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Abstract: Rccent research  on  the acoiistics  c)fthe  piano are  reviewed  focusing on  the topics which

were  prcscntcd at the lntcrnational Sytnposium on  Musica[ Acoustics in Nara (ISM,AL2004) and  thc

[nternational Confercncc c}n  Acoustics in Kyotu  (ICA2004} which  were  held in Japan from  late March
to thc be.gi]ining of  April in 2004, The topics include the  secondar},  partia]s in piano tones,  srring

excitatiun  b.v (hc hammcr,  tLnd  thc coupling  bctwcei] the  strings.  the  bridge and  the soundboard.  The
existencc  of  the secondary  partials was  known  since  late 1970s ancl  called  

'phantom

 partia]s' in a  paper
published in 1997.
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             1. INTRODUCTION

   The  lnternational S>,mposium  on  Musieal ,ALcoustics in

Nara (ISMA2004) und  the International Confercncc on

Acousties in K.vote (ICA2004) ",ere  hcld in Jupan from  late

March  to early  April in 2004. A  purpose of  this article is to
review  recent  studics on  thc acoustics  of the piano focusing
on  topics which  werc  presented in these  conferences.

Topics  include the secondary  parTials in piano tones. string
excitation  by the hammer, and  the coupling  between  the

strings, the  bridge and  the  soundboard,  The exisrence  of  the

secondary  partials was  known  since  late I970s and  called
`phantom

 partials' in a paper puhlished in 1997.

         2. SECONDARYPARTIALS

   IL is wcll  known that a frequency of an  upper  partia] of

an ideal strin.y  is un  integer multiple  of  irs fundamental [ 1 ,2 1:

                 ,tl=St/ Nii"piA

"'

 (i)

whcre  iJ is the  partial number.  T  is the tcnsion,  p is the
mass  densit>･, A is the section  area  of the string  and  L is the
speakin.g.  Iength. ]n the piuno. the s.peaking  length is lhe
distance betwccn an  ugrai]fe  <er bearing) to a bridgc pin us
shown  in Fig. 1. Equation (1) is b"sed on  lhe assumption

that a  string  is per{'ectly fiexib]e. Practically. a real pittne
string.  has elastic  stilTncss  w'hich  resists  to bending and  the

frequencies of  the partials increuse. ]n this case,  the

frequency of  the ti-th  partial is given by

         f:' =  ,f,; vrilJ-EtJ;5ni ft: f;;(i -- S Bn]) (2)

where  B  is a constant  given by

                       rr!EI

                   
B=

 filT (3)

where  E  is the Youngis  modu[us.  As  the area  moment  of

inertia given by

                       rrd4

                   f=  C4)
                       64

where  d is the  diamctcr of  the string  r3],
   This deviation from  thc harmonics is called  inharme-
nicity and  this characteristic  hus bcen known for a  ]ong
time and  the description can  be found in the historical

treaTise by Raylei.g.h [4].
   Another  series of  partials, however, was  {)bserN,ed  in
the piano tone  since  latc 1970's in -'hich  the degree of

inharmonicity is about  a  guartcr of  the normal  inharmo-

nicity  [5-8]. An  examplc  of  thc acoustical  spectruin  is
shown  in Fig. 2･. Thuugh the investigation on  this secon-

darv inharmonieity eentinued  for considerable  time. the  - -
eause  rcmaincd  undeterniined,  In 1997. Conk]in [91
rediscos,crcd  this series  of  partials and  named  them
"phantom

 partia]s' in his paper.
   Conk]in wrotc  in his 1999 paper llO] that phantom
partials are thosc  that appear  at  frequencies exactly

harmonic  to normal  inharmonic  string partials, and  at

frequencjes equal  to thc sums  of  the frequencies of norma}

jnharmonic  partiais, He  also  paid artention  to the tension

variation  during vibration  and  tricd to explain  the mech-

anism  ofthe  phantom partials. He assumed  thc cnd  foree of
a  string,  F(t), to be proportional to the squ[tre  oi' thc

displacement ut  the  center,  D.
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   He pointed out  that when  twe  frequencics, ct)] und  cv2

are  put into the  center  displaeemcnt, harmonics ttnd  sum

and  difference t'requcncics gcncratcd as  shown  in the

following equation:

     F(t) =  kD2 =  k(A i sin coil  +A2  sin (v2i)2

         =tto+cticos2ct)it+a2cos2cv2t  (5)

           +  Cl.l CUS(ca]  +  W2)t  +  tt4 COS(CV1 
-

 (02)i

where  k, A,, and  ai  arc  constants.

   For examp]e.  whcn  thc center  displucement is t'orced to

vibrate  at  a frequency,fi,i.f' with  ti to be cven,  it is obvious
from  Eq. (5) that F(i) has a  frequency of  Zf),/2. By

Fig. 1

        Hemner

Agra['1'es. bearid)g. bT'id."c und  hummers oi'the  g[and piane,

                    A(･oust. Sci. &  7le(･h. 25, 6 (2004)

r¢ p]acing ii b.v, n!2  in Eq. (2). we  can  obtain

            F.F 
-[
 2,fi.･2e :.ci(1+S!ln2)  (6)

showing  thaHhe  deb,rce of' inharmonicity is about  a quarter
of  the  normal  one.

   This modcl  is too  simplified  and  does not  reflect  the

actual ]oadin.o condition  of  a piano string which  is struck
by u  hanmier. He could  not  an'ive  at  a  .eoverning  equation

of a string to rcproducc  thc secondary  partia]s. either.

However, this paper attracted  researchers  te Lhe tension of'a

strmg.

   As far as I know, a successfut  governing equation

fbr the transverse  displacement which  can  reproduce

the secondary  partia]s was  first found in 2000 through

the investiLg.ation by several  research  groups in Japan.
Nagttnuma et  aL  [11,12,17] and  Takasawa et at. L13,15,18]
cxamincd  several  t'ormulas to incorporate the  effect  of  the

axial l'orcc of' a string. Finally, it sN'as made  cleur that thc

secondaryfphantom  pactiuls can  be reproduced  by itdding  a

term which  represents  local x,ariution  of  tension  along  thc

string. The  derivation is summarized  be]oiN'.

   Whcn  the tension  T depends on  the axial ]ocutien x, the

difforcntial cquation  tbr the transverse  disp}acement  t, is

given by

            pA  zi.i'-gll,, (7 s'I,')-Ei ]lli a)

whcrc  thc second  term  in the right  hand  side  corresponds  to

the elastic  stiffness.

   If we  decompose T into a constant  ten$ion  7b and

fiuctuation AT  caused  by local elongation,  the tension 7'
may  be expressed  by

     T=  71)+AT=  71)+(Ao)A  =  Th+Il<tle)A  (8)
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1. N]SHIGLJCHI: RECENI'  RESEARCH  ON  THE  ACOUSTICS  OF  P[ANOS

"'here  
ttla

 is the  increment  of  the axial  stress  due  to  the

loca[ clongation  ot' the  strin.g,  As  is the  axial  strain  of  the

strin..u. which  malr' be given by

               ir
 

,

         As  ==  vi'1+(il/ili,')

'-1

 :;(/gei)

'

 (g)

   Substitu[ing Eq. (9) into Eq. (8) and  combining  with

(7) Lg.ive

     pA /)!,i' -- nJ ?i',I.' t  :' ti7t (X)';')
!ll2,'::

 - EJ ?/.",t' (io)

   The  second  tcrm in thc right  hand  side  is gcneratcd by
the locaL elongation  ot' the strin.a, It is pointed out in [19]
that this term  was  employed  by Lee in a I957 paper [221.
   The  above  mentiened  investis,ation hus been performed
by  employins.  a  one  dimenslonal differentiul equalion  in

",hich  the transverse displucement is the onl.y unknown.  A
different approuch  has been employed  b.y the present author

in N-'hich  spntiul  movernent  of  a  string  is simu]ated  by the

finite e]ement  method  (FEM) based on  the large detbrma-
tion theory  [14]. In the large dei'ormation theory.  an

uiicleformed  configuratien  and  a  del'ormed configuration

are strictly distinguished. The momentum  balanee ol' a

body  is preserved in the  course  of  the  deformation and  the

changes  of  directien and  amptitude  of  axial  force clue  to

deformation are  taken into acceunt.  This is not  the cuse  t'or

the small  struin  Theory  in which  the eguilibrium  equation  ot'

u  body is selved  with  respeet  to the  undeforn]ed  eonfig-

uration.  LJs'ing the nieLhed,  it wus  shewii  that  Lhe seeendar>,

partials uppear  in the specLrum  of  the vclocity  componcnt

in the axial  direction ['20I as  well  as  tnmsverse  direction

r161. 0nc  ol' the charucLerisLics  oi' Lhe scc"ndary  parLials is

iLs depc]itiency on  thc amp[itude  of  ieadins). It is also

shown  in the simulution  thut the  secondary  purtiuls become

notab[e  as  Lhc loading increuses L20.2]].
   Thou.g.h the generation mechanism  c)[' stcondar}V

phantoin partials has been inude  t:lear,  it is not  certain

whether  these  partials contribute  si.yniiicant]y  Lo thc

perceived quality ot' piatio tones  rlO], Bcnsa  et  ctL  ",rote

in his ISMAI  O04 puper [231 that those  partials contributc

to the 
`'warmth"

 factor of the timbre.  especially  tbr lo-,-

pitched notes.  Howeyer.  it is difficulr lo say  that it is u  well

acccpted  thcory.

   3. STRtNG  EXCITArl-ION  BY  HAMMER

   Hammers  are  key coniponents  in the  piano and  they

huve  dircct infi uence  en  u piano t{)ne. Thou.gh it niay  sound

hard te believe at first, it is a common  praetice I'or piano
tuncrs  to adjust  the tone  qualit>' of  a  pianu by needling  the

hatnrner t'elt in a  procedure cal]ed  hcuniner voif'ing.  The

change  can  be t'ound clearly  in thc sound  spectra  L24.I.
According]y, ho-' to deal with  the dynaniics of hamtners is

one  of  the key issues in the consrruction  of  a physical
model  for the  piano. Firstly. a  hammer  is covered  by  one  or

two  layers of  felt und  the marerla)  property of  the felt is
complicated,  The  relationship  between  lhe  applied  fcnce

and  the compregsion  et' the hammer  fc[t shows  hysteretic

behavios [25,27.31,32]. Furthermore. very  cotnplex  process
occurs  when  a hammer  strikes a strmg.  The contact  time

l)etween a  hammer  and  a  string  varies  depending  on  the

hammer  velocitx,.  When  the contact  time  exceeds  the             J
round-trip  tinie from the hammer  to the agraffe. the

reTurning  wave  reaches  the hanimer  at  the  striking  point

and  t'he hammer  re-reflects  the wave  us a nonrigLd  suppert,
'L'herefore,

 there can  be multiple  reflectlons  between
hammer  and  agraffe  1126,28-30].
   [n rhe  ISMAIICA2004.  these  issues on  hammer  were

discussed in several  papers.
   Stu[{)v r331 showed  an  analytical  solution  of  a hammer
motion.  in which  a  hammer  is modeled  by a point mass  and

u  ]ineur elastic  sprine  inteructin.g. with  a Iong fiexible string,

The condition  ln which  no  reflection  wave  is needed  for a
hammer  ro rebound  is discussed, He  also  perf'ormed
numerical  simulation  of the lowesL ten notes  in a s,rand
F)iano, in which  a nenlinear  sprinLor.. mode]  is employed.  It

show'ed  that a  hatnnier leaves a  string  without  the  uid  ef  a

reflected  wave.  In rhis  mode].  the re]ationship  between Lhe
applied  force t' and  the spring  compression  u(t)  is given by

             F{ t,lct}) =i[[rl't  cr 
Ct{il")]

 {.11)

where  k, ev and  p ure  constunts.  which  are  determined  fer

each  hammer  experimenLt ±Ily

   We  note  thut the  second  term  in the brackeTs is
responsib]c  f'or thc hysteretic behavier uf  F(if). Stu]ov [34]
also  uscd  this model  to evaluate  the  spectra  of  two

consccutivc  notes  where  the number  of srrings changes  or

wherc  strings are connected  to different bridges, The  effcct

ot' thc  position of  the  striking  point is also  discussed.

   Giordano  et  aL  I'35J, on  the  other  hand. ei,aluatec] the
hammer  mode]  shown  in Eq.CH)  based on  the force-

compression  relations  obtained  b>, their experiments.  They

vnude  un  assertion  that Eq, Cl]) could  noT  repreduce  the

experimental  results  sutisi'actorily und  thcy  proposed the

following function as an  idternative  which  corrclatcs  their

experiments  well.

F(tt(t)) =  kx1+
fi

t+  exp[y  
,L'
 [t(sdg]

LtSi (l2)

where  lt.,., fi and  y are  eonstants,

   Accordin."e. to Eq. <12), thc  coefficienr  of ttP decreases
tbnd appreaches  ksc as thc compressi()n  of  a hammer  felr
accLllllu]utcs.
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   Other tSMA/ICA2004  papers which  dea]t with  the

intcraction bctwccn  a  hummcr  and  a  sLring  wiis  r361 and

l211. In r36]. the movement  of  a string is visualized  based
on  the haminer-string interaction model,  in which  a

hammer  is expressed  by a  point mass  sN'ith a  nonlinear

spring. The relationship  between the force F(tO and  the

comprcssion  u  is assumed  to be

            F(u)=kit{2+k2u3+k3"4  (13)

where  ki. k2 and  k3 are constants.

   In the presented calculation,  only  the last term is
emp]oyed.  The deformation of  a  hammer  shank  is ulso

visualized  in which  the hammer  head strikes  a  rigid  string.

   In [2t], the FEM  described in the  previous section  was

used  to simulate  the hammer-string interaction. A hammer

was  modeled  by a point mass  with  a  spring  and  a  dushpot
connectcd  in para]leL. A  gap e]ement  was  employed  to

simulate  the contact  and  detachment betweeJi the ha]nmer
model  und  a  strinLg.. It is shown  that  multip]e  refiections

bctween  harnmer  and  agraffe  can  be reproduced  by the

mcthod.

4. INTERACTIONAMONGSTRINGS,
    BRIDGE  AND  SOUNDBOARD

   A  faniiliar eharacteristic  of  piano toncs  is dot{hle deca.v･
or  c"mpound  deca,v L37-42], That is. the  sound  ampLitude

decreases with  two  distinct ruLes,  breaking t'rorn an  original

fast decay cu]led  prempt-sounclto  a later slow  decay called
after-sound.  It is known  that the  movcmcnt  of  a  piano

strin.o is not restricted in a plane determined by thc axis  of

string  and  the direction of  the applied  force. [t is c()nsidercd
that this is a  cause  of  the  double decay. AnoLhcr

mcchanlsm  which  may  contribute  to this compound  deeay

is the coup]ing  between unisun  strings.  In the ('ol]owing,
these  phenomena  are  discussed.

   As for the experimental  investigation ot' the spatial

movement  of  a string,  Tanaka  et  al.  measured  the  iiiove-                v
ment  of  u  E1 (thc [owest E in the piano) string using  a pair
of  photo trnnsistors [43,44]. In the ISMA/JCA2004,  Mori

[46] also  measLtred  the movement  of  a  El string  using  a

photonic displacement sensor  and  a pair of accelerometers.

According  to his experiment,  horizontal vibration  begins
when  thc vertical  wave  generated by  a  hammer  strike

reaches  thc bridgc pin for the tirsL time.  It is estimated  that

ubout  115 of  the amp[itude  of  verticul velocity  is trans-

1'ormed into horizontal ve]ocity  ut bridge pin. The move-

ment  of  a  strins,  obtained  by a  high-speed eamera  and  a

mirror  wus  ttlso  rcported  for An2  and  A3  L14.21]. tL is

shown  that the decay of  the vcrtical  displacement is faster

than  that of  horizontat one.

   Concerning the numerical  investigatien of  the spatial

movement  of a string. Naganuma  et  aL  [47] preposcd a

model  in which  a string  moving  in both vertical  and

4J6
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k[/2kl12e

klf2
uklf2

Fig.3 Thrcc-paramcter  modcling  at  a bridge pin.

horizonta] directions is mounLccl  on  a  soundboard,  They

employecl  un  cquivalcnt  clcctrical circuit using  a mobility

analogy  in which  t'orcc and  vclocity  correspond  to current

and  voltage,  respectively,  In the mode],  the soundboard  is

rcprcscnted  by a spring  and  a dashpot connected  in series
and  the  movement  or  u  string  in each  direction is modeled

by a mass  conncctcd  to a  spring  and  a  dashpot, Coupling

between vcrticai  movement  and  horizontal movement  is
rcprcscntcd  by an  ideal transformer  with  a  turns  ratio  ot' n.

By  mcans  oi' this rnode].  the discrepancy between  the

vertical frequency and  the horizontnl frequenc.v, which  was

ohscrved  by Tanaka  et  al. r43,44] is explained,

   Another  numerical  modeling  for the coup]in.g  between

vertical  movement  and  horizonta] movement  at  bridge was

proposed  in I21,45]. In this model,  three  parameters, a pair
of  spring  constants  of  orthogona]]y  oriented  springs,  ki, ku,

and  the rotation  angle.  O, are employed  as  shown  in Fig. 3.

In this rnodel,  the direction of  displacement does not

coincide  with  the  direction of  the imposed force, except  for

two  principle axes  under  the condition  ki;kii, and

coupling  between the vertical  motion  and  horizon motion
occurs.  This modeling  can  be used  to connect  a  string  and  a

soundboard  or  as an  equiva]ent  support  which  includes the

eft'ect  of  the soundboard.  In L211, FEM  ana]yses  of  a  string

on  an  soundboard  is also  shown.  The  soundboard  is a1  m-

by-1.5m  rectangular  p]ate with  thickness  of  IOmtn.  It cun

be seen  that the  motion  of  the  soundboard  is considcrably

different frotn the mution  of  thc string suggesting  the

impoitance of  including the soundboard  into the simula-

tiOll.

5. FINALREMARKS

   Finully, I would  likc to add  some  iN'ords  on  goals of  the

research  on  the  piane acougtics.  Onc  or  them  inay  be to

construct  a  numerical  model  which  can  reproduce  the

actual  vibration  and  the wave  propagation in and  around  u

piano based on  the Newtonian tnechanics  and  inetLsurcd

material  properties. If such  a  physicul mode]  were  realized,

it would  have an  important meaning  on  the design of  thc

piano. Seen  1'rom this view  point. it may  be safe to say  thut

the  extent  of  various  factors which  contribute  to the  tone  of

the  piktno has become  ctear  significantly  through  long-
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      1. N[SHIC;UCHI: RECENT  RESEARCH  ON  

']'HE
 ,n,COUSTICg

    standing  research,  I be]ieve, however.  it is toe  ear]},  to

    concludc  that the .ueneration  mechanism  of the piano sound

    has been clarified qifcriifatii,el.y. In my  view.  we  could

    hardl>, say  that we  understand  Ihe piano tone  unless  wc  can

    si]nulate  the tone  of  the piano faithfully, Ln other  words,  it

    Tnay  be said that there is no  cJetatitcttive  understunding

    without  quanritati},e understanding,  Seen in this light. it

    will  take  some  time  To understand  the complicated  physicul

    phenomena behind a piano tone.
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