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A  whole  view  on  the harrnonic generation  in organ  pipes is presented. It consists  of

elementary  processes: (a) excitory  souroe  specimm  generation  by the jet, (b) fi1tration
by the inharmonic nermal  mgdes  of  the passive system,  and  (c) radiation  from the pipe
ends.  Lateral jet velocity  distribution is responsible  for the source  spectrum.  Fi!tra-
tion and  radiation  emphasize  the resultant  source  spectrum.  Harmonic  generation                                            .
mechanism  is classified inte the unsaturated  and  saturated  regimes,  and  formulated on
the basis of  current-  and  pressure-drive models.  Theoretical consideration  deduced:
(1) Contribution  of  the pressure-drive to the harmonic generation is not  significant.

(2) Harmonie  structure  and  its development in the unsaturated  regime  are  defined by
the matrix  of  the jet ofrSet  and  the yector  of  the jet deflection amplitude.  (3) A  decisive
factor determining the harmonic  structure  in the fully saturated  regime  is the time
interyal ratio  of  the jet switching  action.

PACS  numl?er:  43. 75. Np

L

           1. INTRODUCTION

  Musical  amusement  becomes rich by virtue  of

the great variety  of  tone  colour.  Physical mechanism
forming  the harmonic structure,  which  arises  a

sensation  of  tone colour,  is one  of  most  interesting
subjects  in musical  acoustics.  The  purpose  of  this

paper is to gain a brief picture of  this mechanism

which  is common  to alrljet  instruments such  as

organ  fiue pipe, recorder,  fiute, and  Japanese
shakuhachi.  Fundamental aspects  involved in it will
be illustrated on  the basis of  our  knowledge  of  the
sounding  mechanism  in organ  pipes.

  Interaction between the  air  jet issued from the
flue and  the  air  column  confined  in the  pipe sustains
sound  excitation.  The viewpoints  of  

"feedback

principle" in the current-drive  modeliHS)  and
"negative

 resistance"  in the pressure-drive  model')

have  been successfully  applied  to the  precise descrip-
tion  of  the interaction phenomenon  in the  ]inear
operatien.  The  air  jet travels across  the open  mouth

of  the pipe  and  then impinges  on  the edge.  Acoustic
disturbance at the mouth  defiects the  jet alternately

inside and  outside  the pipe  across  the edge.  TIhe jet
flow is thus rnodulated  and  enters  the pipe to drive
one  ofits  resonance  modes.  The  resulting  resonance

in turn reacts  upon  thejet.

  Generally speaking,  sounding  mechanism  should

involve harmonic  generation mechanism  intrinsical-

ly, But  theoretical consideration  on  the sounding

mechanism  has been  restricted  a]most  within  the

frequency domain  (e.g., determination of  sounding

frequency, and  phase  relationship  between  oscilla-

tions of  the jet and  the column)  except  a  few
works.5}e)  The  sounding  meehanism  needs  further
developing to  understand  many  problems  in the
amplitude  domain  (e.g., formation of  harmonic

structure,  response  of  attack  transient, and  calcula-

tion of  radiated  sound  power  from the information

on  the jet and  pipe).

  Harmonic  generation in organ  pipes  is principally
attributed  to the  jet-side rather  than the pipe-side.
Air column  in the pipe is generally regarded  as  a

linear system,  and  its resonance  characteristics

function as  a  kind of  filter because norrnal  rnode

frequencies of  column  resonance  do  not  coincide
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with the harmonics  of  sounding  frequency. On  the

other  hand, the jet behaves like a  nonlinear  system6)

and  must  be a  source  of  harmonics.

  However, the defiecting oscillation of  the.jet over

the mouth  is assumed  to be almost  linear. 6ood

agreement  on  the wafted  shape  of  the  jet is obtained
between the  theories`rS) in which  only  fundamental

component  with  soundi･ng  frequency is considered

and  the experimentsS,`)  which  show  the  snapshots

of  the wafted  jet in real situation. Aocording to the

theory,') the oscillatory displacement of  the wafted

jet is inversely prOportional to the square  of  sound-

ing frequency. Tlie waft  of  the  jet due  to harmonic

components  may  thus be strongly  weakened.  More-

over,  according  to the theory on  the jet instability,7)
the condition  which  assures  an  oscillatory  jet fiow
with growing  amplitude  becoipes much  severer  for

harmonic components.  Frorn  these reasons  we  do

not  lose the  adequacy  of  treatment even  when

harmonic  components  of  the  jet oscillation  are

neglected.  We  must  therefore  consider  that the

harmonic  generation does not  originate  in the

nonlinearity  ofjet  oscillation but in other  aspects  of

thejet.

  By  the way,  an  experimental  workS)  investigated 
"

the relatienship  between the harmonic level and  the

offset  of  the jet center  plane relative  to the edge.

From  its result  we  can  state  that the cause  of  harmon-

ic generation is the defiecting action  of-the  odset  jet
across  the  edge,  Moreover, it is well  known  that

organ  builders adjust  the 
"voicing"

 by  properly
changing  the  jet offset  from  their own  experiences.9)

From  such  a  pOint of  view,  Metcher and  Douglas'"}

mathematically  fbrmulated  the harmonic generation
by  the above  action.  Independently of  them,  the

present authorii)  also proposed a  similar  formula-

tion with different mathematical  expression.

  In this paper, the previous formulationti) on  the

sburce  spectrum  originated  in the  deflecting action

of  the jet is fUrther developed. Our  treatment

involves the current-  and  pressure-drive models.
'Sounding

 regirne  is classified  into the unsaturated

and  saturated  regimes.  Moreover, the Mtering

function of  air column  resonance  and-radiation

characteristic  of  
'open

 ends,  which  transform  the

source  spectrum,  are,  included. In order  to under-

stand  the  filtered and  radiated  spectrums,  an  ideal
model  of  uniform  tube is adopted.

  0ur  simplified  theory along  the above  general
approach  Will bring the  overall  view  of  harmonic

18

               J. Acozast. Sbc. .ipn. (E) S, 1 <1984)

generation in organ  pipes, althodgh  its experimental

confirmation  is postponed  in the future. Real

situation  of. harmonic generation will  be inferred

from the actualization  and  complication  of  the ahove
                                      .

elementary  processes: source  spectrum  generation,
filtration, and  radiation.

  2. SOURCE  SPECTRUM  OF  T[HII JIET

2.1 Source Spectrum  Due  to the  Current-Drive

  Itraveling across  the open  mouth,  the  jet flow
gradually slows  down  and  laterally spreads  out

because of  rnixing between the jet and  the surround-

ing still air.. In the previous paper,i) the authors

included the  slowdown  of  the jet in the theory,

while  excluded  the lateral spread  intentionally.

Such  a  simplified  model  was  rnost  effective  to

describe the phase relation  between  the oscillations

of  air jet･ and  air column,  and  to construct  a  funda-

mental  theory  on  the  organ  pipe sounding  mecha-

nism.

  Starting-point of  this-paper  is then the established

steady  state  oscillat'ion  of  the spread  jet across  the

edge  (Fig. 1). The  offset of  the symmetry  plane  of

thejet  relative  to the edge  is expressed  as  y6. Asym-

metiical  jet-edge configuration  due to this offset is

general in real  organ  pipes.

  At  the edge,  we  suppose  the  fbllowing lateral

velocity  distribution of  the  jet :

    U(y)=U,gQ,fcr)=U.g(op),  op=y/a, (1)
The  distribution g(v)  is assumed  to be symmetrical

for the simp!icity.  The  quantity a  is a  constant  fOr

normalization,  which  means  a  quantity like the

:LY
o)

 li

Fig. 1 Asymmetrical jet-edge configurfition

  with  the offset yo.

 The  jet has lateral velocity  distribution
  ULgtv1cr) at  the edge  (located' at  

'x==d,

 y=yo),  and  swings  up  and  down  aeress  it

  with  the alternating  displacement g,(t).
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  S. YOSHIKAWA  :

standard  deviation of  distribution and  indicates
the  effective thickness of  the jet. [[he value  Uli is
the  velocity  at the jet center  plane (y=O). Tlhe
origin  of  our  coordinate  is set at the center  of  the
fiue slit from  which  thejet emerges.  The position  of

the edge  is then  giyen by x=d  andy=yo.  The value

d is called  the lip cut-up  or  slit-to-edge  distance,
and  yo the offset  of  the jet.
  Because the  jet swings  up  and  down  across  the

edge  with  the alternating  displacement bif.(t), we  can

define the driving current  e. to the pipe as  the

following acoustic  volume  flow:

        e.(t)=(bU.)!IO-"e(`)g(yf.),ly 
･

            ..  (b ff q) SiO-""(`)g(v)d,7 , (2)

where  b is the  jet width,  ny. the normalized  jet
oscillation g.(t)Xa, and  vo the  normalieed  offset

yola. Note  that  the  positive direction of  g,(t) is
drawn from  the  inside to the outside  of  the  pipe,
and  that a  half of  total flow is neglected  since it has
no  acoustical  importance.

  The  jet oscillation itself may  hardly contains

harmonic components  as mentioned  in Introduction.
It is thus  safe to consider  that the jet 'oscillation

g,(t) at  the edge  takes  t,he linear form:
                  A

            g.(t)=±e.cos(w,t+6) (3)
                   A

with  the amplitude  e., the sounding  frequency
w,12z,  and  the initial phase 6. Taking  a  normalized

expresslon,  we  get

            Ve(t)=be COS (tust+S) ･ (4)

  If the  jet driving current  e.(t) given  by Eqs. (2)
and  (4) shows  a  periodic oscillation,  we  may  expand

it in Fourier series:
                   co

      Qe(t) ==  (baUe) X  ofn cos  [n(w,t +8)]  , ( 5)
                  n=O

        4

       Qen=(bcrUe)ofn･ (6)

Absolute amplitude  of'  e.. (for n=1,  2, 3, ･･･)

defines the  level of  seurce  spectrum  due to the
current-drive,  and  absolute  value  of  4n the  relative

leve1 of  that. Note  that qAn in Eq.  (5) can  take  the

negative  value.  The unusual  expression  of  Eq. (5)
with  such  an  additional  condition  is adopted  for the
algebraic  advantage  [cf. Eq. (33) in Sec. 5].
  Perfbrmance  of  the integral in Eq. (2) depends
upon  the functional form of  distribution g(op).

Since our  purpose  is the  understanding  of  funda-

HARMONIC  GENERA  [ION  MECHANISM  IN  ORGAN  PIPES

1

.5

o

mentalrigidityweFig.developed

whicpaper.whichintegral

a  relatively  close  approximation  to the  above

In real

a  turbulent
"nicking

fiow does not  have the  above  profiles exactly, they

give suMcient  approximations  to  serve  our  purpose,

2.2 Source Spectrum Due  to the Pressure-Drive

  Another  type  of  source  spectrum  is derived from

the pressure-drive model4)  of  sounding  mechanism,

although  the  fbrmer one  due to the  current-drive

model  is dominant in most  cases.i,2)  Conservation

of  momentum  flow fiux on  the deflecting jet deduces
the sound  piessure p.(t) which  drives the pipe:

          p,(t)=pU.2[-bg,(t)ISp],  (7)
where  p  is the air density and  S, the cross  sectional

area  of  the pipe.

  Taking  the  jet velocity  profile g(v) into con-

sideration,  we  can  obtain  the  generalized exprgssion

    p,(t)=  (bojS,)(p U.2) SiO-Ve(`) [g(op)]2dtl . ( 8 )

Fourier series  expansion  of  Eq. (8) gives the Ievel ,of
seurce  spectrum  IP,.l (for n=1,  2, 3, ･･･)  due to the

pressure-drive:

    -4 -2 O Z 4

                 n=swa

 Fig.2 Approximate distributions of  the

   jet velocity.
       , exp<-n2/2);  --.  sech2(op); and

   
-･-,  1-(lo71/M).

   aspects  in the harmonic generation,  physical

   on  the form of  g(op) is not  necessary,  then

may  favorably adopt  any  rational  form (cf.
2) to  make  the  integral calculation  easy.  Fu!ly

      jet flow has the  Gaussian distribution,
h is adopted  to perform the integral in this

    Laminar  jet usually  has the  fbrm  sech2(op),

   has the  algebraic  advantage  because the

    of  sech2  is tanh.iO) Triangular form gives
                                   tWo.12)

   organ  pipes, the jet probably  behaves like

       flow because of  its high speed  and  the

    
"
 on  the Ianguid. While such  a  turbulent
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                    co

   p.(t)=(ba/S,)(pU.S)ZPncos[n(to.t+a)],  (9)
                    n=D

     Pen=(bOISp)(PUe2)Pn･ (10)

In the latter section, we  illustrate numerical  example

of both source  spectrums  O.. and  P.. (or qA. and  P.)
by adopting  the  Gaussian  proMe  for the  jet veloeity
distribution.

        3. ]CTEREDSPECIRUM

  Acoustic excitory  sources  e, and  P. produce  the

acpustic  flow e, int6 the  pipe, Using  source  spec-'

trums  e.. and  P,. given by Eqs. (6) and  (10) respec-
tively, we  obtain  the spectrum  O. of  this pipe fiow
as  follows2,i3): ,

        (dpm)=(epn)i+(epn)n, (11)
        (Opa)i=[Zln"(Zbn+Zfun)]een, (12)
        (Opn)ii=[l/(Zpn+Zinn)]Pen, (13)

where  Z.  is the  value  of  the acoustic  impedance of
the  pipe with  both  open  end  correctiens  evaluated

at  the  nth  harmonic, and  Z..  that of  both the mouth

and  the jet wafting  over  the rnouth  evaluated  at  the

nth  harmonic; i.e., Zb.== Zb(ntu,) and  Z..==  Z.(ntos)･

In this sense, we  call Z.  and  Z..  the  nth  Fourier

components  of  acoustic  impedances Zb  and  Zm

respectiyely. Although  acoustic  impedanc"e' of  the

jet plays an  essential  role  in the  sounding  mecha-

nism,')  we  here neglect  it for the simplicity  because
its magnitude  is relatively  smaller  than  that of

mouth  impedance in most  conditions.  Moreover,

note  that miner  spoctrum  due to quadratic terms2,tS)

ofjet  defiection g, is excluded  from Eq. (11).
  Fourier components  of  pipe and  mouth  im-

pedanoes are  respectively  expressed  as2)

 Zb.==(pclSD[IZIrn+J'tan(knL)]1[ld-fEr#tan(knL)],

                                      (le
 Zth.rti(pclS,)(kndD, (15)

where  krt=nki==n(ca,lc) and  Hn==tanh(knL/2eN).
The  quantities L  and  Al are effective lengths of  pipe
and  mouth  respectively, whose  frequency dependenoe

is neglected.  The  quantity kn isi the nth  harmonic

wave  number,  c the sound  velocity  in the pipe, and

QN  the  9-value of  IYth normal  mode  resonance  of

the pipe. Diseriminate the subscript  N  from n.

The subscript  n  indicates a  harmonic series or

Fourier component,  while  the N  a  normal  mode

senes.

  Using Eqs. (6), (10), (14), and  (15), we  rewrite

ee

 '
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Eqs. (12) and  (13) respectively:
       A

      (Cpn)i=:[(ba'U,)q"n][(jw,AUc)n}'n], (16)

      (d.)n=[(baUli)Pn][(qlclYn], (17)
where

      }in =[11(Zbn+Zmn)](PCISp)  ･ (18)

The  function Y;, corresponds  to  the total admittance

1/(Zpn+ Z..)  normalized  by  the  characteristic  acous-
                                      a

tic impedance pc/S, of  the pipe. Note  that (e.)!.
is proportional to nYh,  while  (C.,,)n to  only  }'h.

From Eqs. (16) and  (17) we  know  that the  ratio

l(C.)i/(d.)nl may  be given by  ntu,riijq  because

4n and  Pn have  almost the  sarne  order  of  magnitude

as  illustrated in latter section.  The  current-drive  is

therefore predominant. fbr both high sounding

frequencies and  higher order  of  harmonics, while

the pressure-drive becomes predominant  for high

jet velocities  or  high blowing pressures.

  Figure 3 
'shows

 an  example  of  the magnitude  of

normalircd  total admittan ¢ e  by  using  the continuous

variable  k(=to1cl instead of  the diserete･ one  kn(i

nld,fc)  in Eqs. (14) and  (15). Following numerical

values  have been assumed.to  draw  Fig. 3: sounding

frequency fl,==w,/2rr=2ooHz, pipe diameter D=

3cm,  and  effective mouth  length Al=L/20. The

  lyi,[
20
  

  

IS

le

5

  e
    

                   kL

Fig.3 Magnitude of  normalized  total ad-

 mittanoe  I Ynl ef  the pipemouth  system.

 A  harmonic  series  (n==1,2,･･･) departs

 from  a  normal  mode  series  (N==1, 2, ･･･)

  given by  admittance  peaks. Numerical

  data': sounding  frequenc yfL =2oo  Hz, pipe

  diameter D=-3 cm,  and  ratio  of  effeetive

 mouth  Iength to effectiye  pipe  lcngth AqL
  =1120.
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Q-value of  each  mode  resonanoe  is calculated  from
Eqs. (19) and  (20) shown  below. The discordancy
between a  harmonic  series and  a  normal  mode  series

is clearly  il!ustrated in Fig. 3 where  the sounding

frequency or  the first harmonic (n=1) is assumed
to eoincide  with  the fundamental resonance  fre-

quency  or  the first normal  mode  frequency (N= 1)
which  is given by kL=O.953n. The harmonic series
therefbre  consists  of  kL==O.953rr, 1.906", 2..859z,
3.812rr, 4.765n, ･･･, while  the normal  mode  series

consists  of  kL==O,953rr, 1.908n, 2.866n, 3.830rr,
4.799rr, ･･･ as the numerical  calculation  on  the peaks
oflYhl  shows.

  For  the above  calculation  we  have employed  the

following relation  on  the e-value:

      QN  t[ct/(V]AN(Xl. D)+P(ACfl,2D2)]-t, (lg)
where  ec and  fi are  numerical  coeMcients,  Equation

(l9) shows  the fact that the dissipation of  acoustic

energy  in a pipe is principally due to two  causes.i4,i5)

The  first is the so-called  wall  boundary effect  which

brings viscous  and  thermal  losses to the pipe wall,
and  expressed  as  the  first term  in the  right-hand  side

of  Eq. (19). The second  is the sound  radiation  from

the mouth  and  open  end,  and  expressed  as  the

second  term  in the right-hand  side of  Eq.  (19).
  Theoretical expressions  of  ct and  P are  of  course

possible, while  the  experimental  determination of

their values  is more  effective  in most  cases. Aocord-
ing to  Benade,iD  we  have

           ct tl.4,  /eor3× 10-e, (20)
if pipe diameter D  is given  in centimeters.  Using
the assumed  yalues  D==3  and  fL ==  200, we  get Qi=
29, 2,=39, e,=45, e,=48, and  e,=50 from
Eqs. (19) and  (20). Wall  losses are  usually  dominant,
but radiation  losses becorne large as  the  sounding

frequency, mode  number,  and  pipe diameter in-

crease  respectively.  The  mode  number  at  which

radiation  losses surpass  wall  losses is given by

            Ncr6 × 105A-51SD-Z (21)
from Eqs. (19) and  (20). In the  case  of  Fig. 3 this
N==  10.

  A  normal  mode  series,  which  is defined by the

peaks of  ] Yhl, shows  the anharmonicity  as  illustrated
in Fig. 3. Such mode  dependence of  e-value as

expressed  by Eq. (19) causes  this anharmonicity.

The degree of  anharmonicity  of  Nth  mode  resonance

may  increase with  the increasing'IVI Therefore
higher harmonics tend  to  strongly  depend on  the

HARMONIC  GENERATION  MECHANISM  IN  ORGAN  PIPES

e-value of  the corresponding  normal  mode.  Mouth
length At also  affects  the harmonic  content.  Large
Al may  reduce  higher harmonics  by lowering the

sounding  frequency.

  Generally speaking,  harmonic source  spectrum

of  the jet is more  or  less affected  by the inharmonic
norrnal  mode  of  the  passive system  which  consists

of  the pipe  and  mouth.  Such  an  effect  becomes
  .quite

 uneven  when  the system  undergoes  any  geo-
metrical  modification  e.g., partly widening  and

narrowing  of  the  pipe.i6) We  may  thus  censider

that  the  individual normal  mode  operates  as  a  kind
of  filter. Then  we  wili define the spectrum  of  pipe
fiow a,. given by Eq. (11) as  the filtered spectrum.

And  the  filtration is characterized  by the normalized
total admittance  Yn.

   4. RADIATEDSOUNDSPECTRUM

  Sound radiation  takes  place at  the  mouth  and

pipe-end openings.  Acoustic flow through  the
mouth  opening  is given by -C,.  when  e,. gives
the acoustic  flow lnto the pipe.') Acoustic flow
through  the end  opening  is approximately  given
by -dpn  and  Cp. fbr odd  and  even  modes  respee-

tively. That  is, odd  harmonics radiate  in phase  from
above  two  openings,  while  even  harmonics out  of

phase.

  In the  free field, sound  radiation  from  organ  pipes
is thus regarded  as  that  from two  point sources

insofar as  the opening  is relatively  small  compared

to  the  waVelength  (cf. Fig. 4). Therefore we  receiye

the  fo11owing sound  pressure at point (r, e) :

      pn(r, e) =  j[p(nw,)14n](- <llp.)

               .(  
e-Jric.nrE

 ± 
e21it.n'M),

 (22)

pepeend

-apn(n=1,3,･･･)

+dp"(n=2s･･)

TL
l

e

.ii,7

'･e)

lk

    mouth

          
Tapn

Fig. 4 Sound  radiation  from an  organ  fiue

  plpe. ･

  Pipe end  and  mouth  approximately

  operate  as  a  monopole  respeetively.
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where the' plus sign is used  for odd  harmonics and

the minus sign  for even  harrponios. In the far field

(r>L), Eq. (22) is rewritten  as

                        A

  pn(r, e)= j[p(nw,)14n](-2e,D

          'IJ.C,:.X[(knLI2)cose]l 
e=,iic"'

 , (23)

where  the cos  is used  for edd  harmonics  and  the

fsin for even  harmonics.

  Let us  define thg level of  radiated  souncl  spectrum

]P..1 by settingr=iand  
CsOi:[(knL12)cose]

 
=1

 in

Eq  (23):
          IP..I=[p(n{d,)/47T]12e,.j. (24)
TIhis equation  tells ug  thaf the fiItered spectmm  a.
suffers  an  emphasis  of  higher harmonics, propor-
tional to  n, through  the radiation.

  We  can  write  down  the  radiated  sound  spectrum

as  fOllows by using  Eqs. (11), (16), and  (17):
   Prn =<Prn)i+(Prn)ii,  (25)

   (Prn)i==[(btrUe)4n][j(27iZfisdijc)nYn][(nfL)n]; (26)

   (Prn)n= [(baUa)ISn] [( Ue/c) Yd[(pA)n]  , (27)

where  (P,D[ and  (P..)ii are  the radiated  sound  spec-

trums  due to  the current-  and･  pressure-drives
respectiyely.  Note  that  the  former has 

'a
 phase

advance  of  fi/2  relative  to the  latter if the of. and  P.
(for n=1,  2, 3, ･･･) have  the  same  sign  each' other.

This is attributed  to  the  phase difference between

the maximums  of  acoustic  current  and  pressure in

a  pipe. According  to Eqs, (26) and  (27), an  excitory

100

50

p2IMI

                          5n       n

                kL

Fig,5 Emphasis curve  ntlYnl  of  radiated

 sound  spectrum  due  to the current-drive.
 Numericai  data are  the same  as  in Fig. 3.
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souroe  spectrum  O.. (or d.) sufTers  an  emphasis  of

higher harmonics  which  is proportional to n2}'in,

while  another  one  P,. (or P.) suffers  an  weaker  ern-

phasis proportional to n}';,. Using'the same  param-
eter yalues  as  in Fig. 3, we  draw  the  curve  of  em-

phasis n2[ }';,1 in Fig. 5.

  Summing  up,  above  Eqsi. (26) and  (27) formulate
the elementary  processes in the harmonic genera-
tion: excitory  souroe  spectrum  

'generation
 by the

jet, filtration by the  normal  modes  of  the passive

pipe-mouth  system,  and  radiation  from the open

etids.

      5. UNSATURA[IllDREG!ME

  Harmonic  geperation in organ  flue pipes essen-

tially depends on  the alternating ,defiection of  the

jet. Even  if the  amplitude  of  this deflectign con-

tinues  to grow,  the saturation  of  the  jet flow intO
the pipe necessarily  oecurs:  wnen  thejet is defiected
in a  sinusoidal  way  with  a  small  amplitude?  the jet
fiow does not  yet saturate. As  the amplitude  be-

comes  large, the  jet begins to blow completely  out-

side  or  inside the pipe, and  the saturation  comes

about,  First we  treat the deflecting jet with  such  an

amplitude  that  does  not  bring the  saturatien  in this

section,  arid seeond  the completely  switching  jet
with  a  sufiiciently  large amplitude  to saturate  the jet
fiow in the next  section.

5.1 Calculation of  Jet Source  Spectrum

  Taylor expansion  around  null  defiection (op. =O)

rather  than Fourier series expansion  may  be more

efTective  method  to calculate  integrals (2) and  (8):

   . e. :(bifU.)[!iOg(v)cth7

         +  .Zco., [g("-i'(ope)ln !][v.(t)]"] , (2s)

     p.==(bcrls,xpua2)[S,'Og2(v)du

         +  .Zco..,[82'("-"(Vo)ln  !] [op.(ti]"] , (2g)

where

     gcn)(opo)=[4"g(ope-ne)ld)7e"]v.-o

            :(-1)n[dng(v)/dj7n],.,,,  (30)

     g2,(n)(op,)=(-1)#[dng2(?1)fdnj"],.,,. (31)

Above  equations  tells us  that the  higher derivatives

of  the velocity  distribution function evaluated  at

r
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 S. YOSHIKAWA:

the edge  position (op=nyo) yield the source  spectrum

of  the jet.
  As  a  simple  example  we  take the fbllowing Gauss-
ian distribution of  the jet velocity  (cf. Fig. 2) :

           g(v)==exp(-v212).  (32)

Frorn Eqs. (30) and  (31) we  get

   ,g(")(vo) =  e-"o2/2 
[tl.ll'o]

 i.-(nll2;X?r!! (v b)"-2'  ,

   gz,cn)(vo) =e'-ve2  
[.n]x'o]

 
((-n
 l)2'r"') lrnT.! (vo) "-2'  ,

where  [n12] expreSses  the  maximum  integer not

exceeding  n12.  Then  Eqs. (28) and  (29) give each
source  spectrum  for the current-  and  pressure-
driyes respectively  :

HARMONIC  GENERATION  MECHANISM  IN  ORGAN  PIPES

e,= (baq) [erf(vD)
ofi/De'

42/be2
ofs/h.S
4,lhe`

4s/te5

  l
  l  .

Ptlhei

P21he2
Ps/h.3

P,lhe'

P5/he5

  i;

=(VO)eveng(opo)

=(Vo)eveng2(opo)

  1

  1A,,13Az2/4A,,110

  ---

  ---

A12A2a

     Aie12

    2A2e/5

     A,,15

      ---

      -t-

  1 Bn

  1 B,,

B,,/3 B,,12

B22/4 2B2s/5

BtsllO B"/5

  --t  ---

  -i-  ---

where  (opo)..,. equals  if the harmonic  order  n  is

an  even  number  or  equals  1 ifn is an  odd  number,

Matrix elements  (opo2-1)/8, Ais==(opD'-6no2
+3)1192, Ai4==(no6-15opo`+45ope2-15)19216, A22
=(opo2-3)148,  A2s==(opo'-10opo2+15)11536, A24!

(noe-21opo4+105opo2-105)192160; Bi2=(no2-2)18,
Bts=(opo`-12opo2+12)/l92, Bi4=(opo6-30vo'+180opo2
-12Q)19216,

 B22=(opo2-6)/48, B2s=(opo`-20opo2

+60)/1536, and  B24==(ve6-42ope'+420vo2-840)/
92160.

     +envo2'2[,z."'=2i[.ze..e,[,"z2,]((.-+li(22.lt)"i
2Ii(h2",))"it!]

     Xn+iCm(cos[(n+1-2m)((d.t-Y6)]+A)l,  (33)

 p.=(b(r7SD(pU,2)  IV2
L"

 erf(vo)

    +e-"o"[.'ill.ii[.2co..],[."zC2,]((-tl)i()op2o.)(
"n-lr(2nAre))!"r'!i

]
    Xn+iCm(cos[(n+1-2m)(to,t+S)]+A)l,  (34)

where  A equals  to 1/2 if n  equals  odd  number  or  O
if n  equals  even  number,  and  the erf  is the  error

function defined by erf(z) =  !,"exp(-x2/2)du.
  Comparing  Eqs. (33) and  (34) with  Eqs. (5) and
(9) respectively, we  get the explicit  expression  for
the  relative leyels of. and  P. (n=1, 2, 3, ･･･) of  jet
source  spectrums.  It may  be effective  to arrange

these  results  in the fo]lowing matrix  form:

A13A233A,,/5A,,12

 ---

 t--

 ---

 B13

 Bzs3B,,/5

 B,,/2

  -i-

  ---

  ---

A"A24---------}-----

B14B24---------

---

------+t----i-

--------------

1

he2
ee'

te6

ill

1heZ

te`
e.6

l-
l

 :

'

'

(35)

(36)

5.2 Effects of  Jet Offset and  Defiection Amplitude

  Figure 6 shows  the  jet source  spectrum  e`. (for
n==1,  2, 3, and  4) of  Eq. (35) as  a  function of  the

offset  opo. The  amplitude  of  the  jet defiection h. as
a  parameter takes  values  O.5, 1.0, and  1.5 re-

spectively  [from Fig. 6 it seems  that  Taylor expan-

sion  of  Eq. (35) converges  even  at  h.=1.5]. Odd
harmonics  4t and  ofs are  both  symmetrical  about

the  axis  of  ordinates  and  have  opposite  signs  each

                23
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Fig.6 Jet source  spectrum  4# as  afunction

  of  norrmlized  jet offSet  vo (current-drive).
  Parameter is the normalized  jet deflection
  amplitude  lj.. (a) Fundamental, (b) 2nd
  harmonic, (c) 3rd harmonic, and  (d) 4th
  harmonic.
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other  at  small  offsets  ([vol< 1). On  the other  hand,

even  harmonics  42 and  of4 are  both  synmietrical

about  the origin  and  have opposite  sigris each  other

in a relatively wide  range  of  the offset (lvol<1.7).
All harmonic components  except  fundamental one

have their own  zeroes. These  characteristics are

attributed  to the nature  of  matrix  Aij (i, J'-- 1, 2, 3,
･･･) whigh  is a  function of  opo only.  Calculation on

P. of  Eq. (36) shows  the  similar  result.

  Following' relations are  approximately  derived
from Eqs. (6), (10), (35), and  (36):
  J-A 4 A A A

 Qen>Qe(n+i)) eean.-i)oc(ee)Vn'Lit eeen,)ocyo(ee)in'r
                     - -

 Pen>Pe(n+i), Pean,.i)oc(ee)'"'-i, P.c2.,)ocyo(g.)th"'

 (n= 1, 2, 3, ..d;  n'=1,  2, 3, ...).

Above  relations on  jet source  spectrum  components

are  held quite good  fbr very  small  amplitudes  of
            A

jet defiection e..
  But rigorously,  Eqs. (35) and  (36) show  that the

magnitudes  of  of. and  Ph inerease with  more  than

nth  power  of  the  normalized  jet defiection t,. This

.is caused  by  the vector  (1, t.2, t.`, S.6, ･･･)  in the

right-hand  side  of  Eqs. (35) and  (36) respectively.

Hence,  the amplitude  of  each  spectrum  component

grows  rapidly  with' the  increasing jet deflection

amplitude.  This suggests  an  impertant role  of  the

above  yector  in the harmonic  development.

  Interrelation between  harmonics can  be clearly

understood  from Figs. 7(a) and  (b) where  souroe

spectrum  levels l4.l and  ]P.I (for n=1AJ5;  h.==ID)
are  drawn respectively: 

'

1) Odd  and  even  harmonics respectively  have
   their own  maximums  at  almost same  ofTSet

   values.

2) Numbersofmaximumsandminimums(ornulls)

   increase with  the  ascending  harmonic  order.

3) Maximurnsofoddharmo,nicslienearminimums

   of  even  harmonios. -'

4) Conversely, minimums  of  odd  harmonics lie
   near  maximums  of  even  haarmonios.
5) Especially, zero  offSet gives no  eyen  harmonics

   but gives the highest levet of  each  odd  harmonic.

6) Intervals between  neighbouring  maximums  (or
   minimums)  are  narrower  in 14.1 than in IL,]･
The  structure  of  matrices  shown  in Eqs. (35) and
(36> brings above  characteristics  in the  harmonic

structure.

  Matrix  structure  reveals  that  odd  harmonics have
their own  origins  (i.e., Ai2, Ais, Ai4, -･･;  Bn, Bts, Bt4,
･･-)  which  are  different from those of  even  harmonics
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Fig.7  Jet source  spectrum  level as  a  function of  the normalized  jet offset  (unsaturated
   regime).

   (a) Current-drive, (b) pressure-drive. The  normalized  jet defiection amplitude  is assumed
   to be 1.0. The  Roman  numerals  represent  the harmonics (I, fundamental; II, 2nd  har-
   monic,  etc.). ,

(i･e" A2t, A23, A24, ･･･; B22, B2s, B24,･･･). This theoreti-
cal  result  gives physical foundation which  permits
musical  consideration  of  harmonic structure  by
separating  it into odd  and  even  ones.8)  Organ flue

pipes will be endowed  with  particular tone  colour

according  to  a  definite value  of  jet offset,  sinoe

matrix  etements  depend only  on  the effSet.  We  can

thus recognize  the musical  importance of  the offSet

adjustment,  which  principally controls  the  
"voic-

ing" of  organ  pipes.

Table1 Parameter values  to calculate  the

  radiated  spectrum  (unsaturated regirne).

5.3 RadiatedSpectrum

  After the  filtration by the normal  mode  resonance

in the  pipe, jet souroe  spectrums  are  radiated  from
the mouth  and  open  end.  According to Eqs. (26)
and  (27), we  can  illustrate the radiated  spectrum

levels 1(P,.)il and  1(P,.)iil respectively.  In Figs.

8 (a) and  (b), we  plot logarithmic levels 20 Iog i(P..)i1
and  20 log 1(P..)iil relative  to 1 pPa.  The  value  of
"dB

 re  O.OO02 dynlcm2" is given by subtracting

26 from the value  of  
"dB

 re  1 foPa."
  Geornetrical and  acoustical  parameter values  for

drawing Fig. 8 are  taken  from  an  experimental

model  CP-I of  the  organ  pipe in the  previous paper,t)
and  listed in Table 1. We  have supposed  that  the

Normalized jet deflection
Effective jet thickness
Jet width
Jet velocity
Air clensity
Sound  velocity

Efrective pipe ]ength
Effec tive mouth  length
PiPe diameter
First normal  mode

Sounding frequency
Qi=32, Q2=41,

eeabqpcLAIDk,L,fL

Q3=45, Q,=47, es=46

1.0O.6cm1.5

 cm2.5mls1.2kg/m3

340 mls64

 cm

  4 cm

  3 cmO,942n250

 Hz

value  of  effective jet thickness  a  at the edge  becomes

three  times  the  initial thickness  at  the  flue slit.

ei¢rvalues  are  calculated  from  Eqs. (19) and  (20).
  Figure S tells us  the fo11owings:
1) Spectrum  level of  the radiated  sound  due to

   the current-drive  is higher thari that due to the

   pressure-drive  by more  than  30 dB.
2) Emphasis in level of  second  and  third har-

    monics  is outstanding  in the current-drive  [cf.
    Figs. 7 (a) and  8 (a)].
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Fig. 8 Radiated  sound  spectrum  level as  a  function of  the normalized  jet offSet  (unsaturated
   regime).

   (aj Current-drive, (b) pressure-drive. The  Roman  numerals  represent  the harmonics.

3) Such ah  emphasis  is not  outstanding  in the

   pressure-drive [cf, Figs. 7 (b) and  8 (b)].
4) Current- and  pressuredrives have different
   offset  values  at  which  minimum  levels of  each

   harmonic occur.
5) Deep  troughs in harmonic generation due to

   the current-drive  are  therefore somcwhat  com-

   pensated by the harrnonic generation  due to

   the pressure-drive.

  - Qmax
          fimax

             o t

         -Omax

         -Pmax

    Fig.g Combletelyswitchingjet.
      During time interval･ Tt within  an  oscilla-

      tion peried. the jet flows into the pipe
      and  produces  maximum  driving flow dmax
      and  pressure P.... On  the other  hand,
      the jet fiows out  of  the pipe  during
      remaining  time interval 7le and  produces  ,
      -Cmar  and  mPmas.

T,

Ti

         6. ･SATURATED
 REGIME

6.1 TheJet

  It may  be .considered that the jet flow into the
pipe continues  to increase as  far as  jet oscillation
amplitude  grows andjet  velocity  increases. However,
this jet driying fiow will saturate  at  given amplitude
and  velocity.  Saturation of  jet driving fiow then
causes  saturation  of  acoustic  output,  that  is, the

maximum  level of  radiated  sound.  
'

  Jet oscillation amplitude  is 
'usually

 much  larger
than  the jet offset at  the'saturated state.  The  jet
thus  spends  a  period of  its oscillation almost  com-

pletely outside  and  inside the pipe. A  time erossing
the edge  can  be ignored. Such a completely  switch-

ing action  of  the jet is shown  in Fig. 9. The  jet
alternately  fiows into and  out  of  the pipe  during
time intervals Ti and  T2 respectively.  Flrom Eq.  (2)
maximum  driving flow e... may  be approximated

by

          C... ct (baUb)!,oog(op)drp ･ (37)

If we  suppose  Gaussian distributiQn of  Eq. (32),
          e...tM/ (baq).. (3s)
Similarly, from  Eq. (8) we  get the  following maximum

ca
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                                                            '

driving pressure P.u at the same  tiMe: 20 leglPen/Pmax1

        
.
 

.v

 ieO         p... (bcrlS,)(pU,2) g2(ny)ctu

            ==(Viii/2)(ba/S,)(P  U,2) . (39)

  By the way,  ajet  is produced  by receiving  momen-

tum  from  an  external  source  and  then being ejected
from  an  orifice  or  slit. Resultant jet spreads  out

into the surrounding  fiuid as  it goes downstreurn.

During  this spreading  process the jet exerts no  force

on  any  external  fiuid, and  vice  versa.  Total momen-

tum  fiux of  the  jet is thus  conserved  at  any  down-

stream  position x.  This must  be the case  whether

the jet is laminar or  turbulent.

  Since our  jet is two-dimensienal, we  consider  the

momentum  fiux M  per unit  width.  Then,

        M(x)  =PS:..  U2(x, y)dy ==const.  (4o)

From  Eqs. (1) and  (40) we  get the following relation

between the momentum  fiuxs at  the flue slit and  at

the edge:

          puo2h  ==pU.2cr!:..g2(n)dy  ,

therefore we  can  express  the effective  jet thickness
a  at  the edge  as

        a=h(Uo/U.)2[I:.g2(op)dop]
'i,

 (41)

where  Uo and  h are  jet velocity  and  jet thickneE}s at
the fiue respectiyely.  Gaussian  jet distribution

gives

             a==(hlVfi)(UelU.)2･  (4P

  From  Eqs. (38) and  (42) we  can  rewrite  C... aS
       em.=[V-2- (Uol U.)] [(1/2)bh Ue] . (43)

This equation tells us  that jet driving fiow O.a.
into the  pipe equals  Vi  (Uo/U.) times  half an

initial flow (1/2)bhUo at the  flue if the  Gaussian

velocity  distribution is assumed.  And  we  know

maximum  driving flow increases in proportion to
the square  of  initial jet velocity  Uo. Since factor

 za(UolU,) is greater than  1, Eq. (43) indicates
that the amount  of  jet fiow increases as  the jet
travels downstream. Thejet  draws ambient  fluid into

itself frem  the sides.  This is generally known  as

entrainment  effe ¢ t.

  On  the other  hand, the jet driving pressure is

 reduced  by the ratio  of  cross  sectional  areas:

           Pmai t(bh/Sp)[(1/2)PUo2],  (44)

   O  
.2

 .4 .6 .8  1

                E=Z/k

Fig. IO Jet source  spectrum  level as  a  func-
  tion of  time interval ratio  e ofjet  switch-

  ing action  (saturated regime).

  The  Roman  numerals  represent  the
  harmonics.

where  Eqs. (39) and  (42) are  employed.  This equa-

tion is just consetvation  law of  total jet momentum
flux.

6.2 Calculation of  Jet Source Spectrum

  Time  interyals Ti and  T2 ofjet  switching  action

may  be determined by  the flow resistances  which

the jets into and  out  of  the pipe suffer  respective-

ly.i2,i7) Although the effect  of  offset  becomes

weak  in the  saturated  regime,  it can  not  be ignored at
all if the  offset  is relatively  large. In our  calculation

we  set  Ti=eTa  for the simplicity.  The value  of

interval ratio  e may  be smaller  than  1 generally,
because the resistance  to  the  fiow into the pipe
may  be considerably  greater  than that to the flow
into the free space.  Fourier series  expansion  of  the

function shown  in Fig. 9 gives the  fo11owing souroe

spectrums  d.. and  P.. rospectively  :

       <2e.= (4Xnir)C... sin[nn(el(1  +e))] ,
 (4s)

      Pe.= (4/n7T)P... sin [n7T(el(1 +  e))] . (46)
  In Fig. 10 we  draw the relative  source  spectrum

levels of  ld../C...I and  IP,./P...1, which  have  the

same  functional fbrm, as functions of  interval ratio

e. Instead ofjet  offset in the unsaturated  regime,

time  interval ratio  of  jet switching  action  becomes
a  decisive factor determining organ  pipe harmonic
structure  in the saturated  regime.
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                    (a) 
'
 (b)

fig. 11 Radiated sound  spectrum  level as  a  functiOn of  the jet switching  time interval ratio
   (saturated regime).  ･F

   (a) Current-drive, (b) pressure-drive. The  Roman  nurnerals  represent  the harm6nics.

6.3 RadiatedSpectrum

  Jet sburce  spectrums  of  Eqs. (45) and  (46) are

transformed  into the fo11owing radiated  spectrums

according  to Eqs. (12), (13), and  (24):

       (Prn)i=:(den)[i(2nj;ziUc)n}'A][(ptL)n], (47)
       (Prn)ii ==  CPen)[(Sp/PC) J';:] [(RfL)n] . (48)

We  plot their logarithmic levels (relative to 1 pPa),
in Fig. 11 as  functions of  switching  interval ratio e.

Jet velocity  measurement  on  model  CP-I gave
Uo==21 m/s  and  U,=6m/s  near  the  saturated  re-

gime.i) Other  parameter values  to draw Fig. 11 are
the same  as  in Table 1. Note  that  jet offset  and  jet
deflection arnplitude  are  not  essential  (and thus
ignored) in the  saturated  regime  as a limiting state.

  Figr)re 11 tells us  the followings:
1) Spectrum  level of  the radiated  sound  due to

   the current-drive  is higher than  that  due  to the

   pressure-drive by more  than  25dB  [cf. Figs.

    11 (a) and  (b)].
2) Developrnent of  higher harmoqios is fnlly at-

   tained  in the  saturated  regime  of  current-drive

   [cf. Figs. 8 (a) and  11 (a)].
3) Such deve!opment is not  fu11 in the  pressure-
   drive.
4) A  few values  of  e, which  are  the  same  in the

   eurrent--  and  pressurodrives, bring null  level

    of  higher harmonics.

  The vaiue  of  e may  be principally determined by 
'

the pipe geometry and  secondarily  by the geometries
of  the flue slit and  mouth.  Flo: resistance  into the
pipe depends  on  the  ratio  of  pipe  length to pipe
cross  section.i2,t7)  Wider  pipes with a  given  Iength
will  give  larger interval ratios.  Therefore from Fig.
11 we  rnay  state  the followings:
S) Extremely  wide  pipe  (ecr1) radiates  only  odd

    harmonics.
6) Relatiyely wide  pipe (ecrO.8) radiates  low levels
    of  even  harmonios. Levels from  the first to the

    fifth harmonic are  in order  l36, 128, 135, 130,

    and  126 dB  re  1 ieePa.
7) Considerably narrow  pipe (e :O.2)  radiates

   high Ievels of  higher harmonics. Levels from the

   first to the  fifth are  in order  l31, I37, 137, 133,
   and  124 dB.

  Limiting tone colour  pecul,iar to a  given organ

pipe in the fu11y saturated  regime  is principally
attributed  to its pipe geometry  which  determines
the  jet'switching interval ratio,  pipe resonance  or

filtration charaeteristics,  and  radiation  charac-

terlstlcs.

            7.' CONCLUSION

  A  general approach  to the total picture of  the

os
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harmonic  generation mechanism  in organ  pipes
has been  developed. The  mechanism  consists  of

three elementary  processes : source  spectrum  genera-
tion by the  jet, filtration by  the  normal  mode  reso-

nance  of  the  mouth-pipe  system,  and  radiation  from
the  openings  of  the mouth  and  pipe end.  In the
consideration  of  harmonic generation,  our  theoreti-

cal  treatment contains  the excitation  mechanisms  due
to the current-  and  pressure-drives, and  classifies

them  into the unsaturated  and  saturated  regimes.

  In the  unsaturated  regime,  the desicive causes

originating  the  source  spectrum  are the asym-

metrical  jet-edge configuration  and  lateral jet veloc-
ity distribution. The  asymmetry  is represented  as

the  offset  of  the jet center  plane relative  to the edge.

Contribution of  the pressure-drive to  the  harmonic

generation is insignificant in most  cases.  The  essen-

tial features of  the  harmonic  structure  and  its

development are  clearly  formulated in the matrix

fbrm.

  In the fu11y saturated  regime,  the decisiye factor
determining the harmonic  structure  is the ratio  of

time intervals in which  the jet defiects completely

inside and  completely  outside  the pipe. The  jet
offset  and  velocity  distribution now  becorne almost

unessential.  The  effective  thickness  of  the  switching

jet wbich  governs  the harmonic level is deduoed

from the conservation  law on  the  total momentum

flux of  the  jet. Because the  interval ratio  depends
on  the  geometries of  the pipe, mouth,  and  fiue

slit, they  participate in producing  a limiting tone

colour  peculiar to  an  organ  pipe itself.

  Our  theory  makes  possible to  predict the  harmon-

ic structure  and  sound  level of  the radiated  tone.

Moreover,  it may  present the acoustical  foundation

for the voicing  adjustment  and  the construction  of

various  organ  pipe ranks.  Although  this paper is
restricted  to a  theoretical study,  fundamental aspects
revealed  in it will  be fbllowed by the  experimental

study.
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