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It is well-known  that the level fiuetuations appearing  in the road  traffic noise  environ-

ment  are  brought on  by various  type causes  and  can  be roughly  classified inte two great
divisions on  the road  traMc fiow pattern and  the surrounding  sound  field. Aocordingly,
if the equivalent  models  for the aboye  two  divisions-trarnc fiow and  its surrounding
field are  well  establishgd  in a  fiexible form of  reflecting  the complex  situation  of  actual

road  trarnc noise  field, it will  be possible to predict precisely andfor  to control  effec-

tiyely the road  traMc noise.  In this paper, from  the aboye  point of  view,  a stochastic

model  of  road  traMc  noise  with a  generalized Poisson  type  flow is first introduoed with
many  informations of  actual  situation.  Next, an  equivalent  type  sound  propagation
model  is newly  proposed in a  form of  mixing  of  two  idealized sound  propagation  environ-

ments-a  free sound  field and  a  diffused sound  field. Furthermore, a  methodological

trial to estimate  the above  equivalent  sound  propagation  characteristics  of  the com-

pound  environment  by measuring  the actual  road  traMc noise  data is derived from
the system-theoretical  point of  view.  In this case  of  estimation,  the well-known  stochas-

tic approximation  method  is used  in order  to overcome  the diMculty of  non-Gaussian

and  non-Iinear  characteristics  existing  in the actual  environmental  noise  phenornena.
Finally, the legitimacy of  this estirnation  method  is confirmed  by  applying  it to the
traMc noise  data actually  ebserved  in a  big city.

PACS  number:  43. 28. Fp, 43. 28. Hr, 43. 50. Li, 43. 50. Vt, 43. 60. Cg

           1. INT[RODUCTION

  Recently, an  environmental  noise  pollution prob-
lem caused  by road  traMc  flow has been  aggravated

with  the consolidation  and  expansion  of  roadway

systems.  Furthermore,  the level fluetuation appear-

ing in the actual  environment  of  road  trathc noise  is
brought  on  by various  type  causes  of  fiuctuation.
It is obvious  that the  ultimate  causes  of  fluctuation
are  originated  to a variety  of  noise  sources,  i.e.,
uncertain  behavior of  individual vehicles,  and  ad-

ditionally to the surrounding  effect of  the noise

propagation  characteristics.  It is definitely neoessary

for engineers  to obtain  a  better knowledge about

future nuisance  situation  caused  by road  traffic noise

before improving the  traMc  control  system.  For

purpose  of  predicting precisely and  controlling  effec-

tively the road  trathc noise, the effectively equivalent

models  for traMc  fiow and  sound  propagation  field

must  be first estab!ished. Especially, in almost  of

the previous studies on  road  traMc  noise,  it is very
often  assumed  that the sound  wave  diverges herni-
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spherically  in a  free sound  field. Conversely, the road

traffl¢  noise  under  the actual  complex  sound  propa-

gation environment  is not  yet suthciently  studied.

Aocordingly, even  if it is in an  equivalent  or  ap-

proximate  form  of  study,  the actual  noise  propaga-
tion characteristics in road  traMc  noise  system  must

be studied  more  positively. In general, the  actual

noise  propagation paths between noise  sources  and

an  observer  are  too complex  to be expressed  in the

form  of  an  artificially  simplified  model  or  a  pure

physieal model  constructed  from the base on  the

internal mechanism  of  sound  propagation  environ-

ment.  Fumhermore,  because there are  various  types

of  actual  sound  propagation  environment,  a  lot of

models  for them  must  be established  indiyidually in

order  to investigate each  of  them  in detail only

from  the  physical viewpoint.  Therefore, a unified

investigation or  a. systematic  classification  for the

actual  sound  propagation environment  can  not  be

expected  only  from  the above  approach.  On  the

other  hand, the  practical method  of  introducing an

equivalent  model  which  has the same  characteristics

as  the actual  sound  propagation  betwoen the noise

sources  and  an  observation  point is a  powerfu1
method  in order  to investigate the actual  sound

propagation enyironment  especially  from the  system-

atical  view  point of  study.  As  one  of  equivalent

models,  the actual  surrounding  sound  field can  be

expressed  to consist  of  mixed  environment  of  two

typically idealized fields with  a  free sound  field and

a diffUsed sound  field.

  In this paper, an. effectively  equivalent  model

which  is applicable  commonly  to arbitrary  sound

propagation environment  on  the above  mixed

environment  of  road  traMc  noise  system  is proposed
by considering  two  idealized geometrical situations

of  surrounding  sound  propagation-a  series of

buildings in a  city  and  a  rural  area  without  any

kind of  building. Furthermore, a  methodological

trial for estimating  the actual  sound  propagation
characteristics  by measuTing  the road  traMc  noise

data is proposed.
  More  concretely,  fust, after  generalizing the well-

known  road  traMc  noise  medel  with  a  Poisson

distribution type  traMc  fiow in a  free sound  field,

a  new  model  for noise  evaluation  due to the road

traMc  under  an  arbitrary  sound  propagation
environment  is introduced. Especially, considering

that  the actual  .sound propagation does not  take  an

idealized field such  as  a free sound  field in a  rural
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area  andlor  some  diffused sound  field in a  series  of

tall building and  mostly  takes an  intermediate

propagation character  between  these  two  idealized

sound  fields, two  models  of  new  equivalent  type on

sound  propagation  are  introduced. One  is an  addi-

tive compound  propagation  model  which  is assumed

that the  above  two  idealized sound  field are  mixed

with  an  additive  property, and  another  is a multi-

plicative compound  propagation model  which  
･is

modeled  an  intermediate propagation  field by  mixing

the above  two  idealircd sound  fields with  a  multi-

plicativeproperty. IntheabovetWocompoundtype
sound  propagation models,  the mixed  rate  of  two  ide-

alircd  sound  fields is recognized  as  a proper param-
eter  characterizing  the actual  complex  sound  field.

  Moreover,  by combining  the above  compound

type  sound  propagation  model  with  the generalized
Poisson type traMc  noise  model  (which is newly

introdu¢ ed  in this paper), a  systematical  mdthod  to

estimate  this characteristic  parameter of  sound

propagation by use  of  the  statistical  information

obtained  frorn the  measurement  data of  the actual

road  traMc  noise  is proposed. In this ¢ ase, both of

non-Gaussian  and  non-linear  characteristics of  road

traMc  noise  system  must  be considered,  because the

level fiuctuations of  road  traMc noise  exhibit  various

kinds of  probability distribution fbrm  apart  from the

usual  Gaussian distribution. Also the road  traMc

noise  is in a  complex,  non-linear  relation  with  a  traMc

flow and  its propagation surrounding.  Therefore.

the stochastic  approxirnation  method  is used  in order

to  overcome  the  difficulty of  such  non-Gaussian  and

non-linear  characteristics  in case  of  parameter esti-

rnation.  After all, a  new  type  of  on-line  estimation

method  fbr the sound  prOpagation parameter  is

derived with help of  the above  stochastiC  approxi-

mation  method  based en  the sequential  observation

of  actual  road  traMc  noise.

  Finally, though  the main  point of  this paper is

fbcussed on  new  establishment  of  methodology

since  it is in an  earlier  stage  of  study,  the validity  of

this estimation  rnethod  is basically confirmed  by

applying  it on  trial to the  actual  road  traMc noise

data experimentally  observed  in a  big city.

   Z. ESTABLISHMENTOFPROBLEM

  As  shown  in Fig. 1, the road  under  consideration

is first divided into a  suitable  number  of  blocks P.

Furthermore, two  variables  t and  K  arp  introduoed
as  two  kinds of  time  

'parameters,
 where  K  denotes

:･/3･
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Fig.1  TraMc  noise  model  with  straight

  road  divided into P  blocks.

the Kth  time interval of  observation  and  t indicates
an  instantaneous time in its interyal. Then, by  using

the additiye  property of  sound  intensity, the instan-
taneous  sound  intensity at  the fixed observation

point O  is

               P

    I(t;a,K)=X4(t;a,K)+v(t;K),
              p=1

               J  npJ'(t:K)

                                         (1)
   4(t;a,K)=X 2  pv},,,(t;K)
              j=1  t=1

               ･ f(xpji(t; K)  ; a)  
,

where  npJ(t;K)  is the number  of  the J'th type of

vehicles  observed  in the Pth  block at time  t of  the

Kth  time  interval and  f(x."(t;K);a) denotes an

propagation  factor at  the  observation  point O  con-

nected  with  an  acoustic  power  Pilloji(t;K) generated
by the ith vehicle  with  theJ'th type located at a posi-
tion  x.jt(t;K)  in thepth  block along  the  road.  Thus,

4(t; a, K)  denotes the instantaneous sound  intensity

generated by  all types  of  vehicles  in the  pth  block,

and  v(t;K)  denotes the backgreund noise.  Further-

more,  vector  a  denotes a  parameter  characterizing

the actual  sound  propagation and  will be concretely

evaluated  by sorne  explicit expressions  in the  next

section.

  3. MODELING  OF  A  ROAD  TRAFFIC
              NOISE  SYSTEM

  In order  to establish  a  mathematical  model  fbr

the actual  road  traMc  noise  system,  the following

assumptions  for basic parameters and  statistics

characterizing  this trafic pattern are  now  introduced.

  (i) The width  of  road  with  straight  line con-

sidered  here is B.

  (ii) The  vehicles  which  give a  noise  effect  to the

observation  point O  are  located at  arbitrary  point  in
the road  segment  [-L, L]. Furthermore, this road

segment  is divided into P  blocks and  the pth  block
occupies  a  line segment  [lp,fp+i], and  hereupon
the length fp+i- lp is enough  long so  that  the  road

traMe  noise  in the pth  block is statistically  in-

dependent of  the  noise  in other  blocks.

  (iii) The  trathc fiowing on  the  road  is formed by
J  different types  of  vehicles.

  (iv) The average  number  of  vehicles  fiowing on
the  pth block in the Kth  time interval of  observation

is N},(K) per upit  time  interval, where  the ayerage
number  of  theith  type  of  vehicles  is IYlo,(K) (1'= 1, 2,
･･･, J).

  (v) n.(t;K)  is the random  variable  expressing

the  number  of  vehicles  in the Iine road  segment

[fp, fp+i] at time tin  the Kth time interyat and  its

probability distribution shows  the Peisson typei'
as  employed  very  often  in the  traMc  model;

                 1

  
P(np(t;

 
K))=

 n.(t;  K)  ! 
e-IVhp(K)

 {?Vb.(K)}np<t;K) ,

                                         (2)

where  AIL.(K) =(4.,-4)IV}(K)1P")(K)  and  also  PV(K)

denotes the average  speed  of  vehicles  flowing on  the

pth  block.

  (vi) The  probability that  n.J(t;K)  vehicles  with

the  J'th type  occupy  in n.(t;  K)  yehicles  is governed
by the well-known  multi-nomial  distribution:

  P(np!(t;K), np2(t;K),  ･･･,  npJ(t;K)inp(t;K))

      ..  
,np(t;K)!

 
'it{e.j(K)}n.,(t;K),

 (3)
        

'IT
 npj(t;  K)!  

J'=i

        j.1

where  0,KK) denotes the  mixture  ratio of  the J'th
type of  vehieles  defined by

           e.d(K)AN},J(K)11V},(K). (4)

          (IV},(K) is suMciently  large)

  (vii) The  location x,yt(t;K)  of  the  ith vehicle
with  the1'th  type  in thepth  block is governed  by the

probability density function P(x.jt(t; K)).

  On  the basis of  the above  assumptions,  the mo-

ment  generating function of  the total noise  intensity
I(t; a, K)  can  be easily  expressed  as  fbllows :

    g(s; a, K) ==  I.IPT=,gp (s; a, K)l gv (s;K), (s)

where  g.(s;a,K)  and  g.(s;K) denote the moment

gQnerating functions of  1)(t; a,  K)  and  v(t; K)  respec-

tively. Equation (5) is based on  the  natural  assump-
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tion that the road  traMc  noise  4(t; a, K)  in the pth  nth  ordef  cumulants  of  4(t; a, K)  and  v(t;  K)  ebserv-

block (p=1,2,･･･,P) and  the background  noise  edintheKthtimeinterval.

v(t; K)  are  statistically independent. Thus  the nth  Next, let us  derive concretely  the above  A.(a,K)
order  cumulant  of  I(t; a, K)  observed  in the  Kth  in an  explicit  form of  expression  reflecting  the effect

time  interval is given by of  internal mechanistn  of  the traMc  flow and  the

              p  complex  sound  propagation.  By  Using the well-

     An(a,K)=XApn(a,K)+Vn(K)  , (6) known  fundamental property of  conditional  prob-
              p=1

                                            ability  distribution, the moment  generating function
where  A.(a, K)  and  lth.(K) respectively  denote the
                                            g.(s; a,  K)  can  be shown  as  fo11ows:

  g. (s ; a, K)  4  <exp {s ･ 1) (t; a,  K)}>lb ct; a, K)

    =<<<explspzJ=i"Pl(=tiE)PVhji(t;K)f(xpj't(t;K);a)]>wfod,(t;K),..j,(t;m[..j(t;m,nl(t;K)>npj(t;K)lnp(t;K)>np(t;K)

    =<<j'IJI=,<exp  {s pv],jt(t; K)f(xpp(t;K);  a)}>"pv'i,ji:lf;}), 
.,d,(t;K)

 
e..j(t;K),

 
n.(t;m>npj{t;K)

 
enp(t;m>np(t;K)

 '

                                                                                  (7)                                '

where  <.>x denotes the  averaging  operation  with  respect  to X; and  <･>z]y denotes the  conditional

averaging  operation  with  respect  to  X  when  Y  is set as  aconstantvalue.  Moreover,  byconsideringEq. (3),
the  fo11owing equation  cap  be obtained.

     <]ll.L,<exp {s pt)1,di(t ; K)f(x),Jt (t; K); a)}>"vv')jillf;k, 
..j,(t;

 
K)
 
En,d(t;K),

 
.p{t;K)>npJ{t;K)

 inp{t;m

            
=

 
x'
 
n.y(t;KZ)=..(t;K)

 -fi-nn"p(t
ji

K

;
 i:i

/

)! P.;i [epJ(K)] 
npJ(t;K)

 
.

             d;1 j..1

              ･ J.ll, <exp {s rvi,jt(t; K)f(xpjt(t; K)  ; a)}>  l'; ilf, )o, 
..,,(,,K)

            =Ijz".,e,j  (K)<exp {s }v},d,(t; K)f(x.d, (t; K); a)}>  
wi,,,(t,K),

 
..,,(t,K)l"'

 
(t;K)･

 (8)

After al1, by taking  Eq. (2) into consideration,  g,ts; a,  K)  can  be derived as  fo11ows:

                
co 1

   g"(S; a' K) 
=..(,Z;

 .)  ..,  n.(t; K)  ! 
e-

 
iVbp(K)

 {NL.(K)}np 
{t;m

 
,

              ･ [d2J..,e.j(K)<exp {s zaJt(t; K)f(x.p(t; K); a)}>  
wbv,(t;K),

 
.,f,(t;ml

 
""(t;K)

            =exp{-]VL,(K)}

              . exp  [lvb.(K) [;.l, epj(K)<exp {s PV"1,yt(t; K)f(XpJt(t ; K)  ; a)}>  
w),,(t,K),

 
..,,(t;K)]

 ]
            =exp{-NL,(K)}

              ･ exp  [iVl,.(K) }S., epj(K) 
.Zoo..,

 
-;:r

 ･ < P-'},n" (t; K)> pvi,,,{t, K>  
'<fn

 (xpit(t; K); a)>..,,(t,K) ]
            =exp  [iVl,p(K)iS.,epJ(K).Zco=, il < PL,jt"(t; K)>  pvb,,<,, K)  - <f" (x.jt(t; K); a)>..,,(,,K)] ･ ( 9 )
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Thus, the  nth  order  cumulant  A.(a, K)  is given by

                 J

  A.  (a, K)  =  IVh.(K) Z  e.J(K)
                 j=1

           ･ <PV},ji"(t;K)>pvbst(t;K) 
･4f.(a)

 , (IO)

  Il,j.(a) 4  <f"(x.ji (t; K)  ; a)>x.di(t;m

        ==  !il'if"(x.,,(t ;K) ; a)

          ' P(Xp,t(t; K)) dupii (t; K)  ･ (11)

The  sound  propagation  characteristics  is concretely
refiected  in this 4,d.(a). Thus, in order  to express

the function F},j.(a) in an  explicit  form as  a function
of  parameter vector  a,  consider  the sound  propaga-
tion  function f(x.jt(t; K);  a) in more  detail.

  Now  consider  the  fbllowing two  extremely  ideal-
ized situations  as  typical models  of  sound  propaga-
tion  field. One  is a  free sound  field (modelling rural

situation  in which  there  exists  no  building in both
sides  of  road):

         A(x; a)  =lt2z  (x2+d2) 
,
 (1 2)

where  d  is the shortest  distance between the obser-

vation  point and  the straight  road  (cft Fig. 2(a)).

no  buildings

-

N

dnobuildings

o{a)

x

 

 g
                      path  of  veh ±cles

           Cb)

Fig.2 Sound  environmental  model  in two
 extremely  idealized situations:

  (a) a  free sound  field, (b) some  diffused
  sound  field.

Another  is some  diffiised sound  field') (rnodelling
a  typical city closely  surrounded  by the  series  of'

tal1 buildings in both sides of  road):

     A(x;a)=(1/2BH)exp{-lxllH}, (13)

where  B  is the width  of  the  straight road  and  H
denotes the  height of  tall buildings close  to both

sides  of  the road  (cf. Fig. 2(b)). Of  course,  the

actual  sound  field shows  an  intermediate situation

between the above  two  extremely  idealized ones.

Therefbre, it is practically reasonable  to 
'express

equivalently  the  actual  propagation characteristics

by combining  successfully  the above  two  idealized
models.  By  combining  Eqs. (12) and  (13) in two
fundarnental fbrms, the compound  type  models  of

sound  propagation field in the pth block can  be
expressed  as  follows as  the  first stage  of  this study:

  (I) For  the case  of  an  additiyely'mixed  propaga-
tion model,  it is assumed  that the actual  sound

propagation  field in the pth  block occupies  respec-

tively the  above  two  idealized models  with  a  weight-

ing rate  a.  and  1-a,  (Ogec,Sl). Accordingly,
one  can  obtain

  A(x.ii(t;K);a)=ct.,C,(x.jt(t;K);a)                                   .

        +(1-ecnA(x,Jt(t;K);a)

               ctp

        2n{x.ji2(t;K)+d'}

          1-ctp

        +-iBHI, 
eXP

 {- [X.it(t; 
K)IIH)}

 
.

 a4)

  (II) For the case  of  a  multiplicatively  mixed

propagation  model,  it is fbrmed as  an  intermediate

propagation  field by mixing  the above  two  idealized
models  in a  multiplication  form with  power  rate  ec.

and  1-ct. (Ogct.S1). Accordingly, one  obtain

  Ai(x.,t(t;K);a)={f:,(x.ji(t;K);a)}"p

         
' {A(X.Ji(t; K);  a)}'-Fp

                 1 1

        {2rr(x,f,2(t;K)+d2)}ap {2BH)}i-ap
         ･ exp{-(1-ct.)ix.,,(t;K)I/Hl,}  . (15)

Of  course,  in a  case  with  ec.=  1, Eqs. (14) and  (l5)
express  a  free sound  field, and  in a  case  when  ct.== O,
those  equations  express  some  diffused sound  field.
Therefbre, in a  case  when  O<ct.<1,  the above

models  can  express  the  actual  situation  with  inter-

mediate  sound  propagation betwoen  a  free sound

               193

NII-Electronic  



The Acoustical Society of Japan

NII-Electronic Library Service

The  AcousticalSociety  of  Japan

field and  a  diffused sound  field.

  Thus, the  conclusion  of  the above  consideration

can  be surnrned  up  as  fo11ows:

              P

     An(a, K)=  Z  Apn(a, K)+1thn(K)  ,. (16)
              p=1
 "

              J

   Apn(a, K)  =  Z  Qpj(K) < PV},ii" (t ; K)> pvloji(t; K)
             j=±1

              '4,n(a),  (17)

         a.j(K)ANb.(K)epj(K). (18)

Furthermore, by assuming  that the  location of

vehicles  in the pth block is governed  by the uniform

distribution in its block of  road  [G, G+i] (P(x.,i(t; K))

=  1/(h+i-4)), the function 4j.(a) in Eq. (17) can
be expressed  concretely  from Eqs, (11), (14) and

(15), as  fo11ows:

  (I) For  the case  of  an  additively  mixed propaga-
tion model,  one  obtain  (c£  Appendix 1)

  4Jn(a)

   =  (2ndl)"2v ["v" ItL.I S:i;)r! 
(i:

 i(22:!;i li
      '[(1+llPp++ll!)nir  (1+ll"p

't2)n-r]

     +  [;:Egl l l (tan'i tp+i'-tan-t ipt)l

     +"7Brn,..#(IH},,:,) a-e-nFip+i'i!Hl,)

      . sgn  (lp+i') -(1  -e-n[  lp'1!Hi,') sgn  (lp')}

     +tL.l(:) .pt,. 
ctp"-r,,(,},iiecp)'

      .Sii)i'  fiesH.'.-I ,ly],  (,,,

where

    B,ABId,  H}.AH)/d,

    L'A(fp+t-lf)12d,  tp'Alp/d,

    lp+i'Ala+i/d 
,

    sgn(x)AIi  Iilo:l'
  (II) For  the case  of  a

propagation model,  by substituting

Eq. (11), one  obtain

(20)

multiplicatively  mixed

       Eq;  (15) into

ISZ4

               X  Acoust. Sbc. .ipn,  (E) 4, 4 (1983)

   ii),n (a) =  (2"dl).2L, (B,TE},, )"('m"p)
              fp+Ve-[n(1-ap)fllb']1pt1

           ･i                               dy . (21)
              lbr (1+J;2)ngp

In the above  equations,  a  is the unknown  parameter
to be estimated.  Hereupon, ct. and  H)(p==  1,2,･･･,P)

are  chosen  as  parameters  characterizing  the sound

propagation functions (14) and  (15). That is, we

can  anew  set･ aA[ctt,  Hild, oc2, th/d, ･･･,  ctp, Hbld]r.
In Eqs. (16)N(18), the average  number,  e.j(K), of

the  jth type  vehicles  following on  the pth block in

the Kth  time  interval and  the  nth  order  moment,

<PVi,Ji"(t;K)>w, of  acoustic  power' cari  be obtaiped

experimentally  from  the measured  data. Further-

more  severai order  cumulahts  of  the noise  intensity

at  the observation  point can  be obtained  by two

ways.  One  is to calculate  theoretically by using  Eqs.

(16)N(21), and  another  is to  evaluate  expeTimentally

from the  noise  level data measured  by sound  level
'meter.

 An  estimation  algorithm  of  the parameter

selected  by minimizing  the  differenoe between the

theoretical value  and  the experimental  value  on  the

several  order  cumulants  of  noise  ihtensity will  be

derived in the  next  section.

       4. ESrmA  HON  OF  SOUND
      PROPAGA[IION  PARAMETER
        BY  USE  OF  STOCHASIicIC
       APPROXrMATION  METHOD

  The estimation  algorithm  used  in this section  is

based on  the stochastic  approximation  method

proposed  by Robbins  and  Monro.S)  The  stochastic

approximation  method  is expected  to have a  con-

sistent estimation  in any  cases  with  arbitrary  non-

Gaussian  and  non-Iinear  characteristics  appearing

usually  in the actual  phenomena  of  road  traMc

noise.  First, as  a  criterion  for estimating  the param-
eter a;  let us  consider  tho differepce between the

probability density function established  theoretically

with  use  df the nth  order  cumulant  in Eqs. (16)N
(21) and  the  probability density function 

'obtained

experimentally  from the actually  observed  data of

noise  intensity in a  short  tlMe interval. Next,

let us  take the  average  of  some  weighting  type in-
tegration  of  this difference in a  long time  interval as

fo11ows:

        J(a)At<Jl'(a;K)la>.,  (22)
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M.

   4(a;K)=!:.g(I;Z(a,K)){Pi(I;pt(K))
            -P2(I;2(a,K))}Mdl,  (23)

where  let(K) (AIpai(K), ps2(K), -･･, pa.(K)]') is a  set  of

cumulants  based on  the actual  noise  intensity data

observed  experimentally  in the Kth  time  interval,

and  a(a, K)  (A[Ai(a,K), A2(a, K),･･-, A.(a, K)]') de-

notes  a  set of  cumulants  given theoretically by Eqs.

(16).･-.(21) reflecting the  pararneter a. Furthermore

g(I;  R(a, K)) and  m  denote an  arbitrary  type  weight-

ing function and  a  weighting  constant  parameter

respectively,  which  operate  as the weight  in the

performance  index (23). The intensity of  the actual

road  traMc noise  exhibits  various  types  of  probability

distribution form apart  from the  usual  Gaussian

distribution, while  the probability distribution of

noise  level can  be often  approximate  to the Gaussian

distribution. Therefore, we  can  express  the proba-
bility density function Pi(I; p(K)) and  P2(I; 2(a, K))

of  noise  intensity in a  non-Guassian  distribution

form of  Gram-charlier A  type  series  expansion`)

which  is universally  applicable  to arbitrary  type

distribution forrn :

   P,(I;p(K))

     =  v2.ipa,(KJ exp  [- i ( iv-papa,i((KK)) )2]
       '[1+,2oo=,gs(pt(K))za(IiApa,i((KK))-)l, (24)

   P,(I;2(a,K))

     =v2nAl(a,  K) 
exp  [- -ll- ( iv'AA,i((.", 

'KK))

 )2]
       ･ [i+,2oo.,gs(2(a,K))H](iv'AA,l(."iKK)))l ,

                                       (25)

where  a(･) denotes the Hermite  polynomial. Tak-

 ing the importance on  the  end  of  probability distribu-

 tien curve  like Lx  (x= 10, 90 etc.)  in the  actual  noise

 evaluation  a'nd  the  facilities of  analytical  procedure

 into consideration,  the fo11owing weighting  func-

 tion in Eq. (23) can  be adopted  as  an  example:

    pu;2(a,K))A;E.li,A.za('iiAA,l(.",'KK))), (26)

 Hereupon, it must  be noticed  that the aboye  weight-

 ing function is afrected  predominantly  by the higher

OHTA  et aL  : ESTIMATION  OF  SOUND  PROPAGA:EION  FOR  ROAD  TIkeXFFIC NOISE

order  statistics like 10 or  90 percentile points of

noise  level distribution in a case  with  high order  of

r, since  the Hermite  polynemial  rz(x) takes  some

predominant  value  fbr large values  of  x.  Further-

more,  owing  to the fact that  when  mean  and  variance

of  the probability density function Pt(I;p(K))  take

near  values  to  those of  P2(I; 2(a, K)), the difference

{Pi(I;pt(K))-P,(I;2(a,K))} in Eq. (23) shows

very  often  an  odd  function, it is reasonable  to adopt

only  odd  number  order  of  the Hermite polynomial
as  the weighting  function in Eq.  (26) (i.e., R'g2R ± 1,

where  R  is a  positive integer).

  Next, by using  Eqs. (24), (25) and  (26), Eq. (23)
in a  special  case  with  m=1  can  be calculated  cen-

cretely  as  follows (cL Appendix 2) :

  A(a,K)
              2R+1

    =B.(a,K)+  =  B.(a,K)g.(p(K))(Vpa2(K))"n!
              n=3

        n

      +ZA2r+Lg2r+i(2(a,K))(2r+1)!, (27)
       r=1

  B.(a,K)

    =.tt.,,A2'+i(2'."i)`"tlKillfi,2iiai,K,3.);','t-"

       . 
[(2r+,2/in)/2]

 (2r 
+21t

 
'n)

 (2t -  1) ! !

       - (pai(K)-Ai(a, K))-2  ̀･(pa2(K)-A2(a, K))t

             (n=O, 3, 4, -,  2R+1).  (28)

 As  estimate  a is selected  by minimizing  the  criterion

 function J  in Eq. (22). Then,  the  fOllowing regres-

 sion  function M(a)  can  be adopted  to  derive a  recur-

 rence  algorithm  based on  the  stochastic  approxima-

 tion method:

    M(a)AaJo(.a)=<A(a,K)OA(o"aK)  a>=o.

                                       (29)

 In above  equatlon,  the partial differentiation of

 Ji(a, K)  in terms of  the  unknown  parameter  a  can

 be calculated  as  fo11ows:

         aL(a,K)
                 =A(a,  K)f(a,  K)  , (30)
           aa

 where

          A(a, K)A  
02rS:'

 
K)

 , (3o

ISZ5
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    f(a, K)  A  
Oa:

 i."; KKI

      =aoB2e((.l'KK))+2."ii.li,i0oBl"(.(:'KK))gn(ps(K))

         ' (Vpuz(K))"n!

        +.ZR.,A2r+iOg2S"Rii.2,(ft')K))(2r+1)!. (32)

 Moreover, by using  Eq. (28), the elements  of

 OBKa, K)f02(a, K)  (n=O, 3, 4, ･･･, 2R+1)  are  re-

spectively  given by

   OBh (a, K)  1

   OAi(a,K) (pm(K)-Ai(a,K))"

      
'.tt.,,Az'+i(2"."')("(iE/IE-l',ii.l;i(g;,gl2,'2'

      . 
[(2r

 
+,E/in)/2]

 (2r 
+21t

 
-n)

 (2t -o  ! !

      ･ (2r +1  Ln-2t)(pai(K) -Ai(a,  K))'2`

      ･(pa2(K)-A2(a,K))`,  (33)

   aBh(a,K) 1

   OA2(a,K)-  (pai(K)-Ai(a,K))"

      '.tt.,,A2r+i(2'."i)("iiK.',H,,2',`.'s,K,.l);r"

      . 
[(2r+z,i=-

,n)/2]
 (2r 

+21t
 
-n)

 (2t -o  ! !

      - (pai(K)-Ai(a, K))"2`(pa2(K)- ft2(a, K))'i

      ･ ItAs(a,K)+2r2+1(pa2(K)-Az(a,K))] ,

                                      (34)

     OBh(a,K)
             =O  (j =3,  4, -･, N)  . 

-
 (35)

     OAJ(a,K)

Thus, the estimation  algoritlm  can  be obtained  from
the  above  regression  function as fo11ows :

   a(K+1)=a(K)-T(K)･A(a(K),K)

            -L(a(K),K)･f(a(K),K)

with

  r(K) A  diag (7i(K), 72 (K), ･･･, 7p+i(K)) ･

The  estimate  a is

(36)

              determined from  a solution  of  this

estimation  algorithm  by Eq. (36) in a  sequential  form
of  random  yariable,  which  hopefu11y converges  to
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 a  solution  of  the  regression  function. Nevertheless,

 it can  not  show  a  uniqueness  ef  the  solution  obtained

 from  the  regression  function, because of  diMculty

 due to the complexity  of  the function. However,  it

 is reasonable  to select a proper solution  from various

 types  of  possible solutions  calculated  by using  various

 initial values  of  a  under  our  consideration  ef  its

 physical meaning.  In the  estimation  algorittm

 given by Eq. (3 ol, x(K)  is a  sequence  ofreal  numbers

 which  must  satisfy  certain  conditions  with  respect

 to the regression  function in order  to ensure  a con-

 yergence  of  the  algqrithm.  [[he contribution  by

 Robbins and  Monro  showed  previously that this

 convergence  can  be recognized  under  the fOllowing
 three constraint  conditions  :

   7, (K)>O ,
 ISI] 7, (K)- oo  

,
 S 7,2(K)< ..  .

             K=1  if.1

            (i= 1, 2, ･･･, P+l)  (37)

As  well  known, one  of  simple  sequence  of  gain
{7i(K)} satisfying these three  conditions  is GtlK
(Gi : arbitrary  constant).

  5. EXPERIMENTALCONSIDERATION

  The  estimation  method  proposed  in section  4 is
firstly applied  on  trial to  the  traMc  noise  data
actually  observed  at  the highway with  almost  free

sound  propagation characteristics.  The  situation

for the  measurement  of  actual  road  traMc  noise  is
shown  in Fig. 3. Road  traMc  noise  data are measured

at every  five second  by use  of  sound  level meter  of

digital type with  microphone located at  the  observa-

tion point O. The measured  noise  level data (dB
valuei  are  transformed  into the noise  intensity by
use  of  the  inverse logarithm transformation.  Based
on  these noise  in/tensity data, cumulants  of  noise

intensity in the  Kth  time  interval (this time  intervai
is arbitrarily  set to 250 s in our  experiment)  can  be
obtained.  At the same  time,  the scope  of  traMc flow
is continuously  fi1paed by use  of  automatic  carnera

synchronired  with  the sound  level meter,  and  the
average  number  of  vehicles  fiowing on  road  in each

short  time  interval is counted.  Sin¢ e the  number  of

blocks P  is originally  arbitrary  in the general theory
in the previous sections,  let us  now  eonsider  only

one  block (i.e., P==  1) in this section.  Furthermore,'

fbr the purpose  of  obtaining  the estimation  of  sound

propagation with  a  high degree of  accuracy,  the

data in a case  when  only  light eommercial  vehicles
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,

-
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flowtraffic
 flow.

  Asestlmatlon

is used

                li
                   o

Fig.3 Situation for the measurement  of

  actual  road  traMc  noise  under  fhee sound
  field.

are  selected  from  total observation  data on

 a  convergence  condition  of  the  recurrence

 
'
 algorithm,  the fbllowing error  function

e(K)A[la(K)-a(K-1)iLllla(K-1)II  (38)

                          Start

                          K=O

where  11 ･ [[ denotes the  norm  with  respect  to  a  vector.

A  flow chart  on  the preposed estimation  algorithm

and  the disposal of  measurement  data is shown  in
Fig. 4. '

  The  estimated  results  of  unknown  parameter a

arre shown  in Table  1 with  several of  initial values.

In three cases  with  I-1, I-2 and  I-3, the estimated

results  in the additive  compound  propagation model

are  shown,  and  three cases  with  II-1, II-2 and  II-3

show  the estimated  results in the  multiplicative

compound  propagation  model.  The  initial value  in
the  estimation  of  parameter a  is tentatively set to o.5

as  the  middle  point in the  possible existence  region  of

a  value  ec (i.e., OSctSl), and  the initial value  of

parameter  H/d  is arbitrarily  set to  onetenth  of  a(O)

as  a  trial. In a  case  with  I-2, the  final estimation

values  of  the  case  I-1 are  used  especially  as  an  initial

values  of  estimation  in this case.  Furthermore,  the

cases  with  I-3 and  II-2 show  the estimation  results

when  ILtd is set to  a  constant  value.  The  estimation

result  in the case  when  the road  width  B  is set to

 15(m) by taking the distance from  road  edge  to

Gain;r･(K)=G･IK

Fig. 4

Calculation  ef  Jl{a(K),K)

by  using  Eqs.(27)  and  (28>
     and

Caleulation  of  f(a(K), rc)

by using  Egs.  (32)N(3S)

Calculation
by  using  Eq.of (36)

e(K)<eEq.

 (38)

Q(o)!dl

Observation

     level

Transformation

mtenslty

Ca  culat:on  of

cumulants  "(K)

Caleulation  of

cumulants  a(arK),K)
by  using  Eqs  (16)
-{18)

Observation

Qm'(K) amd

<Ti?,jinct ;K)>

  Eq.  "7)

Ca!cu!ation  of

ri(a(K),K)

by using  Eq.(31)

A  flow chart  on  estimation  algorithm  and  the disposal of  measurernent  data.
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  o o
    O 100  200  300 400  500  600
                   K

Fig.5  Estimation  process of  parameter
  a(K)  based on  the additive  compound

  propagation model.

Table1  Estimated results  of  sound

   approximation  method.

propagation

G(K)LO

o.s

O.6

e.4

O;.2

JL Acoust. Sloe. .lpn.  (E) 4, 4 (1983)

                   a(K)ld
                    O.20

O.15

O.10

O.05

  O D
   o loo 2eo  3oo 4eo  soo 6oo
                  K

Fig.6  Estimation prooess of  parameter
  a(K)  based  on  the multiplicative  com-

  pound  propagation  model.

characteristics  by use  of  stochastic

CaseSound  propagation
    model

Initial "alues
K

Estimated results

a(o)
 AHro)/d

a(K)
 AH(K)ld

 I-1

 I-2

 I-3II-1II-2II-3

Additive model

Additive model

Additive  model

Multiplicative model

Multiplicative model

Multiplicative model

O.5O,9e.sO.5O.5O.5O.05o.opO.05O.05O.05O.05 S27

 560

 529

 562

 2231091

O.89l.Ol1.ooO.991.ooO.99O.138O.117

O.140

O.194

 A A

H(K)=H(O)
  (constant)

A A

H(K)=  H(O)
  (constant)
B  ==  l5 (m)

the observation  point O  into consideration  is.shown
in case  II-3. The  estimation  processes of  parameter
a  in the additive  compound  propagation  rnodel  and

the multiplicative  compound  propagation model  are

shown  in Figs, 5 and  6, respectively. These experi-
mental  results  show  that  several  estimation  values  of

parameter  ec converge  finally to  an  identical value

near  1.0 as a  proper value,  because the actual  sound

field of  noise  measurement  can  obviously  be. regarded
with  almost  free seund  propagation characteristics.

  Next, the estimation  method  is applied  to  another

road  traMc  noise  data rneasured  in the  actual  case

with  semi-diffUsed  sound  field. The  situation  for
the  measurement  of  actual  road  traMc  noise  is shown
in Fig. 7. Both  sides of  road  are highly heaped up

the soil  and  their tall walls  are  constructed  by con-

crete.  This environment  seems  to have the inter-
mediate  situation  between a  free sound  field and  a

diffused sound  field. Parameters ct. and  H  are

estimated  simultaneously  by the same  estimation

algorithm  of  Eq. (36) (i.e., a=[ct.,  H]'). Figure 8
shows  some  estimation･  processes of  parameter aq.

by use  of  multiplicative  cornpound  propagation
model  in cases when  initial values  are  set  to be
several  yalues.  Estimation .values tend  to converge

to a  value  around  O.4tvO.5 in spite of  employing

arbitrarily  several  initial values.  This estimation

result doesn't seem  to be unreasonable  judging from
the situation of  noise  measurement  shown  in Fig. 7.
Especially, Fig. 9 shows  an  estimation  process of
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Fig.7 Situation for
  actual  road  traMc
  diffused sound  field.

the measurement  of
 noise  under  semi-

a{K)

   
 1

   
o

   

 o

 o

 o

 o

    o soo  K  leoo  lsoo

 Fig.8 Estimation precess of  parameter

   a(K)  based on  the arbitrary  choice  of

   initial values  (the multiplicative  com-

   pound  propagation model).

'P-

parameter H  based on  the multiplicative  compound

propagation model.  Its estimation  result H=7.5m
shows  a  good  agreement  with  the  actually  measured

value  HF=7.6m  calculated  from  the  geographical
situation  shown  in Fig. 7.

  The  above  results  shew  the legitimacy and  the

usefulness  of  the proposed  estimation  method.

AH(K)/d1.2

1,O'

O.8

O.6

O.4

O.2

 oO
 SOO  1000  ISOO

              K

Fig.9 Estimation prooess of  parameter  A

  H'(K) based on  the multiplicative  com-

  pound  propagation model  (a(O)=O.1,  A

  H(O)-1.0).

 t7g:7.s..d=6.40m)

            6. CONCLUSION

  First, a  new  model  of  road  traMc  neise  which  is

applicable  to the traMc  fiow with  an  arbitrary  fluc-

tuation pattern has been introduced by generaliz-
ing a  well-known  tradic noise  model.  And  also,  two

kinds of  models  for the  actual  sound  propagation

field consisting  of  the intermediate environment

between  the  high-rise buildings in a  big city  and  the

fields and  gardens in a rural  country  have been

introduced in the expression  of  functional form.

Next, the cumulant  of  noise  intensity at  an  observa-

tion point has been  derived in the unified  expression

forrn with  a  sound  propagation parameter eharac-

terizing the actual  complex  situation  ef  the  above

intermediate environment.  Furthermore,  a  new

evaluation  criterion for this parameter estimation

has been established  especially  from a methodo-

logical viewpoint  by newly  introducing the difier-

ence  idea between theoretical  distribution form and

experimental  distribution form on  the noise  inten-

sity, and  then an  algorithm  to estimate  the  actual

sound  propagation parameter  has been also  derived
concretely  by use  of  the  well-known  stochastic

approximation  method  under  our  newly  introduced

criterion.  The  legitimacy of  the proposed  estimation

method  has been  experimentally  confirmed  on

trial by applying  it to the traMc  noise  data actually

observed  in a  big city.

  Though  the  main  point of  the present study  is

focussed on  proposing a new  trial of  parameter
estimation  of  the sound  propagation  especially
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 from a  methodological  viewpoint  since  it is in an

 early  stage  of  study,  there remain  many  kinds of

 future researches  of  applying  it to many  ether  actual

 engineering  cases,  deriving a  simplified  estimation

 method  for practical use  based on  this general

 theoretical approach,  finding an  appropriate  values

 ofgain  parameter for speed  convergency  in stochas-

 tic approximation  rnethod  and  setting the optimum

 method  of  dividing the present road  into a  suitable

number  of  blocks.
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               APPENDIX  1

  By  substituting  Eq. (14) into'Eq. (11), one  can

obtain

 4,f.(a) ==  fp. ,IH  h Sii'if" (x,dt (t ; K) ; a)  du.ji (t; K)

        : ly.,1- lp Si,'"` I 2rr(x.,,2(?l K)  +d2)

        +i2B-t{i exp[-iXpftltt  
K)i]]"ttx.d,(t;K)

       ==  (2.d,i)..2L, + SZ,'i'[ i lp,, +  
"(i

 ,-Hegb  
p)

         .e-y!Hb,]ndy

       ==  (2.dgn.2L, [ecp" !ilJi' (i +dyy,).

        +  [ "(B/ ,-lzr"},p)  ] 
"

 jiiri' ,-.1ll)･  dy

        +till.ll(:).";･ecpW,(,},',-."D'

         ･!?.li'  fiii;igll.el ,ly],  ,..,,

where  B', IEIh', L', G' and  G+i' are defined by Eq. (2Q).
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   . H;v (x) nt [ ot. et"-t212]t;o .
Thus, Hh(ax+b)  can  be expressed  as  fbllows;

 Hh  (ax+b)= [ oOt". et(aX+b)-t2/2]t=o
         =  [ aOt". etax-a2t212.  ebt-(1"a2)t2f2]t..e
         :=: tf.llo (:) [ oatSs etav-a2t2i2]t..o

            . [oOt'e.Mpt'satb-a-a2)t2i2]t=o
         =tf.ll,(:)alrz(x)[,O,",-.-',

               L  Aeoust. Sbc. .ipn. (E) 4, 4 (1983)

  In Eq. (A-1), by adopting  an  integral formulaS):

  S (x$c)n =  X.i [ (:2."-M23.)l' lgii-mii))!!
            " (2,)r(.l+cln-r]+ 

(7."ii))i!

               1 1 x

            
'
 (2,)n-f'vitan-ivT (c>O),

                                     (A-2)
Eq. (19) can  be derived.

               APPENDIX  2

  First, let us  show  the following theorem.
Theorem:

 The  fbllowing forpaula on  Hermite  poly-
norpial  can  be concluded:

  H;, (ax +b)  =  
,E"
 ]=o ( sn ) asH}(x)  

[(".z'-.S,)/2]
 (ni 

S)

            
･
 (2r-1)!!bn'SH2r(a2-1)r , (A-3)

where  Gauss' notation  [ l] denotes the  greatest integer
less than L
Proof: By  use  of  the  generating function on  Hermite

polynomial, first H;,Cx) can  be expressed  as  fo11ows`) :

                an
                                     (A-4)

where  the fbllowing Leibniz
the derivation of  Eq. (A-5):

     oa.". (f(x)g(x)) ==  III"ll=, (:
                  '(8.'.
Now,  consider  the last term

   etb-(i-a2)t212]t=o  p

             (A-5)

forrnula7) is used  in

)(
 g(xi)

On-rDxn-r

    .

of  Eq.

"o)

(A-5)

  (A-6)

in three
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cases  with  a<  1, a>1  and  a=  1.

 i) When  a<1,  one  can  obtain

    On-s[

    Otn-TiHe

     -On-s  b

         
tb-a-a2)t2/2]t..e

      [ otf}-s eXP[Vl-a2  tJi'-ma2

        
1
 
-2a2

 t21]t=o

     -(vl-a2)"'s･H"-s(vl-b:mah-)

     = (vl=ip)n-s 
[C".zi,)i2]

 ( -  i )r (n i,S )
       ' (2r -1)!  ! (vl 

b-
 
a,
 )"-S-2'

     ==  
[(".x-

i)/2] (nirS)(2r -  i)! ! b"-s-2r (a2-i)r ,

                                 (A.7)

where,  in the derivation of  the above  equation,  the

foTIowing definition of  Hermite polynomial  is used

   Hh (x) =  
[tny.2,]

 (-i)r(2r 
-
 i) ! ! (i) xnm2r .

 ii) When  a>  1, one  can  obtain

   [ oOt lls eeb-o-a2)t2/2]t.o

      [ oa,;-S, exp  If ViEI- tj v.b, .i
       +a22-itl]t!o

      (j va=r  )n-srz-s(J･ vrS2 -  1 )
                [(n-s)f2]

     ==(jVat-1)"-S  
.Z.m,

 (-1)'("2-,S)

       ' (2r-1)!!(J. vab,-1 )""S"2r
     =[(".I2]i)/2](n2-.s

 iii) When  a=1,  Eq. (A-5) can  be
follows:

   EC,(x+b)=  [ oOt". et(X+b)-`'X2]t=o
      [ oOt". et"-t2i2ebe]L..o

(A-8)

) (2r -1)  ! ! b"-S-!r(a2- 1)r .

     (A-9)

expressed  as

     =  gl" I=e (2) [-oOtSs etx-e2i2] 
e=o
 
.
 [ oat;,:s

     =:il"l=o  (:)H}(x)bn-s .

Thus, the  theorem  is established  from

(A-7), (A79) and  (A-10).
 Next, in Eq. (A-3), by setting

    a==ViLiir)?r5( )/VA,(a,K),

    x=(l-th(K))1JLiiE(]lli(  ),

and

    b =  (,e`t(K) -Ai(a,  K)) /VA2(a, K)  
,

the fbllowing relation  can  be derived.

.i(itt.ei,:af.K,))

        VAiEiiij25-( ) I-pa,(K)

ebt]t=o

   (ArlO)

Eqs. (A-5),

(A-11)

                        pat(K)-Ai(a,K)
   -M(rm(  

,
 ) v)iE,((k7+ vA,(a,I5rm)

   -,x"=,(ge)(."siZ\ft,)Sa(ii,{tiE,-')

     ･ 
[(".z-i)X2]

 (" i,S ) (2r -  i) ! !
     ' (Pi(5)A-,(2;(Ka),K))n-s-2r
     ' ("2(KA',i.lf(g･K))r
   =  (vA,(:, K) )n tl.ll, H}(  

ii.psi(g)
 ) (:)

     ･ (v;paiii()?iy( ))s[(n.x'i)/2]("i,')(2r-1)!!

     ･ (th(K)-Ai(a,K))'t-S-!r(pa2(K)-A2(a,K))r .

                                (A-12)

Adopting Eq. (A-12) to the weighting  function

g(I; 2(a, K)), and  using  the orthogonal  condition

of  Hermite polynomial, Eq. (23) in a special case

with  m=  1 can  be expressed  as  Eq. (27).

             REEERENCES

 1) W.  Feller, An  introduetion to P?'obability 71eeot:J,
   and  fts Applieations (John Witey  &  Sons, New

   York, 1957), pp. 146-154.

 2) H. KuttrufT; "Zur

 berechnung von  pegelmittel-
   werten  und  schwankungsgro6en  bei strassenlarm,"
   Acustica 32, 5769  (1975).

             201

NII-Electronic  



The Acoustical Society of Japan

NII-Electronic Library Service

The  AcousticalSociety  of  Japan

3) H.  Robbins  and  S. Monro,  
"A

 stochastic  approxi-

   mation  method,"  Ann. Math. Stat. 22, 400-407

   (1951).
4) H. Cramer, Mathematical Methods of Statistics
   (Princeton University Press, Princeton, 1951), pp.
   133, 221-227.
5) M.  Ohta, T. Okita, and  K. Hatakeyama, 

"A

 uni-

   fied estirnation  method  of  the sound  propagation
   characteristics  emitted  from the road  traMc under

   the complex  surrounding  environment  based on

   the stochastic  approximation  algorithm  (theory
   and  experiment),"  Spring Meeting of  the Acoust.
   Soc. Jpn., 2-1-5, 61-62 (1976) (in Japanese).
6) M.  Ohta,  T. Okita, and  K.  Hatakeyama,･  

"An

   estimation  algorithm  of  sound  propagation charac-

7)

8)

            X  Aceust. Shc. .ipn.  (E) 4, 4 (1983)

teristics 
'related

 to the road  traffic under  the  com-

plex surrounding  environment  (thcory and  experi-
                                        .
ment),"  Elie 8th Stochastic System Symposium
held at Kyoto  University. Japan Association of

Automatic Control Engineers, 53-56 (1976) (in
Japanese); The  2nd  Systems Symposium  held  at

Kyoto  University, the Society of  Instrument and

Control  Engineers  of  Japan, 31-36 (1976) (in
Japanese>.
R. Courant and  F. iohn, introduction to CZileulas
and  Analysis (Interscience Publishers, New  York,

1965), p. 203. ･

S. Moriguchi, K. Utagawa, and  S. Hitotsumatsu,
Mathematical  i7brmula I (Iwanami, Tokyo, 1956),

pp. 78-79 (in Japanese).

2a2

NII-Electronic  


