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                               ABSTR.ACT

  The purpose of  this paper  is to develop a finite element  method  for consolidation  fbllow-
ing undrained  deformation under  the fbllowing assumptiens;  Soil is inhomogeneous,

anisotropically  elastic  with  respect  to the efTective stress,  and  saturated  by incompressible
water;  deformation of  soil  does not  depend on  pore water  pressure but on  the effective

stress;  water  fiows through  soil according  to Dar ¢ y's law. The  paper is of  a theoretical

nature.

  The finite element  rnethod  previously developed by Sandhu and  Wilson (1969> and

Yokoo,  Yarnagata, and  Nagaoka  (1971)･ is shown  to  be inapplicable to problems of

consolidation  fbllowing undrained  deformation because of  the inherent coRtinuity  require-

rnent  of  water  head. A  new  variational  principle fbr consolidation  is derived in which
water  head may  be piecewise continueus,  and  the finite element  technique is applied  to

the principle in order  to develop an  effective  numerical  method  for the problems.

Keywords: clay,  computer  application,  consolidation,  deformation, effbetive  stress,

           elasticity, pore pressure, saturatien,  settlement  analysis, three dimensienal
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                             INTRODUCTION

  EIastic and  elastic-plastic  problems  in soil  mechanics  have frequently been analyzed

numerically  by the finite element  method  which  has been devcloped for the stress  analysis

efa  nonporous  soiid. Most  ef  the problems were  analyzed  in terms of  total stress and

a  few in terms of  effective  stress  and  pore  water  pressure. Since the mechanical  behavior

of  a saturated  soil can  be interpTeted more  clearly in terms of  the effective stress than  the
total stress,  finite eiement  analyses  in terms of  effective  stress  are  apparently  important.

The following four analyses  in terfns of  efiective  stress  can  be found.

  Christiatt (1968) analYzed  undrained  elastic defbrmation of  saturated  isotropic soil.

The variational  principle which  he developed to derive the governing  equation  of  finite

element  solution  can  be 6btained by modifying  Herrmann's variationai  principle (1965)
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for elastic defbrmation of  nonporous  incompressible solid.

  Sandhu afid  Wilson (l969) and  Yokoo,  Yamagata, and  Nagaoka  (1971) analyzed  con-

solidation  problems. The variational  principle equivalent  to the  geverning equations  in
consolidation  problems was  developed and,  by applicatien  of  the  direct method  to the

principle, the geverning equation  of  finite element  solution  was  derived.

  Christian and  Boehmer  (l970) formulated mixed  type of  finite element  and  finite differ-
ence  methods  in consolidation  problems. The  direct method  was  applied  to a  variational

principle equivalent  to the  equi]ibrium  equation  and  the elastie stress-strain relation,  but
finite difference technique was  applied  to the relation  between volume  change  of  soil and

hydraulic gradient. Because of  the nature  of  the finite diflerence technique, fictitious

eiements  outside  the region  occupied  by soi} must  be introduced.

  In the present paper, the finite element  method  developed by Sandhu and  Wilson (1969)
/and  Yokoo, Yarnagata, and  Nagaoka  (1971) is shown  te be inapplicable to prQblems  of

consoiidation  following undrained  defbrmation, i.e., problems  of  soil deformation under

piecewise continuous  load with  respect  to  time, and  a  new  finite eiement  methed  effective

in the problems  is developed. The  former method  is effective  only  when  applied  load is

continuous  with  respect  to time, while  the Iatter method  is effective when  applied  load is

either  continuous  or  piecewise continuous  with  respect  te time.

                     NOTATIONS  AND  DEFINITIONS

  The  standard  indicial system  with  respect  to the rectangular  Cartesian reference  frame

is employed:  Repeated  subscripts  imply summation,  Krenecker's delta is denoted by

tii,･, differentiation with  respect  to space  is indicated by subscripts  preceded by comma  and

difft)rentiation with  respect  to time by  superpesed  dots, no  distin¢ tion is made  between

covariant  and  contravariant  components  of  tensors. Spatial coordinate  vector  is denoted

by x, and  time by t.

  The region  oc ¢ upied  by saturated  soit  is denoted by R  and  its boundary  by B. Surface

traction T-i and  displacement of  soi{  tii are  prescribed on  BT and  B., respectively;  normal

component  of  water  velocity  relative  to soil  p and  water  head h are preseribed en  B. and

Bh, respectively,  where

                     B==  BT+Bpt  ==!  Bv+Bh  (1)

The  region  R  is divicled into M  eiements.  The  region  and  the boundary  of  the m-th  ele-

ment  are  denoted by RM  and  BM, respectively.  The  boundaries BTnt, B.M, B.M, and  Bhma

are  the portions of  BM  belonging, respectively, to B!･, B., B., and  Bn. The  i.nterelement

boundary ofthe  m-th  element  is denoted by BtM. The boundaries BJnt and  Bhma are  divided

into NM  subsets  Bi"" (n ===  l,2,. . ., jV") and  PM  subsets  BitMP (p =  1,2,. . .,PM) (c£  Fig.

I).

               R;== Z] RM  (2)
                   m

              Bm  ==  BTm+B.m+Blra=B.m+BhM  
-l-

 B,m (3)
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the rn-th  e[ement

the entire  region

       Fig. 1. Division ofregion  into finite elements

         BT  ==  :!] BTM  (4) B.=Z]  B.m (5)
              m m

         B. 
=:  ZI B.M (6) Bh=:[]  BhM (7)

              nt m

        
B,m=;B,mn

 (8) Bhm
 

==

 :}] BhptP (9)

where  ;l, Zl, and;]  indicate the sum  of  M;  NM, and  Pm  terms.  When  the subboundary

Bim" is a  common  boundary of  the m-th  and  m'-th  elements  and  a  quantity A  is defined in
RM  and  RM', the quantity belonging to RM  and  determined on  BiM" is denoted by A{M)
and  the quantity belonging to RM' and  determined on  Bim" by A[nt').

  The  fo11owing continuities  and  differentiabilities with  respect  to space  are  required.

Displacement  vector  of  soil ui  is continuous  in R  and  its derivatives up  to the seeond  order

with  respect  to space  are  continuous  in RM  and  may  be discontinuous across  BiM. Water
head h and  its derivatives up  to the second  order  with  respect  to space  are  continuous

in Rm  and  may  be discontinuous across  Bim. Normal  component  of water  velocity  rela-

tive to soil  v  defined on  BiM and  BhM is continuous  on  BiM" and  BhMP, respectively, and

piecewsse continuous  on  BiM and  BhM, respectively.  When  the subboundary  BiM" is a

common  boundary ofthe  m-th  and  m'-th  elements,  vCnt] belonging to the m-th  element  and

vCM''  to  the  m'-th  element  satisfy  the fo11owing continuity  equation  (cfi Fig. 2).

               v{m)+v{m')  =O  on  Bimn (10)
Elasticity tensor  of  order  fbur with  respect  to effective stress and  permeability coeMcient
tensor of  order  two  which  are  functions of  x  are  denoted by ELjkt and  kii, respectively,

where  Latin subscripts  take the val-ues 1, 2, 3 and  denote components  of  tensor with
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=o

Fig, 2. Normal  coinponent  of  water  velecity  on  interelement beundary

respect  to rectangular  Cartesian reference  frame. The  tensors  have the  following sym-

metnc  propertles.

                        E,pm ==:  Ei,,, ==:  E,,,j (11)

                          k,d 
--

 kj, (12)
The  quantities Etjkt, kij, and  their first partial derivatives are continuous  in RM  and  may

be discontinuous across  BiM. The  prescribed boundary values  T-i and  i are  piecewise
continuous  on  BTM  and  B.M, respectively, and  tii and  h continuous  on  B. and  BA, gespec-
tively.

 The quantities ui, h, v, Ti, fii, vL, h, and  the first partial derivative of  ui  with  respect

to time abi are continuous  for t >  O and  may  be discontinuous at  t =  O.

  Constant  unit  weight  of  water  is r. The outward  unit  normal  vector  on  the  boundary

of  an  element  is denoted by na.

 An  integral SA...du is the integral over  the set A  with  respect  to the variable  x.  For

example,  Sn...du is a volume  integral and  SB..,cix is a surface  integral.

  For functions Y  and  Z  of  space  and  time, Y  *  Z  implies convolution  and  is defined by

the fo11owing equation  (e.g., Churchill, 1958).

               Y(x, t)*Z(x,  t) :I:Y(x,t-  T)Z(x,  T)dT  (13)

                        VARIATIONAL  PRINCIPLE

 The  following assumptions  are  made:  Soil is inhornogeneous, anisotropically  elastic,

and  saturated  by incompressible water;  deformation of  soil  does not  depend on  pore water

pressure but on  effective stress; water  flows through  soil  according  to Darcy's law.

  Relaxing  continuity  requirernents  on  stress  and  water  velocity,  the governing equations

for consolidation  (Biot, 1941, 1955) can  be rewritten  as  follows. For  t l  O
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     (Eigjkiuk,i 
-

 rh6iD, d =  O

          ui,l =  (ki,･ *  h, ,･), d

   {n,-(Eijhiuk,` 
-

 rh6ii)}CM] +  {ni(Etjleiuk,
           ui ==  ui

          T{ =  nj-(Ei,-kiuk,i -  rh6id)

and  for t>O

         v[m)  -t- vCm')  ==:  O

           v ==:  -  nikiih,  j

         h(m) -  h(nd) ==  O

           v- 
--

 -  nikis･h,  ti

           h=h

i 
-  rhSis･)}(m') =:  o

in Rm

in Rm

on  Bimn

on  B.m

on  BTm

on  Bima

on  Btma, Bhmapa

on  Bimn

on  B.in

on  Bhmp

(14)(15)(16>(17)(18)

Equation (14) is the equilibrium  equation  in terms and

head, Eq. (15) the relation  between volumetric  strain  of  soil and  water  head (Yokoo, Ya-
magata,  Nagaoka, 1971). On  the interelement boundary BiM", Eq. (l6) expresses  equi-

librium of  surface  traction, Eq. (19) continuity  of  normal  component  of  watcr  velocity

relative  to soii, Eq. (20) the  relation  between normal  component  of  water  velocity  relative

to soil  and  water  head,, and  Eq. (21) continuity  ofwater  head. Equations (17), (18), (22),
and  (23) are the prescribed boundary conditions.  Equation (l9) which  is assumed  to hold
in the second  section  is written  again  here to emphasize  continuity  of  v in the variational

principle stated  below.

  For t =  O, Eq. (15) is reduced  to

         ui,d  =0  in RM  (24)

Equations (14), (16), (17), (18), and  (24) are the governing equations  for undrained

deformation.

  Hence, Eqs. (14)-(23) are the governing equations  fbr consolidation  fbllowing un-

drained deformation.

  The variational  principle equivalent  to the governing equations  for consolidation  fbllow-

ing undrained  defbrmation is as  foIlows: For the funotional ni  defined by

                  1 1

   
lli

 
==
 El zit-Eiiktui ,i  

*
 
uic,i

 +irkid  
*

 
h,

 i*  
h,
 j

with  side

Iinm(- +rh"ui,-) du+

     +  I... T-i * utcZxr +  i.,.r *h  * vdu  +

    +  I..mr "h  * v-du  +  i.,.r * (h -  h) * vdul

conditions(17)and  (19),

(19)(20)(21)

(22)(23)water

(25)



The Japanese Geotechnical Society

NII-Electronic Library Service

The  JapaneseGeotechnical  Society

42  YOKOO  ET  AL.

                             au,  ==o  (26)

(Proof) The first variation  of  lli becomes, by the divergence theorem,

  6lli =  7 <I..[(EiikiUk,i -  rh6ii), i " fiui +  r{ui,i -  (ki,･ * h, j), i} * 6h]cix +

         +  j.,,.{7ii 
-
 nd(Eijkiuk,i  

-
 rh6id)} * Su,dx +

       
'

 +  I...r * (il +  nikaih,  j) * Ohclx +

         
Lt' j.,.{r "  (h -hJ) *  bv "- ?' *  (v +  n{ki,･h, i) * oh}du +

         +  !.,.{- nj(EijktUk,l  -  rh6ij) * aui +  r * h * 6v +

           +  r * (v +  n,k,,h,  ,) * 6h}du>

      ==O  (27)

By  the fundamental Iemma  ofthe  caleulus  of  variations  which  include convolution  (Gurtin,
1964), satisfaction of  Eq. (27) for each  6ui, 6h, and  av which  satisfy

                   6ui 
=O

 on  B.m  (28)

                 SvCM)+bv(M') =O  on  BrM"  (29)
is equivalent  to Eqs. (14) to (16), (18), and  (20) to (23).
  Ig jn addition  to Eqs. (17) and  (19), Eqs. (21) and  (23) are  set  as  side  conditions,  func-
tional (25) is reduced  to the follewing functional developed by Sandhu  and  Wilson (1969)
and  Yokoo, Yamagata, and  Nagaoka  (1971).

    ll2 =: ; I!..(n 
'S'Etikeui,j

 "  uk,i +  'S'rk:ii * h, i *  h, i +  rh * ui,i)clx  +

          +S.,.  T-i*ui ctr+l...r*h*  v- du) (3o)

  The admissible  function h in functional (25) may  be discontinuous across  BiM, but h
in functional (30) is continuous  across  BiM. The  importance of  discontinuity ofh  across

interelernent boundary in the finite element  analysis  of  consolidation  following undrained
deformation is discussed subsequently.

                    FINITE  ELEMENT  FORMULATION

  To  the variational  princip]e developed in the preceding section,  the  direct method  (e.g.,
Kantorovich and  Krylov, 1958) is appried  in order  to derive the governing equation  of

approximate  solution.

  Functional (25) can  be rewritten  by using  matrix  representation  as fbllows:

NII-Electionic  
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  fli =  :li <!..(ff lir{ei}T[Eti] ' {sj} +  li r{h, i}T  * [kii] * {h, i} +  rh * ui,i)ctx +

        +  !,..{7}}T ' {ui}du +  !..,,r*h* v-"du -- ･

        + Z; I.,mnr"h" Vdu  +  ?i] !.,.,r* (h -  h-)*vdu>  (31)

The  column  vector  {ui} is the displacement vector  of  soii, {E" the reduced  strain  tensor

determined by appropriate  space  differentiation of  ui, {h, i} the hydraulic gradient vector,

and  {T-i} the prescribed surface  traction  vector.  The  symmetric  matrix  [Eid] is the reduced

elasticity  tensor with  respect  to effective stress,  i.e., [Eleti1{£ ,i} is the reduced  effective  stress

tensor, and  Ikij] the perrneability ¢ oeMcient  tensor. The superscript  T  denotes transpose

of  a  matrix.

  A  column  vector  {ipm(t)} is the set of  components  of  displacement vectors  of  soil  at  all

nodal  points belonging to the m-th  element.  A  column  vector  {¢ g(t)}
 is the set ef  para-

meters  whieh  determine normal  component  of  water  velocity  relative to soil on  the

q-th subset  of  X  (BiM +  Bhnt) (cf. Fig. 2). When  the g-th subset  is BiM" orBhMP  ofthe  m-th
           m

element,  {¢ g(t)}  is written  as  {ipM"(t)} or  {qmp(t)}. When  the interelement boundary BiM"

is a  comrbon  boundary of  the m-th  and  m'-th  elements,  i.e., BiM"  =  BJM'"',

                     {gbq(t)} =:=  {sbmn(t)} ==  {gbm'n'(t)} (32)

A  column  vector  {wva(t)} is the set of  parameters which  determine water  head in the m-th
element.  Acolumn  vector  {ip(t)} is the set of  components  ofdisplacement  vectors  of  soil

at all llodal  points belonging to the entire region  R. A  column  vector  {¢(t)} is the set  of

parameters whi ¢ h  determine normal  component  of  water  velocity  relative to soil  on

2] (BiM +  BhM). The column  vectors  {ipM(t)} and  {¢ g(t)}
 can  be expressed  by {ip(t)} and

 ra{

¢ (t)} through  transfbrmation matrices  [diM] and  [Zifq] as foIIows.

               {dint(t)}-[¢
M]{g5(t)}

 (33)

               {gl,q(t)} -=;  IW'g]{gb(t)} or

              {sbmn(t)} =  [Tmn]{gb(t)}, {sbmp(t)} =  [Zifmp] {gb(t)} (34)

  Shape functions of  the  m-th  element  fbr displacement of  soil  and  water  head  are  denoted

by [aM(x)] and  {dm(x)}.
              {ui}=[aM(x)l{gSM(t)} in RM  (35)

                h=:= {dm(x)}T{cvM(t)} in Rm  (36)
Shape functions fbr normal  component  of  water  velocity  relative  to  soil  on  BiM"  and  BhMP

are denoted by {cM"(x)} and  {cMP(x)}, respectively.

                v=  {cmn(x)}T{sbmn(t)} on  Bimn and

                v=  {cmp(x)}i'{sbmge(t)} on  BhMP  (37)
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The  shape  functions [am(x)], {cm"(x)}, {cMge(x)}, and  {dM(x)} must  be such  that {udi}, h, and

v  determined by Eqs. (35), (36), and  (37) satisfy  the continuity  and  differentiability require-

ments  with  respect  to space  described in the second  section.  Two  requirernents  are

especially  emphasized:  The  displacement {u" so  determined must  be continuous  across
'the

 interelement boundary BiM"; when  the q-th subset  of  Z  (BJM +  BhM) is BiM" and  BiM'n',
                                           m

i.e., the q-th subset  is the common,interelement  bpundary of  the neighboring  m-th  arid

in'-th  elements  (cf. Fig. 2), vCM)  determined  by  Eq. (37) and  v`M'}  determined by

                  v==  {cm'n'(x)}T{gbm'n'(t)} on  Bim'n' 
'
 (38)

,must satisfy

                v(M)  -i- v{m')=O  on  Bimn 
'
 (39)

i.e., by Eq. (32)

             {cmn(x)} .=  -{cm'n'(x)}  on  Bima (40)

The  water  head h determined by Eq. (36) may  be discontinuous across  the interelement
boundary BtM and  the components  of  column  yector  {ten(t)} are  only  used  in the m-th
element.

  Using Eqs. (33), (34), (35), and  (37),

                 {udi} ==  [AM(x)]{¢ (t)}

              [Am(x)l [==  lam(x)l[din]

                  v ==  {cma(x)}r'{gb(t)}
                  v  t:=  {Cmp(x)}T{sb(t)}
             {cmn(x)} =  [Tmn]7'{cmn(x)} and

             {Cmp(x)} =  [Tmp]T{emp(x)}

By  appropriate  space  diffbrentiation of  Eqs.

                 {si} --  [FM(x)]{di(t)}

                ui,i  ===  {GM(x)}T{g5(t)}
               {h, i}  =  [Jm(x)]{wm(t)}

  Using these matrix  representations,

       es <i..(- 
'll{Ei}T[Eij]

 * {si} +  -S-r{h, i}T * [k

        +  !.,m{T-i}" {u"du +  i...r * h * vclx +

        +  :ll] j.,mnr*h" v`ix  +  l}l j.,..r* (h -  h)

in Rm

on  Bintn

on  Bhmp

(36) and  (41),

       in Rm

       in Rm

       in Rnt

ii] *  {h,

and

d} +  rh * ui,i)clx  +

* vdu>

(41)(42)

(43)

(44)

(45)(46)(47)
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      =  rm 
-ll{di(t)}T

 JI j..[Fm(x)]'[E,,(x)][Fnt(x)]du * {ss(t>} +

      +  
-ll
 e {a)M(t)}' " r S.. IJM(x)]T[k,,(x)][Jm(x)]du * {(vm(t)} +

      -rm i? {a)M(t)}Tr I..{dM(x)}{Gm(x)}Tdu * {gs(t)} +

      +  ;il i...{Z(x, t)}T[Am(.)]du , {¢(t)} +

      H- 1 " ; r I...,P(x, t){d"(x)}Tctx * {(vm(t)} +

      Hr ;;l {(oM(t)}r * IF r i.,..{dM(x)}{CM"(x)}Tdu * {gb(t)} +

      +  \ {(DM(t)}T * il; r I.,.,{dma(x)}{Cma"(x)}Tdu * {gb(t)} 
-

      
-
 1 " X \ r i.,.. h-(x, t){Cmp(x)}Tcix: * {sb(t)}

       : -  i {g6(t)}T[L] * {g6(t)} +  
-21-
 il {(opt(t)}T * [epm] * {cem(t)} +

      +  Z {cvm(t)}'[S'"l *  {g;(t)} +  {U(t)}' *  {g6(t)} +
        ma

      +  Z  {cvm(t)}T *  [Vm] *  {ip(t)} +  Z  {(vm(t)}T *  1 *  {IVm(t)} 
-

        m m

      
-

 1 *  {}'(t)}T *  {gb(t)}
where

      IL] ==  \ I..[FM(x)]T[E,d(x)][Fm(x)l,ix
     [e"] ===  r i.. [Jnt(x)]'[ki,(x)][Jm(x)]du

     [SM] =  r i..{dne(x)}{Gm(x)}Tdx
    {U(t)} =  ; !.,.[Am(x)]T{T,(., t)}du

     [VM] =  Zl] r I.,..{dM(x)}{CM"(x)}'du -- \ r!.,.,{dM(x)}{Cm"(x)}'du

   {vaM(t)} =-  r I...{d"(x)}v-(x, t)dbe

    {Y(t)} =:  :i; il] r!.,..{Cmp(x)}h-(x, t)ct

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

45
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           ( )(  )

         
'
 ii 

'tii'(}S
 j' 

*

 i '6,kt')' l " ii {"'M(t)}' 
*

 
[vm]

 
*

 
{gb(t)}

 
+

         +  ; {a)m(t)}T 
*
 1 *

 {ewM(t)} 
-

 1 *
 {Y(t)}T 

*
 {sb(t)}

The  first variation  of  lli is

                  / ･ l¢ i(t))

     
61]r,

 
=-

 
{opi(t)}T

 
*

 k- [Lii : Lv]i ･di･,ki)･i 
+
 V [SiM]T{(vma(t)} 

+
 
{Ul(t)}

                       / Cg5i(t)T

           
+
 7 {6cvm(t)}T 

*

 (,[em] 
*

 
{a)M(t)}

 
+
 
[SiM

 I S2M]i'fs,'(i)' j +

             +  [VM] * {¢(t)} +  1 * {MM(t)}> +
                                   /

Since 1!2(Eiithtui,iuk,i) and  112(ki,･h,ih,,-) are positive and  negative  definite, respectively,

symmetric  matrices  [L] and  [2M] are  positive and  negative  definite, respectively.  Substitu-
ting the known  tii on  B. into {e(t)} of  Eq. (48), functional RFi can  be obtained.  Column
vector  {e(t)} can  be divided into the unknown  column  vector  {di!(t)} and  the known  column

vector  {¢ 2(t)}.

                         {di(,)}=1.9iSl).l (,,)
                               k ip,(t) J
In accordance  with  the rearrangement  of  {¢(t)}, matrices  [L] and  [SM] and  vector  {U(t)}
are rearranged  and  Eq. (48) is rewritten  in the fbllowing fbrm  which  is functional ITi.

    .,=+tl$I[;
)

,]

T

[211 ki]*($l[lil+
         + 

-S-
 e {(tim(t)}i' * [em] * {ct,m(t)} +  ; {ft,m(t)}TIs,m I s,m] * 1 ･l:I[i･i･  ] +

            Ul(t) 
T
 di,(t)

.

    +  {'tigl)(t)}T *  (Z [V"]' *  {a)M(t)} -  1 *  {Y(t)})
              m

   -o

-
 [Lri]{dii(t)} {- £  [SiM]T{a)M(t)} +  (- [Li2]{di2(t)} +  {Ul(t)}) =  O

            m

[SiM]{fbi(t)} +  [eM] *  {ceM(t)} +  [VM] *  {gb(t)} +

  +([S,M]{ip,(t)}+1*{MM(t)})-O  (m -=  1,2,...,M)

Z  [vmlT * {com(t)} -  1 *  {Y(t)} -  O
m

)+

(57)

(58)

(59)

(60)

(61)

Since the column  vector  {wM(t)} of  the m-th  element  is independent of  the column  vectors
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of  other  elements,  the sum  sign  Z] is taken off in Eq. (60). Equ5tions (59), (60), and  (61>
                  m

are the governing equations  of  finite element  selution.  Fort  ==  O, Eqs. (59), (60), and  (61>
become

     -  [L,,]{ip,(O)} +  Z  [S,M]T{a,M(O)} +  (- [L,,1{di,(O)} +  {U,(O)}) ==  O
               m

     [S,M]{¢ ,(O)}  +  [S,M]{O,(Q)} =  O (m =  1, 2,.. ., M)

For t>  O, Eqs. (59), (60), and  (61) become

     -  [Lti]{gSi(t)} +  Z  [S,MIT{cDM(t)} +  (- [L,,]{f5,(t)} +  {Ul(t)}) =:  O
               pt

     [S'iM]{s5i(t)} +  [e"]{Q)m(t)} 
-t-

 [Vm]{gb(t)} +

      +  ([S,m]{di,(t)} +  {urM(t)}) =O  (m ==  1, 2,,.., M)

     :  [vmt]T{(vm(t)} 
-

 { Y(t)} -  O
     m

One  of  solution  techniques fOr Eqs. (64), (65), and  (66) is as  follows:

 In the time interval (t, t +  At)

  rm [Lu]Iipi(t +  2t`ft)l + E? [Sim]'Ia)m(t +  -21-dt)) +

    +  (- [Ln](ip2(t +}dt))  +  ( Ui(t +  rllAt)])  =  O

  [s,m]Idi,(t +  
-2i-dt)l

 +  [em](ct)ma(t +  
-ii
 zft)] +  [ym]Igo(t +  

-il-At)]
 +

    +  ([s,m]Idi,(t +  -ig-tit)l +  [wm(t +  -ll-At)l) ==  o (m =  i, 2,. . ., M)

  ;] lvm]TIcvm(t +  -ll- At)] -  I Y(t +  }dt)l =  O

  I¢ ,(t  +  -S-At)) =  
-21-({

¢ ,(t +  At)} +  {ip,(t)})

  Idi,(t +  
-21-At)l

 =  -21Tt ({ip,(t +  dt)} -  {ip,(t)})

Substitution of  Eqs. (70) and  (71) into Eqs. (67) and  (68) yields

  -  
-tT[Ln]{ip,(t

 +  at) + ; [s,m]TlcDm(t +  
-S-At)l

 +

    +  (- -S--[L"]{e,(t)} -  [L,,](o,(t +  -S-At)) +  Iu,(t +  -l-dt))) ==:  o

  [Sim]{g5i(t +  dt)} +  lit[gm]Ia)m(t +  
21Y
 dt)) +  dt[vm]I¢(t + -}dt)l  +

    + (- [s,m]{ss,(t)} -itr zft[s,m](di,(t +  -21-At)l + titI pvm(t +  --S-dt))) =  o

                       (M =  1, 2)･s,p M)

(62)

(63)

(64)

(65)(66>

(67>

(68>

(69>

(70>

(71)･

(72):

(73>

NII-Electionic  
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If {ipi(t)} is known, {dii(t +  dt)}, {sb(t +  bAt)}, and  {toM(t 
-I-

 eAt)} can  be obtained  by

Eqs. (69), (72), arrd (73).

            WATER  HEAD  FIELD  FOR  UNDRAINED  DEFORMATION

  The  governing equations  fbr undrained  deformation are  Eqs. (14), (16), (17), (l8), and

<24). The variational  principle equivalent  to the equations  developed by Christian

<1968) in case  ofisotropy  can  be extended  to the following variational  principle'in case  of

･anisotropy:
 For the functional ll3 defined by

        ll3 =  £
.
 (I..(- SEivaU-,sUk,i +  rhUi,i)CtX +  I... T-iuidrcl (74)

with  side condition  (17),

                              tiU, =O  (75)

The  continuity  and  differentiability requirements  to the admissible  function ui and  the

given functions Eijki, r, fli, and  dii are  the same  as  given in the second  section.  Water head

h and  its first partial derivative with  respect  to space  is continuous  in RM  and  may  be

discontinuous across  Brm.

<Proof) The first variation  of  ll3 becornes, by the divergence theorern, ,

           Sll3 ==  ;;i [I..{(EtjkiUk,i 
-
 rhfiis),s6u, + ru.,.6h}dX +

                  + I,.m{T"i -  nd(Eiikiuk,i -  rhSiD}6uiclx 
rm

                  -  !.,.no(kdiniUk,l -  rh6,,)bu,du]

               ..O  (76)

By  the fundamental lemma  of  the calculus  of  variations  (e.g., Courant and  Hilbert, 1953),

satisfaction  of  Eq. (76) for each  fiui and  tih which  satisfy

                 6ui =::O  on  B." .(77)

is equivalent  to Eqs. (14), (16), (18), and  (24).
  If [aM(x)] and  {dM(x)} in Eqs. (35) and  (36) are  employed  as the shape  functions for

/ui and  h to  analyze  undrained  deformation and  finite element  technique is applied  to

functional (74), Eqs. (62) and  (63) oan  be derived, i.e., the governing equations  of  finite

element  solution  at t ==  O derived frorn functional (25) are  the same  as  those derived from

functional (74).
  If consolidation  following undrained  defbrmation is analyzed  by the finite element

method  deyeloped by Sandhu and  Wilson (1969) and  Yokoo, Yarnagata, and  Nagaoka

<1971), shape  function fbr water  head {dM(x)} must  be such  that water  head determined by

                   h=  {dm(x)}'{d5m(t)} in R'" (78)
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is continuous  across  BiM, where  {alnt(t)} is the  set  of  parameters which  determine water

head  in the m-th  element.  When  undrained  defbrmation fbllowed by consolidation  is
analyzed,  the same  shape  function as employed  fbr consolidation  must  be employed  fbr
undrained  defbrmation, i.e., the  shape  function {diM(x)} must  be employed  for analysis  of

the undrained  defbrmation.

  It is explained  in the fbllowing that, when  undrained  deformation is analyzed,  shape

function for water  head must  not  be {aM(x)} but {dM(x)}, i.e., shaPe  function for water  head
such  that water  head is assured  to be continuous  across  interelement boundary cannot  be
employed.

  If water  head is piecewise continuous  with  respect  to space  in exact  solution,  it is' ap-

parent that a  better finite element  solution  cannot  be obtained  by imposing on  water  head
the continuity  across  interelement boundary. Even if water  head is continuous  in exact
solution,  it cannot  be insisted that  a  better finite element  solution  is obtained  by imposing
the continuity,  since  water  head determined by the finite element  solution  on  which  the
continuity  is not  irnposed may  be piecewise continuous  and  imposition of  the continuity
narrows  possible extent  of  finite element  selution.  This can  be verified by the fbllowing
numerical  examples.

  A  cylinder  of  saturated  homogeneous  isotropic elastlc  soil  of  length 4 m  and  radius

1 m  sustains  vertical  load of  10 tonlm2  on  the top surface.  The  bottom surface  is smooth

and  no  traction is applied  on  the cylindrical  surface.  With respect  to effb,ctive  stress,

Young's modulus  ofsoil  is 2.0× 102 tonlm2 and  Poisson's ratio 113. Unit weight  ofwater

r is 1.0 tonlm3.  Isoparametric element  with  eight  nodes  is employed  (Ergatoudis, Irons,
and  Zienkiewicz, 1968) (cft Fig. 3). Finite element  idealization is shown  in Fig. 4.

r

--1.0

1.0

2 5 1

-1,O

e6

3 7

8

4
1.0tr7

           z

Fig. 3. Axi-symmetric isoparametric element

1. Exarnplea.

  The  shape  function for water  head which  assures  contjnuity  of  water  head across  inter-
element  boundary is employed  first. The  shape  functions for displacement of  soil  and

water  head in the isoparametric element  are  as fbllows:

  The  sets  of  coordinates  r and  z  of  eight  nodes  are  denoted by {r} and  {i}. The  sets  of
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･ 10 ton/m2

T
 /

4m

Fig. 4.Finite  element  idealization

  ofcylinder

  e1.  
--

       A
axis  of symmetry

horizontal displacement of  soil u., vertical  displacement u., and  water  head h at  eight  nodes

are  {u.}, {u,}, and  {h}. Two  coordinates  e and  rp are  associated  with  the quadrilateral in
Fig. 3 and  determined so  as  to give

                   n==  
-1

 on  side 12

                   n=+1  on  side  43

                   4:=: +1  on  side  23

   
'
 e=  -1  on  side  14

The  relation  between the Cartesian coordinates  and  the g -  ep coordinates  is

                r=  IViri+IVLr2 +...  H- IVbr, ={Ar}T{r}  (79)
               i  ==  Nlzi +  ?Vhz2 +  .,. +  AJgzs =  {IV}'{z} (80)

and  displacement of  soil and  water  head are  given by

                          Ur  -m {IV}T{Ur} (81)

                          u, -=  {Ar}'{u,} (82)

                           h=-  {IV}T{h} (83)

where
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          AJi =-  
-2-(1

 +  s6,xl +  rprp,) -  -i-(1 -  e2)(1 +  rp?,) -

            -  t7 (1 +  g6D(1 -  v2) (i- l, 2, 3, 4) (s4)

               1
          Aile 

=-

 i(1-e2)(1+rpv,) (i H- 5, 7) (85)

          IVk --S-(1-v2)(1  +6g,) (i-6, 8) (86)

The  quantities gfti and  vi are nodal  values  of  the g -  rp coordinates.  If column  vector

{g6M(t)} is set  as

                      {gsm(t)} -(･l.

"･

 i･l･1 (s7)

shape  function [dm(x)] is

              [am(x)] -[",';  
",2
 
'::r,7",b:

 Rl',, R}li,1 
'.
 1l iEl,] (88)

Column  vector  {diM(t)} is identical vvith {h} and

     

                disp[acement (cm)

      o 
Os
 iFq- is

(a) water  head

tion

ent

   Fig. S.

zgfigig･-hr->

  2

  3

  4

(b)

E:.U8..-ti--dl-2g-[ment

                 vertica[

                   o

            disptacement

Solutiofi in continuous  water  head  fie]d
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tinite element
so[ution
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                             {dm(x)} =-  {N} (89)

  The  calculated  distributions of  water  head, vertical  and  horizontal displacement of  soil

by shape  functions [ant(x)] and  {dM(x)} are  shown  in Fig. 5. The distribution of  water

head is far from good approximation,  though  the distributions of  vertical  and  horizontal

displacement of  soil are good approximatien.

2. Iixaimpleb.

  The  shape  function fbr water  head such  that the water  head may  be discontinuous across

interelement boundary is employed.  , The shape  function for displacement of  soil  em-

ployed  here is the same  as  in drample  a. Column  vectors  {tuM(t)} and  {dM(x)} are

                    {(ti"(t)}7' ==  [ai, a2, a3, aa, as, a6] (90)

                    {dM(x)}T ==  [I, r, z,  r2, rz, z2] (91)

  The calculated  distributions of  water  head, vertical  and  horizontal displacement of  soii

by shape  functions [aM(x)] and  {dM(x)} are shown  in Fig. 6. The  distribution of  water

head as  well  as those of  vertical  and  horizontal displacement ef  soil  is good approxima-

tion.

  Hence, the finite eiement  method  deyeloped by Sahdhu and  Wilson (1969) and  Yokoo,

Yamagata,  and  Nagaoka  (1971) is only  applicabie  to problems of  consolidation  under

continuous  load with  respect  to time and  inapp]icable to problems  of  consolidation

vs

 exact solut]on

finite e[ennent

solution

dispLacement (cm}
      o
0 5

?-EJESl,p

 

vva,y=o>

  2

510
15

3

                                  4

(a) water  head (b) displacememt

           Fig. 6. Solutio" in piecewise centinuous  water  head fie}d
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under  piecewise continuous  load with  respect  to time, i,e., problems of  consolidation

fo11owed by undrained  deformation. The  finite elernent  rnethod  developed in this paper
is effbctive  for either  continuous  load with  respect  to time or  piecewise continuous  load
with  respect  to time,

  Sandhu  and  Wilson (1969) analyzed  consolidation  following undrained  defbrmation by
the finite element  method  employing  shape  function fbr water  head {dMCx)} such  that water

head is assured  to be continuous  across  interelement boundary. The numerical  result

for consolidation  a  little after  undrained  deformation was  shown  but the result fbr un-
drained defbrmation was  not.

                         NUMERICAL  EXAMPLE

 In order  to examine  the accuracy  of  finite element  solution  by Eqs. (59), (60), and  (61),
simple  one-dimensional  consoiidation  is analyzed.  In Fig. 7, the vertical load of  10 tonf
m2  is applied  instantaneously on  the top surface  of  a  cylinder  of  saturated  homogeneeus

1O tonfm2

rO.2mTosr

  I

H=4m

'A

lil
ll

l1

F

B

;

F1ntm-Ji
Fig. 7. Finite elerrtent  idealization

        of  cylinder

axis ct symmef;glz

isotropic elastic soil  of  length 4m  and  radius  1 m.  Vertical displacement of  soil on

the bottom surface  and  horizontal displacement on  the cylindrical surface  are  zero.  Dra-
inage is allowed  only  on  the top surface.  Elasticity coeMcients  of  soil  with  respect  to efi

fective stress and  unit  weight  of  water  are the same  as in the example  in the previous sec-

tion. The permeability coeMcient  is 1.0× 10-Sm!sec. The same  isoparametric element

with  eight  nodes  as in the previous section  is employed  and  th¢  soil  cylinder  is divided into



The Japanese Geotechnical Society

NII-Electronic Library Service

The  JapaneseGeotechnical  Society

54 YOKOOET  AL.

three elements.  The  division is different from that in Fig. 4. Since preliminary analysis

based on  the division in Fig. 4 indicated poor  approximation  because of  abrupt  change  of

water  head  near  ground surface,  the division is modified  so  as  to give good  approxima-

tion to abrupt  change  of  water  head near  ground surface.

Shape functions fbr displacement of  soil  and  water  head are given by Eqs. (88) and  (91).
Column  vector  {opcr(t)} employed  here consists  of one  cornponent  bg(t) and  shape  func-

tions  for normal  component  of  water  velocity  relative to soil on  BiM" and  BhMP, {eM"(x)},
{cm'va'(x)}, and  {cMP(x)}, are  equai  to -  1 or  

-
 1.

                      {glimn(t)} ..,  {sbm'n'(t)}=bmn(t) (92)

                      {gbmp(t)}-bmp(t) (93)

                      {cmn(x)}=m{cm'n'(x)} ==1  (94)

                      {cmp(x)}=1 (95)

i.e.,

o

02

04

[,91p.5

 062e"oth99vde

 C8as9aj

t]mefactor

 fig･

02  O.4 O.6

8. Ayerage degree of consblidation

08
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c,
£
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 1

2

3

4

 degree ef consolidat]on

O 02  04  O.6081.0O,81,O  O.9 1.0O,9  1.0 O.9 1･O O･9 IO

Fig. 9.Degree  ef  consolidatiofi

v[nt) ==  -  V{m,}  =

v  ==  bmp(t)

bmn(t) on  Btmn

on  BhinP

(96)(97)

Equations (59), (60), and  (61) are solved  by the step-by-step  solution  technique,  i.e., by

Eqs. (69), (72), and  (73).
 The  average  degree of  consolidation  is shown  in Fig. 8. Dots show  the numerical

solution  obtained  by the vertical  settlement  at point A  in Fig. 7 and  the solid line shows  the

fo11owing value  which  closely  approx{mates  the exact  value  (e,g., Scott, 1963).

VJ-,
-..-

(T$O,2)

1-..g
    ff1-exp(-1--rr42T)(T

 i  O. 2)

where  T  is the time factor.
  The  degree ofconsolidation  is shown  in Fig. 9.
of  five hundred terms in the exaet  value  (e.g.,

 The  solid  lines in

Scott, 1963)
dicate the  partial sum

i-Z
   mr.-O2.

  slnM(MzH) exp  (- M2T)
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     1
M=irc(2m

 +  1)

where  H  is the iength of  the cylinder.  The  broken lines indicate the numerical  solution

obtained  from the water  head distribution along  AB  (axis of  symmetry)  in Fig. 7. The
water  head distribution along  the other  yertical  line is almost  the same  as  that along  AB.
The  inaccuracy in the Iowest element  at time  factor zero  seems  due to fairly rough  division
ofthe  cylinder  into finite elements.  For T  >  O, 146, the solid  and  broken lines coincide.

 The  numerical  solution  by Eqs. (69), (72), and  (73) agrees  fairly well  with  the exact
solution.

                            CONCLUSIONS

  The numerical  method  developed in this paper is effective  to analyze  consolidation

fbliowing undrained  deformation, i.e,, soil  defbrmation  under  piecewise continuous

Ioad with  respect  to time.
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                         NOTATION

  B  =  boundary  of  region  occupied  by  soil

  Bh ==  boundary on  which  water  head  is prescribed
 BT  =  boundary on  which  surface  traction is prescribed

 B.  -- boundary on  which  displacement of  soil is prescribed

  B. :==  boundary on  which  normal  component  of  water  velocity  relative to soil is

      prescribed
 Bm  ==  boundary of  the m-th  element

 Bh" ==  portion of  BM  belonging to Bh

 BiM =  interelement boundary of  the m-th  element

BTm  
--

 portion of  BM  belonging to BT

 B.M  ==  portion of  BM  belonging to B.

 B.M ==  portion of  BM  belonging to B. 
･

BiM" ==  the n-th  subset  of  BJM
BhMP  ==  the p-th subset  of  BhM

 Eti =  the reduced  elasticity tensor with  respect  to effective  stress

Eleiki =  elasticity  tensor with  respect  to effective  stress

  R  ==  region  occupied  by soil

 Rm  ==  region  of  the in-th  element
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    Temi =  prescribed surface  traction

 [aM(x)] =  : shape  function for displacement of  the m-th  element

{cma(x)} =  shape  function for normal  component  of  water  yelocity  relative  to soil on

        Bimn

{cmp(x)} =  shape  function for normal  component  of  water  velocity  relative  to soil  on

        Bhmp

{dM(x)} =  shape  function fbr water  head of  the m-th  element  in piecewise continuous

        water  head field

{dM(x)} ==  shape  functien fbr water  head of  the m-th  element  in continuous  water  head

        field
     h ==  water'  head

     h =  prescribed water  head

   kid "- permeability coeMcient  tensor

    ni ===  outward  unit  normal  vector  on  boundary of  an  element

     t==  time

    ui ===  displacement of  soil

    fii =  prescribed displacement of  soil

     v -- normal  
'component

 of  water  velocity  relative to soil on  BiM and  BhM

     v- =  prescrjbed normal  component  of  water  velocity  relative  to soil

    x  ==  spatial  coordinate  vector

  [¢ m]
 =]]  transformation matrix  for displacement of  the m-th  element

   [Ta] =:=  transformation matrix  for normal  component  of  water  velocity  relatiye to

        soil of  the g-th subset  of  Z  (BiM +  Bh'va)
                             nt

     r ==  unit  weight  ofwater

   6ii =  Kronecker's  delta

    Ei ==  reduced  strain tensor of  soil

 {¢(t)} ==  set of  components  of  displacement vectors  of  soil at  all noda!  points belong-

        ing to the cntire  region

{dim(t)} =:=  set  of  components  of  displacernent vector.s  of  soil at all nodal  

'points
 be-

        longing to  the  m-th  element

 {ip(t)} :==  set  of  pararneters which  deterrnine normal  component  of  water  velocity

        relative to soil on  X  (BiM +  BhM)
                      m

 {ipC(t)} ==  set of  parameters which  determine normal  component  of  water  velocity

        
relative

 
to

 
soil

 
on

 
the

 e-th subset  
of

 ec (BJM +  
BhM)

{tom(t)} m  set  of  parameters which  determine water  head  of  the m-th  element  in

        piecewise continuous  water  head field

{diM(t)} ==  set  of  parameters which  determine water  head of  the m-th  element  in con-
        tinuous water  head field



The Japanese Geotechnical Society

NII-Electronic Library Service

The  JapaneseGeotechnical  Society

58 YOKOO  ET  AL.

                                   REFERENCES

Biot, M.A.  (1941), 
"General

 theory  of  three-dimensional conso]idation,"  J. Appl. Phys., Vol. t2,

  pp. 155-164.

Biot, M.  A, (1955), 
'tTheory

 of  elasticity and  consolidation  for a porous anisotropic  solid." J. Appl.

  Phys., Vol, 26, No.  2, pp, l82-185.

Christian, J, T. (1968), 
"Undrained

 stress  distribution by  numerical  methods.7'  Journal of  the  Soil

  Mechanics and  Foundations Diyision, ASCE,  No,  SM  6, Proc, pp. 1333-1345.
Christian, J. T. and  Boehmer, J. W.  (1970), 

"Plane

 strain  consolidation  by finite elements."  Journal

  of  the  Soil Mechanics and  Foundations  Division, ASCE,  No.  SM  4, Proc. pp. 1435-1457.

Churchill, R.V. (1958), 
"Operational

 mathematics,  2nd  ed,"  McGraw-Hil}.

Coutant, R. and  Hilbert, D. (1953), "Methods

 of  mathematical  physics."  Interscience.

Ergatoudis, I., Irons, B,M.  and  Zienkiewicz, O.C,  (1968), 
C[Curved,

 isoparametric, 
`quadrilateral'

  elements  for finite element  analysis."  lnt. J. Solids Structures, Vol, 4, pp, 31-42.
Gurtin, M.  E. <1964), 

"Variational

 prineiples for linear elastodynamics."  Archieve Ratl. Mech.  Anal..

  Vol. 16, No.  1, pp, 3tF50,

Herrmami, L, R. (l965), 
"Elasticity

 equations  for incompressjb]e and  nearly  incompressibte materiais

  by  a  variational  theorem." AIAA  )ourna], Vol. 3, pp. 1896-1900.
Kantorovich, L  V. and  Krylov, V. I. (1958), ･`Approximate

 methods  of  higher analysis  (translated from

  Russian into Einglish by C. D.  Benster)." Interscience.
Sandhu,  R, S. and  Wilson, E, L. (l969), 

`LFinite-element

 analysis  of  seepage  in elastic  media."  Journal

  of  the Soil Mechanics  and  Foundations  Division, ASCE,  No, EM  3, Proc. pp. 641-652.
Scott, R.F, (1963), 

"Principles
 of  soil mechanics."  Addison-Wesley.

Yokoo.  Y., Yamagata, K. and  Nagaoka, H. (1971), 
"Finite

 element  rnethod  applied  to Biot's consolida-
  tion theory," Soits and  Foundation,  Vol. Ill No, l, pp. 29-46,

(Received July 6, 1971)

NII-Electionic  Libiaiy  


