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Muminance calculation for an  arbitrarily

        shaped  flat surface  source

   -  Modification of  the centour  integration method  -

                 (Follow-up paper)

ShoKArVIESAKI*
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expressed  by  x  and  v  using  the  foleowing  new  formulae  

:

 (t) When  the  surface  source  is parallel to  the  iiluminated  plane:

      Er ..,ll.IO.  
(intere.e,p+ty:n+.g.

 
axis)

 d.

 (2) When  the  surface  source  is inclined  to the  iiluminated  peane  by  ZP:

      (E･)-e  cos  p IZ (2:`.esssp,`..o",,: 
a,xls,),

 ,t.

 (3) When  the  surtace  source  is perpendicular  te the  iNeuminated  plane:

      (E') ==  -ex  lb. 
-.,

 .i>  ..2  
dit

where  E'  =the  il[uminance  Gompenent  for the  interyal A  to  B  on  the  boundary

of  the  flat $urface  source,  L=:uminance  of  the  source,  z=the  XdUstance
from  the  iNeumlnatecl point  to the  origin  [ocated  just above  the  itlumangted

point  tor cases  (1) and  (2), and  the  distance  from  the  origin  to the  ielum[na-

t".d.?.Oi.".t,E.OCpa,te.d,.O.".t.h.e.".OZIII[".'.:O.t:-.h.e.O.ri.gl:i"p:Oe:?o"Sftand(3t)Aet"uminanceof

fiat surface  source$  of  various  shape$  by  means  of  this  new  method,  and

discusses  the  case  haying  the  pr;mitive functien  F(x).

 1. Preface

 My  pvevious paperi) demonstrated  a  simple  meth-

od  for caleulating  the illuminance of  any  type of

fiat surface  source  by modifying  the contour  inte-

gration rnethod  expressed  by the product  of  aw
and  eosS  into a llew  formula  expressed  by x,  y

and  z. The  present note  describes some  conerete

examples  of  ealculating  the illuminanee of  a  fiat

surface  of  any  shape  and  at  any  position, using

the new  calculating  methode.

 2.  Generae  descriptien  of  the  new

    calcu[ating  method

 Figure  1 shows  the eases  in which  a  uniformly

diffused fiat surface  suoree  is:

  (1) parallel to the illuminated plane,
  (2) inclined to the illuminated plane, and

  (3) perpelldieular to the illuminated plane,
and  the axes  x  and  y are  on  the plane including a

fiat surface  source  S, the origin  O is positioned just
above  the illuminated point P  in eases  (1) and  (2),
and  at the foot of  the perpendicular from the
illuminated point P  in case  (3), and  the axes  x

and  y are  defined as  being positive in the direction

of  the arrows.

*  2-339, 3-eh6me, Naruke, Kitaku, K6be-shi

  A  part  of  this noto  was  described in J. Illum.

 Engng.  Inst. Jpn. 67, 3 (1983).

CL)

    Fig. 1 Three positiens ef  the co-ordinate

         plane  including a  soscrce.

 If the distance between  the illuminated point P

and  the origin  O is taken as  izl, the length of  the

intercept made  by  the tangent at point A  on  the

boundary intersecting the y axis  is taken  as  n,  and

the distance between point  A  and  the illuminated

point P  is taken as  t, the illuminanee component  of

the millute  segment  AB  on  the boundary is as

follows :
 For  case  (1):

  Et -=  -L-2 !: -ildx ･･････--･･-････---･･-･-･-･---･･(O
 For case  (2):

   (Er)=:SL cos  piZ -f4, dx 
･･-････-･-----J･･･--･-･-･(2)

 For ease  (3):

   (Et)--g2  iZ -}, dx ･･---･-･----･････････････---･(3)
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  The  boundary itself has no  illuminance, and  eaeh

of the values  obtained  from formulae (1) to (3)
is no  more  than  a  component  in the caleu]ation

proeess,  and  thus, they  are  defined as  illuminanee
components  and  given a  prime  symbol,  and  the
distinetion among  cases  (1) to (3) is madie  by
adding  parentheses  alld double  parentheses.
  The minus  sign  in formula  (3) is to eompensate
for the faet that the luminous  surface  illuminating
the illuminated point P  in case  (3) faces the direc-
tion opposite  to those in cases  (1) and  (2), as

shown  in Fig. 1.

  The length of  A-t=t is:

   
For cases  (1) and  (3): l-- .lx2+y:+22･･･  )

   For case  (2): l=Vhi'Z'LilliiZ':Fl2'y2sinB+z2･･･ J

     .",",--･-----･-･････････-･-･･･-･-･--i-･-･･･････-(4)

  If the reetilinear  part  of  the boundary  is parallel
to the y  axis,  the Iength m  of  the intercept on  the
x  axis  is used,  and  the following formulae are

applied  using  the  length m  of the intercept on  the
x  axis  and  substituting  the definite integral rela-

tive to y aeeording  to olx=--mp- dy,
                        n

  For  case  (1):

   E'==!!i:,'.le-dy ････-･･--･-･･･--･･････-･････-･-････(s)

  For case  (2):

   (E,)-ecosBi,a,' 7?,dy 
･-･･･---････････-･･-･-･････-(6)

  For  case  (3):

   (E,)=-g2i,",' l: ･ 71,-dw 
･･-･-･-･-･･････-･･････(7)

  3. Routineprocedureforoalcula-

     tion

  The proeedure  for obtaining  the illuminance by
rneans  of  the definite integral relative  to x  is as

follows:(1)

(2)

(3)(4)

(5)

(6)

{7)

  Forx=f(y)(=X-xt.y)

stitutedlimit
 of

15

 Obtain equation  y=f(x)  and  its deriva-
 tive y'.

 Obtain  the Iength of  the intereept n  on  the

 y axis  from the equation  n==y-y't･x.

 Obtain l2 from formula (4).
 Substitute the above  values  into formulae
 (1) to (3).
 Set the lower  Iimit of  the interval of  the
 definite integral at the point where  x  is
 smaller.

 Obtain  the values  of  the illuminance eom-

 ponents  using  a  eomputer.

 The  arithmetie  sum  of  the illuminance eom-

ponents  belonging to the Iower half part of

the boundary  may  be dedueted  from the
arithmetic  sum  of the illuminance compo-

nents  belonging  to the upper  half part.
the definite integral relative  to y, equation

, its cterivative x' and  the intercept m

    on  x  axis  may  be obtained  and  sub-

 into formulae  (5) to (7), with  the lower
 the interval set  at the point where  y  is

                       J. Llght &  Vis. Env.

smaller.

  The definite integrals produced  by the above-

mentioned  procedures, ean  be  elassified  into two
types, (A) where  the primitive funetion F(x)  of

f(x) ean  be obtained  and  (B) where  such  a  primi-

tive function P(x)  eannot  be  obtained.  The  rnethod

of  solution  is the same  for both  types.

  4. ExampEes  for  ca[culating  the

      ilSuminance  of  flat surface

     seurces  ot  various  shapes

  In each  example  ealculation  given  below, the unit

of  the eo-ordinate  values  is taken  as  meters,  with

]zl =6(m);the  source  luminanee  L=1,OOO(nt); and
for the inelination angle  P in a  case  where  the sur-

face source  is inclined to the illuminated plane,
[B=3oe,

 4.  t In the  case  ot  a  polygonal  surface

      source

  For the polygonal  source  shown  in Fig. 2, cal-

eulations  are  deseribed for in which  eaeh  side  of

the boundiary is parallel to, inclined to, or  per-
pendicular to the co-ordinate  axis.

y
'ttt:t::::AC3,5)

ttttttttttttttttttttttt.tttttt.t.ttttttt
NB,.:.::ittttt

(-l,

,..:.lt:･t:.:.:.:.:.:.r.:.
":.:::::::::::::::]::::::/:!:::

i,li･li･i,Ei,ii,ii/I-i.l;･l.li.llli.Ii.E,ll.
3)}.{,E,l,ii,}i$,Ii.ii.iliiiil･IIIIilllil{III･ilil･

lilllilil.li!P.f.3.,,5,iliiiiililii

i.S.:･;[.ill-llil･l;･li･lli,li･liillilE.l･l･I･i･ll･[llil･l
Gl･lliifi{,,till･l･l･i･l･li･lllll;･l･tr/::::x

tttttttrs::･l･/=.,.liltttttttttttttttttttt:t:t:t:t:tttttttttttt:t:t/t/t:ttttt1}}i,',E/es･':':";･l'3'litti:･:lli

iill･tLII{･Ii{:Igllll[i;;li
l:}1,{,Ii,I{,Ii.Ii.I･i.I･i.]i.il[･II･ilililll,l

cC-lr-2)H DCI,-･2)

           Fig. 2 Ce-ordinates for di

                 polugenal soacree.

  4. 1. 1 The  case  in which  the  source  is

        paral[ei to  the  H[uminated  plane

  Substituting y=O,5x+3.5 and  n=3,5  into for-
mula  (1) gives  the illuminanee eomponent  of  the
oblique  side  AB  :

   E,.... 
10200

 I3-, 
x,+(o,

 sx3-:53.s)2-f-62 de

      -130,11

  Substituting x=3  and  m=3  into formula  (5)
gives the illuminanee eomponent  of  the perpen-
dieular side  AD:

   E'..=-L/l-IOgS5.,-3･,+y3,+6,cty=2os,o2
  For  the perpendieular  side  BC, substituting

x=-1  and  m==-1  into formula  (5) and  setting  the
interval of  the definite integral at  from  -2  to 3,
glves:

   E'Bc =r63.  77
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  For  the  horizontal side  CD, substituting  y=-2
and  n=-2  into formula  (1) and  setting  the inter-

val  of  the definite integral at  from -1  to 3, gives:
   E'aD='=--94.83

   -'･ E=E'AB+E'AD-EYcp-E'Ba=496,73(lx)

  Since the above-mentioned  definite integrals be-
longs to group  (A), the primitive function of  the

definite integral for obtaining  the illuminanee com-

ponent, for example,  of the side  of  HD  (a right

half of  side  CD),  is:

   E,.. ==  
L2-
 I .M -.-,-\-( //2- 

-+-,-2J
 Cin

       ='S  [-vhe-2n+z2 tan-i unvmi l･+2, ],M
       =='S'(-Vr.-ge'ii2  tan-i v.Y+,2') 

''''''''''''(8)

Thus, the known  formula for a reetangular  source

ean  be obtained.

 4.t.2 The  case  in which  the  source  is

        inc]ined  to  the  igEuminated  plane
        by  z3oe

  For an  inclined souree,  the ealeulation  should  be
made  aecording  to the above-mentioned  procedure
by  the definite integration with  2yxsin B added  to

case  (2) of formula (4) and  with  eosP  added  to
formulae (2) and  (6):
   (E'..)=78.41, (E'..)=165.01,

   (E'ap)=-114,98, (E'Bc)==L54.11

   .'. (E)=(E'AB)+(E'AD)-(E'ep)-(E'Bc)
         =-412.  51(lx)

  These definite integrals will belong to group  (A),
but the formula  derived from a primitive function
turns  out  to be very  intricate as  shown  previously

with  examples2)  for ealculating  the illuminanee of

an  inclined right-angled  triangular source.

 4.1.3 The  ca$e  in which  the  source  is

        perpendlcuear  to  the  i[Euminated

        plane

  The rectangle  MDCG  of  the part submerged

beneath the illuminated plane contributes  nothing

to the illuminance in the upward  direetion frorn

the illuminated plane.
  If sides  AM  and  BG  are  parallel to the y axis,

the length of the intercept on  the y axis  is con-

sidered  to be n=co,  then  substituting  n=co  into
formula  (7) gives:

   (E'Am)=(E'6a)=-Sz !,",' gg . 7i,-dy[o･････････(g)
  Consequently, caleulation  of  the illuminance with
the illuminanee components  of  the remaining  two
sides  only  is as  follows:

   (E'AB)=-223,05, (E'Ma)=-314,4o
   :- (E)=(E'AB)-(E'Ma)=91.35(lx)
  The  above-mentioned  definite integral belongs to

group  (A), and  the known  formula for the sides

parallel to the x  axis  is given by substituting  z  for
n  in formula  (8).

  16  illum. Engng.

  For the side  AB  inclined to the x  axis,  the fol-
lowing  formula  can  be derived, taking  the tangent
to the inelination angle  as  t:

   (E'AB)==-'S2i:, xz+(txln)2+22'dX
               Lz

        
r

 2Vn2+z2+"zz

           [tan-it-n-+2ilz+2Illi)'af"Xp']:b
               Lx

        
-

 2Vn2+z2+t2g2

                 tn+(1+t2)a

           (tan-i vn2+'z2+t22'i

         "tanLi-vin-.ittt,+itl'St)tP,)･･-････'･J･･････-･aoj

 4.2  In  the  ease  of  a  circuEar  surface

      source

  As  shown  in Fig. 3, if the center  Q  of  a  circular

surfaee  source  with  radius  r is put in an  arbitrary

position (c, q):

y

o        l

(x,y)

x

Fig.

   x=c+r  cos  p,

   n=y-y'

  4.2.t  The

  The i
circle may  be

(11) into

   E'a =:2k'"i:-'I7･

      --&s:

  The interval
ing E'v  of the
2a, but instead
if the latter
added  and  made

(=182.551x) in
of  the total

pToeess.

Inst. Jpn.

    .m=  "q sm  g 
+.
 
r+c

 
cOS

 g ,.,,",",mH,Hal>
            sm  P

      case  an which  the  source  is

 paraleel  to  the  illuminated  plane
lluminance eomponent  of  the upper  semi-

     obtained  by substituting  expression

  formula (1) as follows:

       dx

            q sin g+r+c  cos  g
                          2+22dp

    r=3,c=s,q=4

3 Co-ordinates for a  eircu-

  lar souree  in an  arb-

  trang position.

  y 
==
 e+r  sin  g, dd$ 

==

 
-r

 sin  p,
    ,

       (c+rcoso)2+(q+rsinp)
-.-.--..-.-.....--.J--J----------------------J--Jl-------(IX

     of the definite integral for obtain-
      lower semicircle  is between T  to

      of  using  E'A-E'u  to obtain  Eo,
    interval which  is reversed  can  be
        continuous  from 2rc to O, Eo

      which  the illuminance eomponent

    circle  can  be obtained  by a  single

16
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  The  previous paperi) demonstrated that'the'de-
finite integral for a eircular  surfaee  source  in any
ease  belongs Lo group  (A), and  if formula (12) is
modified  so as  to give  U=cetqE+T2+2e,  V=2qT
and  va==2cr,

   Eo=rr 
=Si(1+

 vti;'l 
2'v-2Um"-vtr'2

 ) '''''-''''''''"'''"tr3
  Partieularly, if the center  of  a  circular  surface

source  is on  the origin  O, the known  formula shown
below ean  be obtained  by substituting  U:::rs+ze
and  V=  W=O  into formu]a (13) :

          r2

   Eo 
=nL

 
r2+,2

 
"'''"-'""'"'''''''-'"''''''''''"'"4

 4.2.2  The  case  in which  the  source  is

        inclined  to  the  itluminated  plane

  The  calculation  shall  be made  aeeording  to the
above-mentioned  formula  to which  cosrrf6  and

2(4+3  sin  op) × 6 sin  rrf6  are  added  to the equation

for a  parallel souree:

   (Eo)==123,08(lx)
  The  formula  based on  the primitive  function
F(x)  is, with  U=cML+g2+bere+x2+2qptsinl3, V=
2r(q+2sin fi) and  W=  2er:

   (Eb) ==  xLr  {-v u2 r 
rv2

 -  w2

      +-qvg ++ 
ewva,

 (1- v-u, mtti. w, ) ] cos  fi-･as

  As  shown  in Fig. 4, if the illuminated point is
en  the line noTmal  to the center  Q  of  a  circular  sur-

face souree  inclined to the illuminated plane by (P,
then  c=O  and  a==-zsinB,  hence V:=O  and  W==O,
and  thus the denominator in formula  (15) becomes
zero,  thereby  making  it impossible to perform  any

operation.

                     tt 
.

     

     
     
     
     

                 
xe

 it
                  

-
 R'

          Fig.  4 The  case  in 2vhich

                      ,

                q=  
-2

 stn  B.

  Consequently, I'(x) ean  be obtained  onee  again

after  substituting  e=O,  q=  
-z

 sinB  into the origi-

nal  formula (12):

   (Ea) ==  gr (-rZ,trn, ,BcCoOs;  :- [- cos  p] :.
       

-
 .2 ill,C20,S.P,2 p [g] ;.) =-  nL  

-,-,･
 .'2,:･ 

O.S,g,
 p 
･･･Qe

17 j. Light &  Vis'. Env.

 4.2.3  The  case  in which  the  source  is
        perpendicular  to  the  jJluminated

        plane

  If formula  (3) is substituted  by  the integral of  ip
according  to equation  (11), we  have:
                   '

 (Eo)= 
r
 ezSl. 

'cc+r
 cos  6)I+r (Sge+9r sin g)2+z2  

dp

           
.,...,,....,,..,.....,,,..,.....,..,-･--･--an

     =108.25(lx)

  The formula based on  the primitive function
F(x),  which  is expressed  using  V, 7  and  W  as  in
case  of  a  parallel souree,  is:

   (E) ==  zLr2  
Tv'2

 +V vazr('Jlzu'2 -[7f'2 -- 
'pvD L1)''''''(S

 4.3  ln the  case  of  an  elliptical  surface

      source

  If the Center Q of an  elliptical surface  source

with  a major  axis  2a and  a  minor  axis  2b, as

shown  in Fig. 5, is at  the arbitrary  position (c,
q), then:

      F'ig. 5 Co-ordinates for an  etliptical

      
-odi

 £ thm4?QJv  uD  u}  eo-nos

            sition.

     x=e+acosg.  y==q+bsin  and

   dx ･

   dg  
=`

 
-a

 
Sln

 9 
"H･----･･J･-･-･-･-･････..,.,...,ast

     n=y-y,.x=  
ae

 
sin

 gr+ eb+bc cos  g ..,-H.,?o
                     asmg

 4.3.t  The  case  in which  thesource  is

        parallel  to  the'  ilVuminated  plane

  If formula  (20) is substituted  into formula  (1)
as  in the case  of  the above-mentioned  circular  sur-

face souree,  we  have:

   E=-::/SI.(,+.acg･glg':lige-t++a(-b-q++bbc,:,:sgz,+,,dg
     

,-,.,,H,.,,.",-,k,-,m.,H,".,-･"-･-･･-････-････el)

    =-197.57(lx)

  For  the formula based on  the primitive funetion
F(･x), when  the eenter  of  an  elliptieal surfaee  source

is on  the origin  O, if c=O  and  q=O  are  substituted
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into formula  (21) to obtain  the illuminance com-

ponent  of  a  quarter  of  the ellipse located at the

first quadrant, then it follows that:

  E'1= 
r
 
lS'
 i.O. aR  cos2 g+abb2 sin2 g +Tii 

dP

    -  - ,.L-bgilri,i, [Ve;+.i;'M
       tanni(Vla;++22r22 tan9)].,;

     zf'L  vi2-+TE2".bvs2-+i"i'

                    ab

   
.: Eo=4xE'i=zL  vti2:iltT'i'.Vb2+22='"'"''pm

 4.3.2  The  case  in which  the  source  is

       inclined  to  the  illuminated  plane

 Since the terms cos-"!6  and  2(4+3sing) ×

6 sin-T!6  may  be added  to the above-mentioned  ex-

pression (21), we  obtain:

   (E)=136.95(lx)

 4.3.3  The  case  in which  the  source  is

       perpendicular  to  the  ilNuminated

       plane

 If formula  (3) is substituted  by  the integral

of  g aecording  to equation  (19), then:

  (E)---ezS:. 
rmals.,L'-gzdp=11s.4sa.)

 4.4  ln  the  case  of  a  finite paraboNic
     surface  source

 If the co-ordinates  for the vertex  of  the para-
bolic surfaee  source  shown  in Fig. 6 are  set  at

(c, a) then  the side  BC  which  eloses  the finite end

will  be parallel to the x  axis, and  it follows that:

o

y

B(

E,5)

 4.4.t  The  case  in which  the  source  is

      paratleN to  the  iPNuminated  p[ane

 Substituting equation  (23) in to formula (1)
and  letting BC==2a,  a=3,  pa=O.3,  c=4  andi  q=9,

glves:

  E'Q==: t2 jZ'u". 
4Pq-4pc2+x2

     × m2+{4-(xl  c)2/4p}z+22'dX=308,81(lx)

 As the distance h from the vertex  Q  to the side
BC  is h=ca2/4p=7.5, the illuminance component  ot

the side  BC  obtained  by formula (1) by taking

n=(9-75)=1.5  is:

  E'Ba=83,29,

   :･ E=E'Q-E'Ba=225.52(lx)

 4.4.2  The  case  in which  the source  is

       inclined  to  the  illuminated  plane

 Since the terms cosP  and  2yz sinp  are  added  to

the above-mentioned  expression,  it follows:

  (E'e)=207.30, (E'Ba)=::61.42
   :･ (E)=(Eie)un(E'Ba)==145,88 (lx)

 4.4.3  The  case  in which  the  source  is

       perpendicular  to the  illuminated

       pNane
 By  similar  calculations,

  (E'q)=rr162,88, (UBa)=-333.17
   :. (E)=<Eie)-(E'Bc)=170.29 (lx)

 45  ln the  case  of  an  infinite  para-

     bolic surface  source

 As  showll  in Fig. 7, if the vertex  of  an  infinite

parabolie surface  source  is set  at  the origin  O, the
distance between  point  A  (x, y) on  the parabola
and  the directrix (shown on  the d axis)  is equal

to the distance between point A  and  foeus F, and

PA  =x+p.

x

    a#3,  p,o,3, cs4,  q#9

 Fig.  6 Co-erdinates for a

      parabolic souree  in

      an  arbitrary  posi-
      tdon,
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,y--

 th-,
f.x=  4Pq-c2+x2 .,H.,,.,,",-,

       th

d2yl
'''i

L.ny-'xtp'",;t-･i,,x=/.{,it'k'iii,

1t1t1DIO tt::t::t:::=::r;=://,,/i･iql:ul･l･l'li････

/il::'S,t::iill::-

,,.i,i/:I/l/l/l/･t#N,･･e;,i,l/;･//E.i･i/ll

i;･i:{･Eii,il･l･l･;ml'i-l-li･":

llliiillliiliiil/･l/''''i=ii/'::'11'...-il/liiEUillll]Il･

1-p-I!r,i'}.i･:,I/l,:l#'sc:"i'i/:I/I:/il,l/l/[[/ll,i,E'}'',il;]i[!!IIillllllliiliil:･liiilT..-,1･

:tlll::::::iiil,:iiill::/.:,:,IM:-1:lili'III!ilil!l!ifiiHUii,,i
=liiiillillliiilliii:III,til;ilil/:1･'i'

t
'/iiYill/･:::llllilllilllliii/.t/

:
=::::lll;-Miiililliii-':ll!liilill:･ii/='

'tttttt

l
tttt

18

y=q-

n=y-y
",m",..pm

  Mum.  Engng, ,Tnst Jpn.

Fig. 7 Parameters  in the
     case  of  an  inflnite
     parabolie  source.
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  As the orthogon'al  projeetion FB  of  the veetor

l7A on  the x axig  is, FB=:x-p,  it follows that:

   ,.,  ,---z･･\-pp-, .==p-}g-  g: :- ,
   

L[l'i:'==rmprearLS'E'i.-,9',')T2-'''･････････････････-･･･････････pt

   y=2vt/be-=2IP-SE:,9p

   n=y-yi･x=  IP-sg:sgip. 
=.iT."

 
･･--･･･--･････..,co

  Substituting the above-mentioned  expressions

into formula  (4) gives:

    2-  5P2 -2(z2 -p2) cos  g+  (z2 -  3p2) cos2  g+z2
   

l-
 

'
 

'U'--
 cos  p)2 

-

     ---t---t-l--t--ttttt--l--IJtt-t-----tt-t--t--tt-t-t---t-----izaj

  Subgtituting expressions  (24) to (26) in formula
(1) for a  souree  parallel to the illuminated plane,
and  letting p=O,3 gives the illuminance component
of  the parabola  within  the first quadrant:

   EfD--S-j:  
V,gedx-･s:S!,

 (,p-sj:,gp･)---

      x  -,.p.i(26) × z=i rm2P,.S,illep-g2-ctgo
                     '
           2
      ==,-Lp

    S,                   1+cosg

     .. (sc2+z2)-2(22-PZ)cosg+(z2-3P2)cos2p
    dg=236,  81 (lx)
  Henee, E=2xE',=473.62  (lx)
  Moreover, the straight  Iines conneeting  the illumi-

nated  point  P  to both infinite ends  become one  on

the illuminated plane with  the ineluded angle  being
equal  to zero,  which  thus  makes  no  contribution

to the illuminanee.

  As  the definite integral in this case  belongs to

group (A), it follows that:

   Ei,-s  I: -y?,Ltdx --g-  I knyrt･ f- ,x .?,-dx

      =  .s. (TV)' t2"P'A [tan-iV'l; e-. ]:
      -"VP  

VAmp-A
 [tanLiV-epX-A]:]

      ==  -tTLVrm44P-p'2-"t,2-bU (where A== V  4p2-22 )

   ,. E=i2xEt,!--l}･.LV'Z'4PpE,-"l9,X 
･+･･････････--･en

 4.6  ln the  case  of  a  finite  ,hyperbo]ic
      surface  source

  In Fig. 8, if the distanee between  both  vertexes

H  and  H' is taken  as  2a, the length of  the vector

OG  eonnecting  the point G on  the Iine normal  to
the vertex  H  to the center  O  is taken as  x,  and  the
angle  between  the vector  and  the original  line Oll
is taken as ip, then r=asec  ip.

   6ll== a  tan g=  V  x2 -  a'2 
',

     y==ZVx2-a2T--btanp･････-･･-･-:･･････.･･･,",.aj
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         Fig.8  Parameters  for a

             
'
 hyperbola.

  The retating  angle  ip of  the veetor  OG  ranges

from O  to nf2  on  the first quadrant, from  "  to

3zf2  fi on  the second  quadrant, from  n  to -f2  on  the

third quadrant, and  from  O  to -x12  on  the fourth

quadrant.

 4.6.1 The  oase  in which  the  souroe  is

        parallet  to the  illuminated  plane

  As  shown  in Fig. 9, if the center  of  a  hyperbolie
surface  souree  is at  (c, q), then:

B

Y Gt-lltltw'

A
,/,/:::･:･/･:::.::::///:/･/::::..,..:.:.:./././.:.:,:././.:"":/i/l:I:1:1:1/1':I/:

÷:trtrt:t:':t:t:"l:i,l･iill,li;'I'll'lll'1'l'Il'li'li'{'i]ili'i;･il:i:l･vs,';il:ii:':i:"-'H'i.tt/:::/:/:ttt.ttttttttttt.:t/t/t/t/t:t/t/tt:t:t:t:t:ttt.t.t.tttt.ttttt.tt,:,:.:t:t:t,t.t".t,t,t,

tt.tt.t.t.tttt.t.tttt.tttt.ttttt:::t:t:t:t:t:t:t:t/t/t:t:t/t/t

,:::::tt:t:t:t'
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S,illl･il･llllS･ISE[;l･il･iii,･ll.SSIillll･II･il;[;}Iil::'･'',:.:./s./

÷:÷:,,:,/"
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i･li-Ii･l/iS-ilil･l･l/i･i･l･IE･l･l･l･ili･l･i,5･il･i･[I･l･IIi･li･l･l･lj･Il･l･llllii,i,,,..
/:/::r:/:/:,:,:.:::::X/:::::::::::/://::::::::::::::::::/:/:::::::::::::r::.,-,

::2hll[::

c"--L-"--!--
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oi

Dx

at4,b=2ec=3,q#7,h=s.7s,w=s,s

     Fig. 9 Co-ordinates for a  finite hyper-

           bolic source  in an  arbitrary  po-
           sition.

   x=c+asecg,  kX --asinpsecZp･････-----Jav
   y==q+btang,  y'=2eOsecg

   n=y-y'.x==  
ua

 
Sin

 
9i-
 sai.bi 

CpOS
 
P-bC

 
J･r-･･････co

  In a  symmetrieal  hyperbolic surface  souyee,  AB=
2w, and  AD==2h, thus  ip eorresponds  to eos'i  alw

for point  A, to -cosLi
 afw  for point D,  te (rt+

cos-i  alw)  for point B, and  to (n-eos-i a!w)  for

point C.

  Henee,  substituting  expressions  (29) and  (30)
into formula (1) gives:
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 E,...･lls[!l:a.l:([a.qi,in,p,;ta,.b-.g(t,s.g,n,b.t.)-gc,2.g,.,.d,
     

---･･･--･･････････････-････････････････････････････････BD

      =-173.86(lx)

 As the integral interval for the left-side curve

ranges  from  4.222432  to 2,06e754, E'.=-101,48.
  The  illuminance eomponents  of  the two  sides  AB
and  CD  closing  the top and  bettom are  E'nB=:511.47
and  E'oD=:408.10 aecording  to the type of  polygonal
souree.

   :. EToTAL=EiAB-ErRmEtLmEJaD

          =378.71(lx)

 4.6.2  The  case  in which  the  source  is

        in ¢ Iined  to  the  illuminated  plane

  The  terms  cos  p and  2yzsinp are  adcled  to the
above,  giving: (E'R)==-123.99, (E'L)==-64.10,
(E'nB)==-323.63 and  (E'aD)=268.45, and  conse-

quently, (E)=243.27(lx).

 4.6.3  The  ¢ ase  in which  the  source  is

        perpendicu[ar  to  the  illuminated

        plane

  Substituting expressions  (29) and  (30) into ior-
mula  (3) gives;

   (E.)==-.e..z!::!i,i:l:aSin:TSeC2P.dg..26,7sclx)
 In the same  way,  (E'L)=87.12, (EkB)==-285.47,
and  (E'oD)=-753,41.
   ･'. (E)=(Ea'B)-(E'R)r(E'L)-(E'aD)
         

=354,04(lx)

 4.7  In  the  case  of  an  infinite  hyper-

      bolic  surface  source

  As shown  in Fig. 10, in the first quadrant  with

the center  of  a  hyperbola  leeated at  the origin  O,
x=oo,  henee ip=rr12. ,

NsNxNss

11f,///Il'l/ll//･//;･l/i･;･i/i/II･l'l･ll･l'l/iil･l'ilii'l-lil/i/ll･ll･l/Iiiil･iii///;i;i.i/:･////l･g/l.i;..i:･･/･usc･･'
i,1{111.?.111illfl,1/,1,s±P±I,l,i,,,,,,,1,.M･･
,1,s,i,,,,,:,,sililiiiilllillEll$.i･i..I,･IS･''

sNNsb'v"i,,i,,..,.,,,.,.;'l'l'iii"ip=,-X2

T.:

''"'ttHL.-"o'-

XxH(A)
NNssss

' N
' Ns

a#4,b=2,x!co

subtending  angle  to from  the illuminated point P
to which  the boulldary that closes  the infinite ends
is ev=2tan'i  afb  and  is included in the illuminated

plane. Thus,  the illuminance eomponent  of that for
the first quadrant is:

   E'.-/  tanrmif-- 
1'g/9Lt

 tan-ig==ss3,s74

   :. E=4x(E'an-E'i)=2628.84(lx)

  Moreover,  the illuminance EA  in a  case  in which

the section  shown  by (A) at  the outer  right  side
of  the hyperbola is the source,  is: .

   EA=  (1,OOOz-above-mentioned E)  ÷ 2

      =-512.75(Ix)

  This definite integral belongs to group  (A), but
depending on  the relative  extent  of  the distanee 2
to the illuminated plane, the formula  is ehanges
remarkably  as  shown  belew, with  F(x) turning
into a  formula including a logarithm or  an  inverse
tangent.

  In case  of  z>b:

   Formula (32)Lab

logsin
 g-V  g;if;]

=12

      Fig. 10 Explesnatien of  the  ealcula-

             tion for an  infinite hyper-
             bolic source.

   :･ E'i=:gll"ZTa2seci+abbfl/ln9'2tzJimzz'dp -''el

         :::  
-103.

 635(lx)

  Since the infinite ends  of a hyperbola  are  re-

garded  to be  on  the asymptote,  it follows that the

20 JIJum..Engng,

     4Vnf+22  Vi2-b2 .

                      SMP+V,nf,-+bZ;  
,

          Lab                      (Va2+b2 -  Vz2-b2 )2
   

==

 4Vff+z2 v2L2Tb2 10g                            di+Z2

   
-ttt----t-------------------S-------------------t-------J---t--as)

 In case  of  2=  b:

   Formula (32)

     
=-2(k{b,z)

 [sing]:'2=:-'2(/k' fb,2) '"'"ma

 In case  of  z<b:

   Formula (32)
             Lab
     

==

 
-
 2V-di-+Ti'2'Vb2-z2

        [tan 
mi(V

 g22 
-+
 
Zz22.
 sin  p)] gi2

     ==-2v.2+Lxz@vbL2ew?=tanTiVZ;'tt:';'  ･･J･--os

 4.8  Nn the  case  of  a  tour-Ieaf-shaped

      souroe

  This  method  of  ealculation  can  also  be applied

to fiat surf4ge  sources  of  various  shapes,  such  as

a  four-leaf or  a  heart shape,  which  are  expressed

by polar co-ordinates.

  For  a  four-leaf-shaped source  as  shown  in
Fig. 11, r=acos2e,  therefore if the eenter  Q is at

an  arbitrary  position  (c, q) it follows that:

   x=c+acos2ecose,  y=:q+acos2esine

   
-dd7

 ==  a  sin  ea-6  cos2  e)

   
-d,g-

 
--
 
,c,g.s

 /--((,li,6 
,sgn,,2

 zl-････-･･･････････,･,,.,..,..,..pa)
   n=

  qsine(1-6cos2e)-acos22e-ccose(1-6sin2e)
              sin  e(1-6  cos2  e)

    
-".-.-.,,.,,---･･-･･-･･-････--･････-･･･--･-･･--･･Bi)

lnst, Jpn. 
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"H-r--a---so
, x
t

a=s,c=2,q=4

Fig. 11Co-erdinates  for a

four-teof-shaped
source  in an  arbi-

trary position.

 4.8.1  The  case  in which  thesourceis

      petratlel to  the  iNluminated  p[ane
 By  substituting  expressions  (36) and  (37) into
formula (1) and  making  the integral intervals of

each  respeetive  leaf continuous,  it follows that:

  E'-tt-a

ogsine(1-6cos

 I2x (c+a cos  2e cos  e)2+(q+acos  2e sin e)z+22 g.pme
   

-------------------------------------------l-------------------ea

   =162,09(lx)

 In partieular, the definite integral in a case  in
whieh  the eenter  is loeated at  the origin  O belongs
to group  (A), eonsequently,  with  c=O  and  q=O
and  with  the primitive funetion F(x) for the first

leaf extending  from  the first to the fourth quad-
rant,  it follows that:

2e)-acos22e

  -ccos'e(1-6sinZe)

･Eti=--S-i;,L'2,T2i,a,ks-z-X2-g-!-de

  =  
-L4'
 
'([

 
vilSl'"'z2'

 tanmi( 
./ail-2"i-

 tan 2e)].-Jl 
'2

  
- [2e] ;,Li2j - :l4}" (1- .iE

 l+ 
z-2")

 .: E=4XE'i==xL(1-vct22+z2') '''''''''''"''tsS

 4.8.2  The  case  in  which  the  source  is

       inc]ined  to the  ilNuminated  plane

 Adding eos  rr16  and  2(4+3  eos  2e sin  e) × 6 sin rrf6

to expression  (39) gives (E):=39.10(ix).

4.8.3  The  case  in whieh  the  source  is

     perpendicular  to  the  iiluminated

     plane
By sinnilar ealeulations,  we  ean  obtain:

 CE) =96,  03 (lx)

 S. Conclusion

 Aeeording  to this new  method  of  ealeulation,  the
definite integrals for a  fiat surfaee  source  of  any

shape  and  any  condition  that ean  be expressed  by
f(x) can  be obtained  easily  using  memorizable

formulae  and  proeedures, and  the calculation  can

be done by computer.
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