 0.088 0.134 .246 0.102 0.133

224 0.045 0.091
194 0.024 0.057
.167 0.020 0.035
146 0.026 0.022
125 0.046 0.015
104 0.085 0.019

.222 0.031 0.092
191 0.009 0.058
163 01004 0.036
.141 0.007 0.023
120 0.019 0.014
102 0.044 0.014

0.80 0.222 0.017 0.093
3.0 1.20 0.190 —0.004 0.059
1.60 0.162 —0.009 0.037
2.00 0.139 —0.007 0.023
2.50 0.119 0.001 01014
3.00 0.103 0.018 0.012

250 0.232 0.000
.250 0.168 0.140
.245 0.116 0.135
.219 0.050 0.095
184 0.021 0.061
.152 0.010 0.040

.250 0.211 0.000
.250 0.150 0.140
245 0.100 0.135
.219 0.037 0.095
184 0.010 0.062
.151 0.000 0.040

0.00 0.250 0.189 0.000
0.20 0.250 0.131 0.140
0.40 0.245 0.083 0.135
0.80 0.218 0.023 0.095
1.20 0.183 —0.001 0.062
1.60 0.151 -—0.009 0.040
5.0 2.00 0.124 —0.011 0.027 125 —0.003 0.027 .126 0.006 0.026
2.50 0.099 -0.010 0.017 .100 —0.003 0.016 .102 0.005 0.016
3.00 0.081 —0.008 0.011 0.082 —0.001 0.011 0.085 0.007 0.010
3.50 0.068 —0.005 0.007 0.069 0.002 0.007 0.073 0.011 0.007
4.00 0.059 —0.002 0.005 0.060 0.006 0.005 0.064 0.017 0.005
4.50 0.053 0.002 0.004 0.053 0.011 0.004 0.057 0.026 0.004
5.00 0.047 0.008 0.003 0.047 0.020 0.004 0.049 0.040 0.005
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Table 6. Influence value Zzv, Izy and Iozo

(L/B) = 5.00 Point C
g =0.15 = 0.30 4= 0.45
H/B z/B
Iz71 IZ’U Ixz?) Iz’l} [ﬂ?’v Izz'l) IZ?I Ix’l) IZZ‘U
0.00 0.250 0.082 0.000 0.250 0.103 0.000 0.250 0.124  0.000
0.20 0.250 0.062 0.118 0.250 0.088 0.117 0.250 0.120  0.113
1.0 0.40 0.250 0.041 0.103 0.250 0.072 0.103 0.250 0.114  0.098
0.60 0.250 0.029 0.079 0.250 0.067 0.081 0.250 0.120  0.080
0.80 0.247 0.030  0.06] 0.244 0.076 0.069 0.242 0.143  0.077
1.00 0.239 0.042 0.060 0.233 0.100 0.081 0.226 0.185  0.109
0.00 0.250 0.146 | 0.000 0.250 0.154 0.000 0.250 0.158  0.000
0.20 0.250 0.101 = 0.135 0.250 0.112 0.134 0.250 0.121  0.133
0.40 0.247 0.061  0.120 0.247 0.073  0.138  0.248  0.087  0.126
2.0 0.80 0.230 0.012| 0.086 0.230 ~ 0.029 0.085 0.232 0.050  0.082
1.20 0.207 —0.001  0.052 0.208 0.020 0.052 0.211  0.050  0.050
1.60 0.188 0.006 0.032 0.188 0.035 0.034 0.190 0.077 0.036
2.00 0.172  0.030 | 0.028 0.168 0.072 0.035 0.166 0.136  0.046
0.00 0.250 0.177 | 0.000 0.250 0.182 0.000 0.250 0.184  0.000
0.20 0.249 0.124 | 0.138 0.249 0.131 0.137 0.249  0.136  0.137
0.40 0.245 0.077 0.133 0.246 0.086 0.133  0.246  0.093  0.132
0.80 0.224  0.019  0.093 0.225 0.029 0.092 0.223  0.040  0.091
3.0 1.20 0.197 —0.004 0.060 0.197 0.008 0.059 0.199  0.022  0.058
1.60 0.173 —0.010 | 0.038 0.174 0.004 0.038 0.176 0.022  0.037
2.00 0.155 —0.008  0.025 0.156 0.009 0.025 0.159  0.032  0.025
2.50 0.139  0.002 0.016 0.138 0.024 0.017 0.141 0.056  0.018
3.00 0.126 0.022 0.014 0.123 0.053 0.018 0.123  0.100  0.023
0.00 0.250 0.203  0.000 0.250 0.209 0.000 0.250  0.214  0.000
0.20 0.249 0.146  0.130  0.249 0.153  0.139  0.249  0.158  0.139
0.40 0.245 0.095 0.135 0.245 0.102 0.135 0.245  0.109  0.135
0.80 0.221 0.031 & 0.096 0.221 0.038 0.096 0.222 0.045  0.096
1.20 0.191 0.002 | 0.064 0.191 0.010 0.064 0.192 0.018  0.063
1.60 0.164 —0.009 | 0.043 0.164 —0.001 0.043 0.166 0.009  0.042
5.0 2.00 0.142 -0.012 0.030 0.143 —0.004 0.030 0.145 0.006 0.029
2.50 0.122 —0.012  0.020 0.123 —0.004 0.019 0.125 0.008  0.019
3.00 0.107 —0.010 | 0.013 0.108 —0.001 0.013 0.111  0.012  0.013
3.50 0.096 —0.007 | 0.009 0.097 0.004 0.009 0.101  0.019  0.009
4.00 0.088 —0.002 = 0.007 0.089 0.010 0.007 0.092 0.028  0.007
4.50 0.081  0.004 0.005 0.082 0.019 0.006 0.085 0.042  0.007
5.00 0.075 0.013 0.005 0.075 0.032 0.007 0.076 0.062  0.008
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Oz =p71'[z11

Opy = pV'I:w

Tazw = pv'lxzv
B

Wyy == pE 'I'wAv
B

Wey == pE 'IwC'u
B

Ugy = pE 'Iqu
B

Voo = pE '[7;011

MILOVIC AND TOURNIER

(30)

GD)
(32)

(33)

(34)

35)

(36)

Op = ph'Izh
Ogh =ph'lmh

Teeh = Du 'Ia:zh

Waun = phl;;B'IwAh
Wen = phéB‘Iwoh
Uar "—”phl::B'IuAh
Uer = ph’f.Bi'Iuoh
Vor = ph—l:jB'Iwh

(37
(38)
(39)

(40)

(41)

(42)

43)

(44)

where I values are dimensionless coefficients for the stresses or displacements due to ver-
tical or horizontal load.

2z

B

H

5.0y g =50

Fig. 3. Vertical stresses ¢, on the axis A.; (L/B) = 1.0
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0.0

2.01

Fig. 4. Vertical stresses ¢, on the axis A.; (L/B) = 2.0

2.01

WIN

Fig. 5. Vertical stresses ¢, on the axis 4.; (L/B) = 5.0

Heso

5.01
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The coefficients 7 for the stresses due to vertical load p, are given in Tables 1-6. Some
of the obtained results are presented graphically in Figs. 3-6. The coefficients for the
displacements w, # and v are given in Table 7. The curves are shown in Figs. 7-9 for the
Poisson’s ratio p = 0.30.

-ol

erd

\

iL=015

L =030

1L =045

paint A

Fig. 6. Horizontal stresses ¢, on the axis 4,; (L/B) = 1.0 and (H/B) = 1.0

Table 7. Influence values Iy 40, Ticvs Tucy and Incy

r=0.15 7 =0.30 ¢ =0.45
L/B  HJ/B
Lpav Twco Tuce Iucw TLoav ILuco Tucw Ioco Tpav Twoo Tucw Iucw
0.50 0.45 0.12 0.05 0.05 0.38 0.10 0.03 0.03 0.25 0.05 0.00 0.00
1.00 0.71 0.23 0.09 0.09 0.63 0.20 0.05 0.05 0.50 0.13 0.00 0.00
1.0 2.00 0.88 0.36 0.12 0.12 0.81 0.32 0.07 0.07 0.68 0.26 0.00 0.00
3.00 0.95 0.42 0.13 0.13 0.87 0.38 0.08 0.08 0.74 0.31 0.00 0.00
5.00 1.00 0.47 0.13 0.13 0.92 0.43 0.08 0.08 0.80 0.36 0.00 0.00
0.50 0.46 0.12 0.05 0.05 0.38 0.10 0.03 0.03 0.23 0.04 0.00 0.00
1.00 0.81 0.24 0.10 0.10 0.71 0.20 0.05 0.05 0.53 0.12 0.00 0.00
2.0 2.00 1.11 0.41 0.14 0.16 1.00 0.36 0.08 0.09 0.82 0.27 0.00 0.00
3.00 1.23 0.51 0.15 0.19 1.12 0.45 0.09 0.11 0.94 0.36 0.00 0.00
5.00 1.33 0.60 0.16 0.20 1.23 0.54 0.10 0.13 1.05 0.45 0.00 0.00
0.50 0.47 0.12 0.05 0.05 0.38 0.09 0.03 0.03 0.22 0.04 0.00 0.00
1.00 0.82 0.24 0.10 0.11 0.70 0.19 0.05 0.06 0.49 0.11 0.00 0.00
5.0 2.00 1.23 0.41 0.14 0.18 1.09 0.35 0.08 0.08 0.84 0.25 0.00 0.00
3.00 1.45 0.53 0.15 0.23 1.31 0.46 0.09 0.12 1.06 0.35 0.01 0.01
5.00 1.67 0.68 0.17 0.28 1.52 0.61 0.10 0.16 1.27 0.48 0.02 0.02

The coeflicients I for the stresses due to horizontal load p, are given in Tables 8-10,
(The values of I, on the axis Az are shown in Tables 1-3).
Some of the obtained results are also presented in Figs. 10-12. The coefficients for the

displacements u, v and w are given in Table 11.

for the Poisson’s ratio g = 0.30.

The curves are shown in Figs. 13-15
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Fig. 9. Horizontal displacement u of the point C

00 002 004 006 008 OO Ol2 014 Ol6
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Z.
B

H.
5.0 V"B 50

Fig. 10. Vertical stresses o, on the axis C.; (L/B) = 1.0
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Ta’ble 8. Influence values Iz, Ixr and I.:zn

(L/B) =1.00 Point C
r=0.15 ¢ =0.30 pr=0.45
H/B z/B
L Isn Lyen I, I Lyon I.n Isn Iyan
0.10 0.157 0.496 i 0.223 157 0.507 0.223 .157 0.515 0.096
0.20 0.152 0.303 0.200 .151 0.313 0.200 151 0.321 0.104
1.0 0.40 0.142 0.126 0.157 .143 0.136 0.155 .146 0.146 0.076
0.60 0.130 0.053 0.126 .131 0.064 0.123 .135 0.077 0.051
0.80 0.118 0.022 0.108 .118 0.038 0.102 .123 0.059 0.037
1.00 0.108 0.019 0.100 .105 0.045 0.090 105 0.086 0.044
0.10 0.155 0.527 0.217 .155 0.537 0.217 .155 0.547 0.217
0120 0.150 0.328 0.188 .150 0.337 0.189 .150 0.346 0.189
0.40 0.133 0.146 0.135 .133 0.153 0.135 .133 0.159 0.136

2.0 0.8 0.089 0.033 0.069
1.20 0.057 0.007 0.042
1.60 0.040 0.001 0.033
2.00 0.031 0.006 0.029

0.10 0.155 0.531 0.216
0.20 0.150 0.332 0.186
0.40 0.132 0.150 0.131
0.80 0.087 0.036 0.061
3.0 1.20 0.052 0.009 0.031
1.60 0.032 0.002 0.019
2.00 0.022 0.000 0.015
2.50 0.015 0.000 0.014
3.00 0.012 0.002 0.013

.089 0.037 0.069
.058 0.010 0.041
.041 0.005 0.031
.031 0.013 0.024

.090 0.041 0.069
.060 0.013 0.041
.044 0.010 0.028
.032 0.027 0.017

155 0.543 0.216
.150 0.342 0.186
.132 0.156 0.130
.087 0.039 0.061
.052 0.011 0.031
.033 0.003 0.019
022 0.001 0.015
.015 0.001 0.013
.012 0.005 0.010

155 0.545 0.215

.155 0.553 0.216
.150 0.351 0.186
.132 0.163 0.131
.087 0.042 0.062
.053 0.013 0.032
.033 0.004 0.020
.023 0.002 0.015
.017 0.003 0.011
.012 0.010 0.006

0.10 0.155 0.533 0.215
0.20 0.150 0.334 0.185 .150 0.344 0.185
0.40 0.132 0.151 0.129 132 0.158 0.129
0.80 0.086 0.037 0.058 0.086 0.040 0.058
1.20 0.051 0.010 0.027 0.051 0.012 0.027
16.0 0.031 0.003 0.014 0.031 0.004 0.014
5.0 2.00 0.019 0.000 0.009 0.019 0.001 0.009 .020 0.002 0.009
2.50 0.012 0.000 0.006 0.012 0.000 0.006 .012 0.001 0.006
3.00 0.008 0.000 0.005 0.008 0.000 0.005 0.008 0.000 0.005
3.50 0.005 0.000 0.005 0.006 0.000 0.005 0.006 0.000 0.005
4.00 0.004 0.000 0.005 0.004 0.000 0.005 0.005 0.001 0.004
4.50 0.003 0.000 0.005 0.003 0.000 0.004 0.004 0.001 0.004
5.00 0.003 0.000 0.005 0.003 0.001 0.004 0.003 0.002 0.002

.155 0.556 0.215
.150 0.353 0.185
132 0.164 0.129
.086 0.044 0.058
.051 0.013 0.027
.031 0.005 0.014

OO0 | OO0 COOO0OOCO|O0OOOOOCOO [=NelNeNo NNl

C 00000 CO 0000000 OO | OO0 CO0OO OOOOOO
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Table 9. Influence values 71, I, and Iz

(L/B) = 2.00 Point C
g =0.15 p=0.30 p=0.45
HB zB
L Ien Lyen L Ly Lpon L Lo, Loen
0.10 0.158 0.509 0.230 0.158 0.515 0.229 0.158 0.517 0.229
0.20 0.155 0.312 0.210 0.155 0.318 0.208 0.155 0.323 0.207
1.0 0.40 0.147 0.132 0.172 0.148 0.140 0.168 0.150 0.149 0.165
0.60 0.139 0.056 0.145 0.139 0.068 0.139 0.142 0.082 0.132
0.80 0.131 0.024 0.128 0.130 0.042 0.119 0.133 0.066 0.018
1.00 0.125 0.022 0.121 0.120 0.051 0.106 0.118 0.096 0.089
0.10 0.156 0.552 0.222 0.156 0.556 0.224 0.156 0.558 0.223
0.20 0.151 0.348 0.195 0.151 0.352 0.195 0.151 0.354 0.196
0.40 0.137 0.160 0.145 0.137 0.163 0.145 0.138 0.165 0.146
2.0 0.80 0.100 0.039 0.084 0.100 0.042 0.083 0.102 0.045 0.084
1.20 0.071 0.008 0.058 0.072 0.011 0.057 0.074 0.016 0.056
1.60 0.055 0.001 0.049 0.056 0.007 0.045 0.059 0.015 0.041
2.00 0.045 0.008 0.045 0.045 0.019 0.036 0.046 0.037 0.025
0.10 0.156 0.560 0.220 0.156 0.564 0.220 0.156 0.568 0.221
0.20 0.151 0.355 0.191 0.151 0.359 0.191 0.151 0.362 0.192
0.40 0.136 0.166 0.138 0.136 0.169 0.139 0.136 0.172 0.139
0.80 0.096 0.043 0.072 0.096 0.046 0.072 0.097 0.048 0.072
3.0 1.20 0.064 0.012 0.042 0.064 0.013 0.042 0.065 0.015 0.042
1.60 0.044 0.002 0.030 0.044 0.004 0.029 0.045 0.006 0.030
2.00 0.032 0.000 0.025 0.032 0.001 0.024 0.034 0.003 0.0234
2.50 0.024 0.000 0.023 0.024 0.002 0.021 0.026 0.006 0.019
3.00 0.019 0.003 0.022 0.019 0.008 0.017 0.020 0.016 0.010
0.10 0.156 0.563 0.219 0.156 0.568 0.219 0.156 0.572 0.219
0.20 0.151 0.358 0.189 0.151 0.362 0.189 0.151 0.366 0.189
0.40 0.136 0.168 0.135 0.136 0.172 0.135 0.136 0.175 0.135

0.80 0.096 0.045 0.066 0.096 0.048 0.066 0.096 0.050 0.066
.20 0.063 0.014 0.034 0.063 0.015 0.034 0.063 0.016 0.035
.60 0.041 0.004  0.020 0.041 0.005 0.020 0.042 0.006 0.021
.00 0.028 0.001 0.014 0.028 0.002 0.013 0.028 0.002 0.014
50 0.018 0.000 0.010 0.018 0.000 0.010 0.019 0.001 0.011
00 0.013 -—0.001 0.009 0.013 0.000 0.009 0.013 0.000 0.009
50 0.009 -0.001 0.009 0.010 0.000 0.009 0.010 0.000 0.009
.00  0.007 0.000 0.009 0.008 0.000 0.009 0.008 0.001 0.008
.50  0.006 0.000 0.009 0.006 0.001 0.008 0.007 0.002 0.007
.00 0.005 0.001 0.009 0.005 0.002 0.007 0.006 0.005 0.004

5.0

B WN N e

[V N
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Table 10. Influence values In, In and Ly.n

(L/B) = 5.00 Point C
#=0.15 7 =0.30 p=0.45
H/B z/B ‘
Iy Ln Ison Ion I Lo In Ion Lz
0.10 0.158 0.510 0.231 0.158 0.514 0.230 0.158 0.516 0.229
0.20 0.155 0.312: 0.211 0.155 0.318 0.209 0.155 0.322 0.207
1.0 0.40 0.148 0.132  0.174 0.148 0.140 0.169 0.150 0.148 0.164
0.60 0.140 0.056 0.147 0.140 0.067 0.140 0.143 0.082 0.131
0.80 0.133 0.024 0.131 0.132 0.042 0.120 0.135 0.067 0.106
1.00 0.127 0.022 0.123 0.122 0.052 0.107 0.120 0.098 0.087
0.10 0.156 0.555 0.224 0.156 0.556 0.224 0.156 0.555 0.224
0.20 0.152 0.351 0.197 0.152 0.352 0.197 0.152 0.351 0.198
0.40 0.138 0.162 0.150 0.138 0.163 0.149 0.138 0.164 0.150
2.0 0.80 0.102 0.039  0.091 0.102 0.042 0.090 0.103 0.044 0.089
1.20 0.074 0.008; 0.068 0.075 0.011 0.064 0.077 0.016 0.061
1.60 0.059 0.001 0.060 0.060 0.007 0.053 0.063 0.016 0.046
2.00 0.051 0.009 0.055 0.050 0.021 0.043 0.051 0.041 0.027
0.10 0.156 0.567 0.221 0.156 0.567 0.222 0.156 0.567 0.222
0.20 0.151 0.316; 0.193 0.151 0.361 0.193 0.151 0.361 0.193
0.40 0.137 0.170:.  0.142 0.137 0.171 0.142 0.137 0.171 0.143
0.80 0.098 0.046:  0.078 0.098 0.046 0.078 0.099 0.047 0.079
3.0 1.20 0.067 0.013 0.050 0.068 0.014 0.050 0.068 0.015 0.050
1.60 0.048 0.002 0.039 0.049 0.004 0.038 0.050 0.005 0.038
2.00 0.037 —0.001 0.036 0.038 0.001 0.034 0.039 0.004 0.032
2.50 0.029 0.000 0.035 0.030 0.002 0.030 0.031 0.007 0.026
3.00 0.025 0.004 0.033 0.025 0.011 0.025 0.025 0.021 0.014
0.10 0.156 0.572 0.220 0.156 0.573 0.220 0.156 0.573 0.221
0.20 0.151 0.366 0.190 0.151 0.367 0.191 0.151 0.367 0.191
- 0.40 0.136 0.175 0.137 0.136 0.175 0.137 0.136 0.175 0.138
0.80 0.097 0.049 0.069 0.097 0.050 0.070 0.097 0.050 0.070
1.20  0.065 0.016 0.039 0.065 0.016 0.039 0.066 0.016 0.040
1.60 0.045 0.005 0.025 0.045 0.005 0.026 0.045 0.006 0.027
5.0 2.00 0.032 0.001 0.020 0.032 0.002 0.020 0.033 0.002 0.021
2.50 0.023 0.000 0.017 0.023 0.000 0.017 0.023 0.000 0.018

3.00 0.017 -0.001 0.017 0.017 0.000 0.016 0.018 0.000  0.017
3.50 0.014 —-0.001.  0.017 0.014 0.000 0.016 0.014 01001 0.016
4.00 0.011 —-0.009  0.017 0.012 0.000 0.016 0.012 0.002 0.015
4.50 0.010 0.000  0.017 0.010 01001 0.015 0.011 0.004  0.013
5.00 0.009 0.002 = 0.017 0.009 0.004 0.013 0.009 0.007 0.008
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Table 11. Influence values 7y 4, Tuck, Twcr and Iucn
pr=0.15 7 =0.30 ¢ =0.45
LB HB
Tuar Tucr ITwch Iuch Tuar  Tuch ITwer Iuch Iyan  Iucr  Iwen Iuch
0.50 0.53 0.20 0.05 0.04 0.56 0.21 0.03 0.06 0.58 0.23 0.01 0.09
1.00 0.72 0.32 0.10 0.04 0.75 0.34 0.07 0.07 0.76 0.35 0.04 0.10
1.0 2.00 0.83 0.42 0.13 0.04 0.86 0.43 0.10 0.07 0.87 0.44 0.06 0.10
3.00 0.86 0.45 0.13 0.04 0.90 0.47 0.10 0.07 0.91 0.48 0.07 0.10
5.00 0.90 0.48 0.14 0.04 0.93 0.50 0.11 0.07 0.94 0.051 0.08 0.10
0.50 0.60 0.20 0.05 0.04 0.63 0.22 0.03 0.07 0.63 0.23 0.01 0.10
1.00 0.90 0.36 0.10 0.06 0.92 0.37 0.07 0.09 0.91 0.38 0.03 0.13
2.0 2.00 1.10 0.51 0.14 0.06 1.12 0.52 0.11 0.09 1.11 0.52 0.07 0.14
3.00 1.18 0.58 0.15 0.06 1.20 0.59 0.12 0.09 1.19 0.58 0.08 0.14
5.00 1.25 0.64 0.17 0.06 1.27 0.65 0.13 0.09 1.26 0.65 0.09 0.14
0.50 0.62 0.20 0.05 0.04 0.63 0.22 0.03 0.07 0.63 0.23 0.01 0.10
1.00 0.98 0.36 0.10 0.06 0.99 0.38 0.07 0.10 0.95 0.37 0.03 0.15
5.0 2.00 1.34 0.55 0.14 0.07 1.33 0.55 0.11 0.11 1.28 0.53 0.07 0.16
3.00 1.50 0.66 0.16 0.07 1.50 0.66 0.12 0.11 1.43 0.64 0.08 0.17
5.00 1.66 0.79 0.17 0.07 1.65 0.79 0.13 0.11 1.60 0.77 0.10 0.17
0.0 0.92 i():l» QIOG 0.98 0.!0 O.!Z Q[4 O.gG

0.0

20

3.0

4.0

wl~

5.04

Fig.

11.
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g =50

Vertical stresses o, on the axis C,; (L/B) = 2.0
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Fig. 12. Vertical stresses o, in the axis C.; (L/B) = 5.0
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Flg 13. Horizontal displacement « of the point 4
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Fig. 15. Vertical displacement w of the point C
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CONCLUSIONS

The dimensionless coeﬁicients for the stresses and displacements produced by the
vertical or horizontal rectangular load are calculated.

The tabulated values are easy to use and allow any engineer to calculate quickly the
stresses and displacements in the layer of finite thickness.
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NOTATIONS

The following symbols are used in this paper:
B = Width of the rectangular foundation.
E = Young’s modulus of elasticity.
H = Thickness of the compressible layer.
L = Length of the rectangular foundation.
p = Load.
pi» = Horizontal component of the load p
p» = Vertical component of the load p
u = Horizontal displacement in the x direction.
u 4, = Horizontal displacement of the point A in the x direction, due to hori-
zontal load p,
ug, = Horizontal displacement of the point C in the x direction, due to hori-
zontal load p;,
Ug, = Horizontal displacement of the point C in the x direction, due to vertical
load p,
v = Horizontal displacement in the y direction.
vor, = Horizontal displacement of the point C in the y direction, due to hori-
zontal load p;,
v¢» = Horizontal displacement of the point C in the y direction, due to vertical
load p,
w = Displacement in the z direction
wa, = Vertical displacement of the point 4 in the z direction, due to horizontal
load p;, :
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w4, = Vertical displacement of the point 4 in the z direction, due to vertical
load p,

wes, = Vertical displacement of the point C in the z direction, due to horizontal
load p;

we, = Vertical displacement of the point C in the z direction, due to horizontal
load p,

w¢, = Vertical displacement of the point C in the z direction, due to vertical
load p,
Tews Tens Tay = Shearing strain components
€15 €45 €, = Unit elongations in x, y and z directions.
0 = Angle between the vertical axis and the load p
p = Poisson’s ratio.
gy 04, 0, = Normal stresses in x y and z directions.
0., = Horizontal stress due to horizontal load p,
05 = Horizontal stress due to vertical load p,
0., = Vertical stress due to horizontal load p,
0., = Vertical stress due to vertical load p,
Tays Teas Tay = Shearing stress components.
7z.1, = Shear stress due to horizontal load p,
Taze = Shear stress due to vertical load p,

APPENDIX
The use of the Tables is illustrated by the following example.
A rectangular foundation of width B = 2.0 m and length L = 4.0 m carries an inclined
load p = 2.0 kg/cm®. The angle of inclination is 6 = 10°. The thickness of a com-

pressible layer is H = 4.0 m, for which the modulus of elasticity is £ = 100 kg/cm?* and
Poisson’s ratio ¢ = 0.30.

Find the displacements w and u of points 4 and C (see Fig. 2).
Solution

The vertical component of the load is p, = p-cos d = 2.0-0.986 = 1.972 kg/cm®.
The horizontal component is p, = p-sin 0 = 2.0-0.174 = 0.348 kg/cm?.

According to the equations (33), (34), and (35) the displacements w and u due to vertical
component, p,, are:

B

P
Wi = ‘_E. 'IwAv
P.B
Wey = ~ E ’Iva
P.B
Ugy = E 'Iqu
For the ratio (I/B) = (4.0/2.0) = 2.0, (H/B) = (4.0/2.0) = 2.0 and # = 0.30, the Table

7 gives:
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IL,., = 1.00 (point A)
I,c. = 0.36 (point C)
I, = 0.08 (point C)
The displacements w and u are:
Wap = —1—'——91%—(')20—-1.00 = 3.94cm
Wep = i'91——(2)‘—0—220*-0.36 =1.492cm
o =+ 1= 2.0.08 = 0.320m

27

According to the equations (41) to (43), the displacements w and u due to horizontal

component, p,, are:
P B

Wer = E Lo
-B
uAh - phE 'Iu/lh
-B
Uern = phE Luon
The Table 11 gives:
L,ci, =0.11 (point C)
L =1.12 (point A)
L, =0.52 (point C)
The displacements are;
Weon = &%6&{0.11 = 0.08 cm
Uap = M%)EQQ'-I.IZ =0.78 cm
Won = —(E?g—bzo—q-o.ﬂ = 0.36 cm
Consequently, the total displacements are:
wAzwAv—EwAh=3.94+0=3.94cm (point A)
Wo = Wgo + Wen = 1.42+0.08=1.50cm (point C)
Ug = Uy + Ugp =0+ 0.78 =0.78 cm (point A)
Uo = Uiy +H gy = 0.32 4 0.36 = 0.68 cm (point C)

(Received June 16, 1970)
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