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Abstract

In the ultra-low-aspect-ratio tokamak, neoclassical viscosity plays a role to enhance the neoclassical
transport such as bootstrap current and ion thermal conductivity in the Pfirsch-Schliiter regime. The
geometrical factor ((n-VB)? for calculating the viscosity [K.C. Shaing ef al, Phys. Plasmas 3, 965
(1996)] shows divergent tendency for assumed sequences of numerical MHD equilibria when the aspect
ratio is reduced to 1.05, where » = B/ B and B is the equilibrium magnetic field.
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A new direction of tokamak research is to study
low-aspect-ratio tokamaks (LARTS) or spherical toka-
maks (STs). Theoretical studies were started in late
1980°s by Peng et al [1]. Although several advantages
were recognized for the beta limit, transport and diver-
tor, experimental studies were started recently in the
small tokamak START (Small Tight Aspect Ratio To-
kamak) at Culham Laboratory [2] which showed suc-
cessful results compared to standard Ohmically heated
tokamaks. The success of START stimulated the
spherical tokamak research and medium size devices
such as MAST (Mega-Amp Spherical Tokamak) [3]
and NSTX (National Spherical Torus Experiment) [4]
are under construction. Here our concern is in the neo-
classical transport in the Pfirsch-Schliiter (P-S) regime
of ultra-low-aspect-ratio tokamak (ULART) with A =
R/a = 1, were R(a) is a major (minor) radius of circu-
lar cross-section tokamak.

The neoclassical transport theory including the
bootstrap current [5] is a foundation for analyzing
confinement properties of tokamak plasmas. It is inter-
esting that the neoclassical ion thermal diffusivity has
been observed in the negative shear or enhanced
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reverse shear configurations [6-8]. The bootstrap cur-
rent theory also seems consistent with experimental ob-
servations [9]. For the ULART it is shown by Shaing et
al. that the neoclassical viscosity has a divergent tend-
ency for A — 1 in both the banana and P-S regimes
[10], which means that the transport behavior in the
P-S regime is the same as that in the banana regime. In
other words, the bootstrap current or the ion thermal
diffusivity is enhanced in the P-S regime and the same
expression as in the banana regime is applicable. Thus
the bootstrap current is given by

(1B)B '
—=— = —Ic(dP/d W)B/(B?) M

DT
where I/R is a toroidal magnetic field, c is a velocity of
light and dP/d ¥ is a radial pressure gradient with re-
spect to the poloidal flux function ¥. The flux surface
average is denoted by ( - ). And the ion thermal diffu-
sivity is given by

w=2N Mt (L) (S vee,

where N, is an ion density, M, is an ion mass, ¥, is an
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ion collision frequency, T; is an ion temperature and the
poloidal magnetic field is given by |V ¥|. Equations (1)
and (2) are valid for both the banana and P-S regimes
of ULART with A = 1. These expressions are ob-
tained by including the viscosity-driven contributions to
J, and y; [10]. It is noted that v, < vy, [{(n- VB)?)/
(B%]"? is required for applying Egs. (1) and (2) to the
P-S regime, since A > 1 in real low aspect ratio toka-
maks. Here v, is a collision frequency and vy, is a ther-
mal velocity of particle species a.
The neoclassical viscosity can be shown as [11]

Hy 1
8 o
Uy \=——= / dxxte™ | (x*—5/2)
w| 3 (= 5/27
X = w22 F/(B? 3
5'VT VX <B > ’ ( )

in the P-S regime, where the geometrical factor denotes
F={(n-VB)), Q)

vr is a thermal velocity, v, = 3w, + v, ¥, is the deflec-
tion frequency and vy is the energy exchange fre-
quency. In this formulation F is the important quantity;
however, the behavior of F for ULART has not been
shown by a numerical code such as NCLASS [12].
Also there is a question whether F will go to infinity or
diverge as A approaching unity in realistic equilibria
[13]. Thus the purpose of this paper is to show numeri-
cal results of the geometrical factor F in realistic
ULART equilibria, which were not studied extensively.

The divergent tendency for A - lore=1/4A -1
is seen by assuming that the dominant magnetic field is
B = By/(1 + €cos@) in the Boozer coordinates [14] for
calculating Eq. (4) [11],

62

21— &)Y (1 + /2)[1+ (By/ ¢By)]

F=(B3/ B,y » (3
where B, (B,) is the covariant toroidal (poloidal) com-
ponent. It is noted that (B% = BZ/(1 + €/2).

When the poloidal magnetic field is included
through @ = ¢/ g in the model magnetic field B = [ B,/
(1 + ecosH)]( @(r)é + ¢ ) for a concentric circular
magnetohydrodynamic (MHD) equilibrium,

P B,0\2 &2
_( r )2(1—62)3/2’

©

is obtained, and the behavior for ¢ — 1 does not
change. Here q is a safety factor.
Here we will calculate F = {(n-VB)? for realistic
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MHD equilibria by changing A with VMEC MHD
equilibrium code [15]. In this case we must assume a
sequence of MHD equilibria with different aspect ra-
tios. We consider two cases; one is that g-profile and B,
at the center of outermost flux surface are fixed, where
B, is a toroidal field. The other is that current profile, I,
and I, are fixed, where I, is a total plasma current and
I, is a total current in the center conductor producing
the toroidal field B, Figure 1 shows flux surfaces and
constant poloidal angle lines in the VMEC coordinates
for MHD equilibria with the lowest aspect ratio A =
1.05 for the above two cases. Figure 2 shows the case
for the former sequence of circular MHD equilibria and
Fig. 3 shows the latter sequence of circular MHD
equilibria. Here the minimum of A is 1.05. Both cases
show the clear divergent behavior.

The MHD equilibria for Fig. 2 are calculated by
keeping the minor radius of circular cross-section a for
different A ( or €). The g-profile is fixed as g(s) = gy(1
— 5% + g,s% where s = &/ P,, P is a toroidal flux
function and @, is @ at the plasma surface. The pres-
sure is neglected or a zero beta plasma is assumed. For
Fig. 2, a g-profile with g, = 1.2 and g, = 3.0 is kept for
different A, and F is calculated at the flux surface with
q = 2.5122. It is noted that the current profile becomes
hollow when A is reduced for the fixed g-profile. B, =
1 T is also kept constant at the plasma center of circular
tokamaks. It seems that numerical results follow Eq. (6)
much better than Eq. (5).

For Fig. 3, the current of central conductor I, =
15.007 MA is constant, which corresponds to B,=1T
at R = 3 m. The total plasma current I, = 7.7229 MA
is also constant. In this case the current profile is as-
sumed J(s) = Jo(1 — s). However, g, increases signifi-
cantly, when A is reduced to 1 for the constant minor
radius a. For A = 2.4, g, less than 1 is taken for ob-
taining good convergence at A = 1.05. The pressure is
assumed negligible. It scems again that numerical re-
sults follow Eq. (6).

Since the circular flux surfaces are special for ST
or LART, we calculate F for D-shaped tokamaks with
different aspect ratios. Figures 4 and 5 show F as a
function of A for D-shaped tokamaks with ellipticity x
= 1.64 and triangularity 6 = 0.4. The notation of x or
o is the same as given by Freidberg [16,17]. In Fig. 4,
the g-profile with g, = 1.2 and g, = 3.0 is fixed and F
is calculated at the flux surface with g = 2.5122. Here
B, = 1T is also kept constant at the plasma center of
D-shaped tokamaks. In Fig. 5, the total plasma current
I, = 7.9618 MA and the current of central conductor
= 15.007 corresponding to B,= 1T at R = 3 m are
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(a) A=1.05, k=1, 8 =0, g profile fix (b) A=1.05 k=1, 5 =0, current profile fix
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(c) A=1.05, k = 1.64, § = 0.4, q profile fix
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(d) A =1.05, x = 1.64, § = 0.4, current profile fix

Fig. 1 The lowest aspect ratio equilibria with A = 1.05 are shown, which are included in the following sequences of parame-
ter survey for MHD equilibria. Flux surfaces and constant poloidal angle lines in the VMEC coordinates are plotted; (a)
zero-pressure circular tokamak with a given g-profile (Fig. 2), (b} zero-pressure circular tokamak with a given current
profile (Fig. 3), (c) zero-pressure D-shaped tokamak with a given g-profile (Fig. 4), and (d) zero-pressure D-shaped to-

kamak with a given current profile (Fig. 5).

fixed for different aspect ratios. It is noted that F also
has the divergent tendency in both Figs. 4 and 5.
During the MHD equilibrium calculations of
ULART it is found that g, increases rapidly with A — 1
for the fixed I, and I.. Katsurai proposed a scaling g, <
(I./1,)/(1 — A)? for MHD equilibria of Tokyo Univer-
sity Spherical Torus (TS-3) [18,19]. However, our re-
sults give a little slower increase of ¢, with A — 1,

483

where g, and A are taken at the plasma surface in the
numerical code. It is found that g, < (1 — A)™!2 for
the circular cross-section case, and g, « (1 — Ay for
the D-shape case. These scalings may depend on the
numerical scheme to solve fixed boundary MHD equili-
bria in the VMEC.

In summary the expressions (1) and (2) are applic-
able to the P-S regime of ULART with A = 1 under

NI | -El ectronic Library Service



- B AR

1.0e+04 : . — '
Numerical ¢
1.0e+03 H Eq. (5) — ]
Eq. (6) ——
1.0e+02 ]
£ 1.0e401
3
£ 1.0e+00
1.0e-01
1.0e-02
1.0e-03
1 1.5 2 2.5 3
A

Fig. 2 Fis plotted as a function of A for the fixed g-profile
and B, at the plasma center of circular tokamaks.
For references Egs. (5) and (6) are also plotted.
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Fig.4 Fis plotted as a function of A for the fixed g-profile
and B, at the plasma center of D-shaped tokamaks
with x = 1.64 and J = 0.4. For references Egs. (5) and
(6) are also plotted, although they are applicable to
the circular tokamaks. )

reasonable assumptions for the MHD equilibria. How-
ever, since A is larger than unity in experimental de-
vices, v, < vy, [{(n-VB)%/(BY)]Y? is required for
applying them to the P-S regime, where a = i for ions
and a = e for electrons.
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Fig. 3 Fis plotted as a function of A for the fixed current
profile, £, and /. MHD equilibrium has circular flux
surfaces. For references Egs. (5) and (6) are also

plotted.
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Fig.5 Fis plotted as a function of A for the fixed current

profile, /, and /. MHD equilibrium has D-shaped
flux surfaces with x = 1.64 and 6 = 0.4. For referen-
ces Egs. (5) and (6) are also plotted, although they
are applicable to circular tokamaks.
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