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Reliability of  Inspected Structure

   A  Bayesian Approach

by Hiroshi Itagaki '

  This Pmper discusses hou' to formulate the reliabilily analysis  of an  inspected stntcture  to make  the best use

of the exPen'ence, laking into account  the etncertein  foctors in inspection, Proojlload test and  statistical

chaiucten's.tics  of random  variabtes  invotved.

  7bu.,o mpical cases  are  taken as examples;  one  in which  basic injbrmation is avairabie  for the analysis

inclzading delailed ouiput  of NDI  and  another  czzse where  simPle  vis"al  inspection is only  source  of dala. 1lor
both cases.Blayesian  method  is mpPlied. Monte  (Jlarlo simulation  demonstrates the ttse  of Present method.

 1. Introduction

  For a  structural  reliability  analysis  to be performed
with  a  high degree of  engineering,  if not  mathematical,

c()nfidence,  the analytical  moclel  that describes the

physical mechanism  of structural  failure must  obviously                                     ,

be known  reasonably  well.  In addition,  those  load  and

resistance  variables  that apper  in such  an  ana]ytical

model  must  be spec{fied  in termes  of  probability  density
functions (PDF's) or, more  generally, in termes  of a joint
probability density function. )vlost works  on  the

reliability  of  ship  structures  have  been  done with  this

postulate,{1),  (2), (3) Unfortunately, the prevailing

paucity of  pertinent data obscures  the credibility  not  only

c)f the  analytical  forms  of  these PDF's,  but also  of thier

parameter  values,  established  or estimated  on  the basis
of  such  data

  Under these circumstances,  the type  of information to
be gathered  and  the method  to be irnplemented  for its
utilization  must  be carefully  examined,  since  such  an

examination  is indeed an  integral part of  the  procedure
for structural  reliability  assessment.  For example,  the

sizes  of  the initial cracks  in various  structural  detai]es,
the  detectability of  the  initial and  propagating  cracks  by
non-destructive  inspections (NDI's), fracture toughness
of  the material  used  and  the rnechanism  of  fatigue crack

propagation  are  all part of  such  information to be

gathered, and  they are  also  all significant  factors that
influence the structural  reliability  (4) , (5). In particular,
the knowledge of  their statistical  characteristics  con-

stitutes  an  essential  part of  the data base that is needed

for the reliability  analysis.  These statistical  char-

acteristics  are  usually  determined on  the basis of an

initial preservice inspection, proof-load  testing and

regularly  or  irregularly scheduled  in-service inspections.

Since such  information as  a  whole  can  hardly be  supplied

in actual  cases,  it is considered  an  unrealistic  approach

and  sometimes  it leads to denial of  reliability  analysis.

One must  thereby  rely  upon  sqme  other  metheds.

  One of  the  solutions  would  be the  Bayesian  approach

where  the probability laws are  assumed  initially on  the

basis of  engineering  judgement and  then properly up-

graded  according  to the result  of  each  procedure.

  Application of  a  Bayesian reliability  analysis  to the

problem  of  inspection of  structures  was  first made  by
Itagaki, et  al.(6)  in which  a  method  for the  selection  of

the most  suitable  function among  those  possible assumed

on  the distributions of  defects and  detectability of  the

defects, etc.was  discussed In this analysis,  it has  been
assumed  that the  inspections are  of  a  considerably  high

accuracy.  However,  in the case  of  erdinary  visual  in-

spections  of  ship  structures,  the accuracy  of  the

measurement  of crack  length is relatively  low and  thus

the distribution functions involved  are  assumed  to

contain  parameters  of  high degree of  uncertainty.  Thus,

a sophisticated  application  of fracture mechanics  is
almost  meaningless.

  In the  following, a breif discussion is made  on  the

reliabi!ity  analysis  taking  the  uncertainties  of  inspection

into account,  according  with  a  result  of  US-Japan joint
research  between prof.Shinozuka  of  Columbia Univer-
sjty and  the  present author  (8) and  also, fo]lowing the
recent  study  by  Y.Akita,  A.Nitta  ancl  the  author.<9)

2. Procedure of  Reliability Analysis  with

  Seyeral Uncertain Factors

  In the following analysis,  those factors considered  to

be intrinsically random  are  the  initial crack  size,

detectability of  NDI's, fracture toughness  and  rate  of

fatigue crack  growth.  On the other  hand, those factors

interpreted as probabilistic due to underlying  uncer-

tainties are  the parameters  of  PDF's, detectability and

the intensity level of  the proof-load test and  the stress

level of  the operational  cyclic  loads.
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2. 1 Estimation of  PDF  of  Undetected Initial Crack
   Size

  One of  the most  significant  factors that influences the

structural  reliability  is the PDF  of  the size  of  the cracks

that remain  undetectecl  by an  initial inspection . It is well
known  that such  a PDF  can  be obtained  as the product

of the detectability E,(xlgiven Pa,umeters'), clefined as

the probabiliity of  detecting a  crack  of  a  given size  x

and  the PDFf}  (xh lgiven Pava,neters) of  the initial crack

size  xb. The  detectability depends, for example,  on  the

NDI  technique used  and  the inspector's competence,

while  the  PDF  of  xb  on  the  microscopic  material

property, geometry  of  the structural  detaiis, etc.

  For those dependencies to be quantitatively  identified,

the data base appears  to be woefully  inadequate  at

present and  unfortunate]y  is likely to remain  so,  unless

major  research  and  development  efforts  are  made,

disregarding economlc  and  time  constraints.  Therefore,
for the purpose  of  developing the PDF  of an  undetectecl

crack  size, the present paper  follows an  approach  in

which  appropriate  analytical  forms  are  first postulated
for the detectability and  the PDF  of  xh  and  then the

unkown  parameters  appearing  in these analytical  ex-

pression are  estimated  with  the aid  of the  Bayesian

technique,

  Specifically, the following forms  are  postulated for the
detectability and  PDF  of  xo, respectively.

  E,(xla, b)=[1-e:1){-a(x-b)}]H(x-b)  ･･-･･-･(1}

 .E) (xnlc, d> =  c･  exP  (-c(eq,- d) )H(x,-d>  ････････････-･･ {2)

where  H(.) is the Heaviside unit  step  function. Eqs. (1)
and  (2} involve four paramerters  a,  b, cand  d, in which

a  and  c  are  the unknowns  to  be  estimated,  while  b and  d

are  assumed  to be  constant.

  Consider then a  structure  consisting  of  N  structural

details to be subjected  to an  initial inspection, starting

from detail 1 to detail N. The  following two events  will

result from such  an  inspect{on at  each  detail:

event  ET= detection of  crack  of  size  xb, and

event  E2= no  crack  detected.

When  EL occures,  however,  a  repair  is made  to remove

the detected crack,  Applying Bayes' theorem  to the

results  of  the inspection, the  following recurrence

formulas can  be obtained  for P'(a, c)  which  indicates the

posterior joint PDF  of  a  and  c  estimated  on  the basis of

the inspection up  to and  including structural  detail i(= 1,

2, ...., N): if the inspection at detail iresults in E,,

           {f6(xbla)E,(M)lc)}pi 
L(a,

 c)

  
P`(a'

 
C)="

 
.tll'(Numevatox)dadc

 
'''''''''''''''(3)

16

while,  if the  same  inspection produces  E2,

            {Xi%(xb[a>-fib<xolc) dhrb}pi-T<a, c)

  
Pi(a'

 
C)=

 .flf" <Mtmeva}o'r) dadc 
(4)

where  E](xoLc)=1-FD{x,ic) and  PO(a, c) is the prior

joint PDF  of  the  unknown  parameters  a  and  c.

  For  a  large N, the posterior joint PDF  tends to

concentrate  at  the point  (aNJ 
,
 cNi). Thus, the PDF, f6' (xb)

,
 of  the crack  size  remaining  in each  structural  cletail

after  the initial inspection is completed,  may  be ap-

proximated  as

fi)'(xin)=f](xb1a}{)FD<xn1cM)1Ii'=(IV2tmeiutor)clxn･--･(5)

  The  use  of  eq.(5)  in the  following analysis  implies
that  the  PDF  of  the  undetected  crack  size  at  each

structural  detail is given  by the same  function fi'(xo)
above,  regardless  of  the inspection having  resulted  in

either  event  E, (with detected crack  repaired)  or  in

event  E2 at  that  detail,

2. 2 Effect  of  Proof  Load  Test

  The  structure  is subjected  to a  proof  loacl test sub-

sequent  to the initial inspection but prior to its actual  use

under  service  conditions.  The  proof load test is per-
formed  to eliminate  those structures  that clo not  have a

specific  minimum  load carrying  capacity.  On the other

hancl, the structure  that has survivecl  the  proof load test

will have a greater performance  reliability  than  those

placed in service  without  the proof  load test, provided

that the proof load test introduces no  damaging  effect  on

the structure  (an assumption  to be used  in this analysis),

On the  other  hand, there  is the  probability that the

structure  will  fail under  the proof  load. Indeed, the

probability  1?pi that a  structural  detail will  fail due  to

unstable  crack  growth  under  the  proof load can  be

wrltten  as

4,=.C'"[.Cta{YIKO(X"'"lfk.(y)yi'(x])fL(s)dii･}dxo]cis･･･(6)

where  fk. (y) and  fk (s) are  the  PDF's  ef  the  critical  stress

intensity factor K[ and  of  the stress  ]evelsproduced by
the proof load at  the structural  detail, respectively,  ancl

Kh(xb, s) =s  ff,:xo12 is the  stress  intensity factor. The

density function .E(.<.) rpresents  the intrinsic random-

ness  of  Kt  while  A(･) reflects  the modeling  and  other

uncertainties  involved in the analysis  to be performed  in

order  to estimate  the value  of  the stress  level s cor-

responding  to the  proof  load L.

  The  available  data suggest  that the  use  of  a  two-

parameter  Weibull density is appropriate  for the PDF  of

Kt. In this study  the  shape  parameter  a  is considered  to

be known  while  the  scale  parameter  fi to be unknown;

  k  (ylfi) =  (ars) ･ (J'/fi) cr-`･  op{ 
-

 <y!P) cr}････････････  (7)
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As  to the stress  Ievel scorresponding  to the proof load,
the PDF  is assumed  to be  normally  distributed with

known  parameters, i.e., mean  "s ancl  coefficient  of

variation  CO  V2i;

  A(s) =  lf( Ezok) ･ pm{-  (s-pt,)2! (2ols2) } --･-  (8)

where  os=COVI."s  is the standard  deviation of  s.

  With the only  unknown  parameter  being fi in eqs.  (7)
and  (8), the probability of  failure PL,, becomes  dependent
solely  on  fi once  the integration indicated in eq.(6)  is
completed:  Pp]=4,(fi). It then  follows that the joint
PDF  of  the critical stress  intensity factor KE, initiar

(undetected) crack  size  xn  and  stress  level s associated
with  the proofload  for the structural  detai1 that survived
the proof load test can  be  given  by

.f}i  (.v, xu, slfi) ;A.  CvlB)yl' (Ab)n(s) f{1-Il,,(B) } ････ <9>

over  the y-xb-s  domain defined by

  y>KD(xh,  s) =.s  ne7tx,! .

2. 3 Probability of  Fatigue Failure ill Service

  The  cracks  remaining  in the structure  subsequent  to

the  proof roacl propagate  under  service  load. In reality,

the  service  load is usually  represented  by a  random

fvnction of  time, In the present  study,  however, it is
assurned  that the service  load is cyclic  with  a constant

load range  AL  and  further that  the  crack  grows  in

accordance  with

  dufdn='E(AK)i･･･････････････････････････････-･-････････････(10)

where  xis  the  crack  size,n  represents  the number  of  load
cycles,  t and  E are  both  material  constants  which  also

depend  on  the geometry  of  the structural  detail, and

AK;-  As  "itxf2 is the range  of  the stress  intensity factor.
The  quantity As  is the  stress  range  corresponding  to the

)oad range  AL  and  is given by

  As=(AL)s/L･･-･･･-----･･-･-･--･-･･-･--･-･･-･-(ID

  If the constant  lis asumecl  to be t=2.0, the fatigue
crack  size  x.  immediately  after  n  Ioad cycles,  can  be

shewn  to  be

  x.rxbpm{nnE(As)2/2}･-････････-･･-･･--･･--･-･(12)

Experimental  eviclence  suggests  that, even  if deter-
ministic  values  are  assigned  to xb  and  As,  the crack  size

x.  will exhibit  a wide  statistical  scatter  and  should  be
treated as  a  random  variable.  In order  to reproduce  such

a randornness  in the  growth  model  considered  in eq.  (lO) ,

an  assumption  is introduced here that E  is a normal]y

distributed random  variable  with  mean  pE  and  coef-

ficient of  variation  COIiL or  standard  deviation

oz=COVZ･ptE,  In the present analysis,  COI%  is con-

sidered  to be known  while  #s  is assumed  to be unknown

parameter.  Hence, the PDF  of  E becomes

NK  TECH.  BULLETIN  1984

  1(e)#,) [:  1! ( s12rrJ  oE) - emp{-  {E-"E) 2!  (2ifE) } -･-･ <13)

  The  joint PDF  of  the  critical  stress  intensity factor K.

,fatigue crack  size  x.,  stress  range  As and  constant  E in

the  fatigue crack  growth  law can  be derived from eqs.

(9), (1!), (12) and  (13) as  foltows:

  Ai<y x., As,  elP,  #E)=f'pitv,  x.,  AslP,  E)n(ElptE)･･･(14)

in which

  f'piO', x., Asll3, E)=lfLfbi[y,  x.exP{-nnE(As)212},

                  L(As)f(AL)II3, El  ････-･･-･･･-･･･(15)

with  111 being the Jacobian of transformation  of x,  and  s

into x.  and  As, respectively.  It follows from  eqs.(11)  and

<12) that

  111 =  <L/AL) exP{ -  n-nE  (As) 2f2･ ]･･･････････････････-･-･-･･ <16)

  Integrating eq.(14>  over  the domain of .v, x., As and  E

in which  these random  variables  satisfy  the condition  of

survival  (see Fig,1), the survivability  probability of  a

Kc'

  X  Xn  Xn  X,/

Fig.1 Domain  of  lntegrationCrack

 size

structura]  detai] immediate]y subsequent  to n  load
cycles,  is obtained  as

  R.i(nlfi, iiE)=Rs7L(nlX?,  ptE)+R.iz(nll?,  it£ )･･････-･･(17)

with

R,L; (n1fi, "E) -- 11"1 li 
eO{

 J]"{Il 

".f}]

 (y, x., As, e]ll, it.) cij;}

            d(AS)}dE}dun  
"''-'''''H'"'''""''"'-(18)

and

R.,2(nll3, lt.) =  
.(i""{

 li""{f,"{L".f}i(y, x., As, Ei13, xtE) dJ,}

             d(bS)}dt}dun  "''-'---''-'"'-'"''(19)

where

  op:L'(4f(znE>･log(LIAL)}?

  A=s(zAl,/2)ti ･･････････--････-････････(20)

  e=As(7tx.!2)>d
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Eq.(18) indicates the survivability  probability of a

structural  detail when  Ko(eq], s)>AK(x.,  As)  or  op>s.

The  integration with  respect  te  y over  the  interval from

A to oo  in the  same  equation  reflects  the  fact that  the

structural  detai] has survived  the proof  load test and

therefore K, >Ko(xo,  s>  or  v>A.  On the other  hand, eq.

(19) indicates the survivability  probability  when

Ko(M), s)  gAK(x.,  As)  or  As)n,  and  the  integration with

respect  to .v iscarried out  from  gto oo,  since,  in thiscase,

the  criticai  stress  intensity factor must  be  larger than

AK(x.,As)=As[Jzx.!2  for the  structural  detail to

survive.  The  failure probability  P., of the structural

detail during the first n  cycles  is obviously  given by

  Psi(nlfi, "E)=1-R.i(nlP,  "E)-･･-･---･･-･･----･･(2b

  If the structural  detail survives  the first n  load cycles,
thejoint  PDF  of  K,, x) As  and  E  can  be written  as

                     ]1,i(.v, x., As, E1fi,  ttE)

  .f}2<J', Xn, AS,  Elfl. xtE)=  
･････(22)

                       1-Psi(nlP.  "E)

while  the  PDF  of x.  is given by

  .4,(x.1]e,  ItE) 
T=

 liOO[t,"{.Li"'f}2(y, x., As, ell?, xtE) d}t}dAs

  +Ylnd{YL'=.fk2(y x., As, E1/3, itE) d(}'}dAs]  dE 
････････････

 (23)

2. 4 Estimation  of  Uncertain  Parameters  by  Between-

   service  Inspections

  
'I'he

 unknown  parameters  13 and  ttE introduced in the

preceding sections  can  be estimated  from  a between-
service  inspection with  the aid  of  the Bayesian  rnethod  in

exactly  the same  way  as  the unknown  parameters  a  and

c were  estimated  in Section 2 l on  the basis of  an  initial

inspection. Indeed, the  between-service  inspection

performed  at  the  end  of  the  first n  loati cycles  wiH  also

result  either  in event  E, =  detection of  (and repair  of)

crack  of  size  x.  or  in event  E2 =  no  crack  detected,
Then, similarly  to eqs.  (3) and  (4), one  obtains  the

following recurrence  formulas  for the  posterior joint
PDF,  P`(P, it,), of  I3 and  ttE (i--1, 2, ..., N);

          {.Li(Xnll3, /tE) Fn(Xn:CM)}Pt'i(P, ltE)

             ll (?V2`meinto'})cLsdy1''"T-"" 
'-''''(24)Pt(fi, #E)  =

and

         { .Ll 
"dSi

 (xnifi, gE) Fi)(xn:csi) dun}Pt" (P; " £ )
                                          (25)pf(rs, -tE)

                Ylf (IVtzmemtor) ctsdu.

  Eq,(24) is for the case  where  the between-service
inspection results  in event  Ei at  structural  detail i, while
eq. (25) is for the case  in which  the  inspection results  in

event  E2. In both  cases,  Pe(x3, ltE) represents  the prior

joint PDF  of  fr and  ltE. It is expected,  as  in the case  of

parameters  a  and  c, that the joint PDF  of  13 and  "E tend

rs

..h.-28.-)-hi'89a6･[e8"

to concentrate  at  the point ( fiM and  ItEM) for a  large N.

These modal  values  will  be  used  for fi and  #E in the

reliability analysis  of  the structure  that is placed  back  in
service  afrer  between-service inspection.
2.5 Numerical Example････1

  A  numerical  example  is presented to demonstrate how
the proposed  method  can  be applied.  The  true, but in

reality  unknown,varues  of  four parameters,  a, c, /3 and  itE
are  listed in Table 1 tegether with  the values  of  the other

<known) parameters, These unknown  parameters  are

treated as  if they were  independent random  variables

and  their (a prior)  density functions are  assumed  to be
uniform  over  the ranges  also  inclicated in Table 1 . The
Monte  Carlo technique  is used  to generate  the results  of

the  initial inspectien, proof load test and  first between-
service  inspection, all  performed  in simulation.

Table  1 Parameter of Numerical Example
ftParameter

･True Assumed

aOlnim)'",O.5

bOnni)c(1!mm) 1o.]

e.3-o.7knowno.eo:')-o.2

tt
d o kox-'n

ma
3 known

B(kgfmmS,')

"H/""s(kg!mm!)

cos,r.fcov･..

tn".(10-M)COV.

i}oe60f40O.0528.0O.03 400-580kno"rnknownknown6,O-9.6known

  Figure 2 depicts the posterior joint PDF  of  parameters

a  and  c estimated  on  the  basis of  a  (sirnulated) initial

inspection perforrned on  three  hundred structural  details.
The  modal  values  a.=  O.48 and  c.=O.095,  which  are

satisfactori]y  crose  to the true values  a=0.5  and  c=O.  1,

are  obtained  from  Fig.2. The  COV's  of  aM  and  cM  are

found  to be O,183 ancl  O,052, while  75.4%  of  the initial

"x  69va4tfv"2

  Parameter  of  initial crack  size c

Fig.2 Posterior Joint Probability Density

     during Initial Inspection

     (N=300 inspected locations)

of  a  and  c

"
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cracks  are  detectecl during the (simulated) initial in-
spection.  The  fact that the COV  of  cM is rnuch  smaller

than the COV  of  aNi indicates that a  is much  easier  to

estimate  than  c The  PDF  of  initial crack  size  and  the

detectability are  shown  in Fig.3 using  both true and

estimated  values  of  a  and  c  Simirarly, the PDF's of  the

remaining  crack  size are  then plotted in Fig.4 again

using  both true and  estimated  values  of  a  and  a In

addition,  in both Figs.3 and  4, the simulated  histograms

for xb  are  also  shown.

  On  the  basis of  the simulated  between-service in-
spection  which  results  in either  event  Ei or  event  a  at

each  of  the three hundred structural  cletails, the posterior

joint PDF  of  fi and  "E  is estimated  and  plotted in Fig.5.
The  modal  values  A,{ and  JtEM of fi and  lte, respectively,

are  then  obtained  from  Fig.5: x3. =480kg!mrf'2and  -tEM =

8× 10'8. As anticipated,  these modal  values  are  very

close  to their  corresponding  true  values;  Indeed, ptE}{
exactly  coincides  with  its corresponding  true value.  The
COV's  of  xXt and  ltEM turn  out  to be approximately  O.121
and  O.051, respectively.  This  implies that  the  estimation

of  ptE}{ is more  reliable  than  that  of  the  simulated

betN-reen-service inspection resulted  in 66%  of  the fatigue

cracks  being detected.

  The  PDF  f;i(x.IX?, JtE) of  the fatigue crack  size  is

p]otted in Fig.6 for I3=l3Ni and  "E=xtEM.  The  same  PDF

for two  other  sets  of  values  of I3 and  tiE is arso  plotted in
Fig.6.

  The  above  results  clemonstrated the use  of  Bayes'

theorem  in estimating  the  unknown  parameters  in the

probability density functions of  an  initial crack  size  and

critical  stress  intensity factor, in the  crack  propagation
law  and  in the  expression  for the  detectability associated

with  a  nondestructive  inspection. The  estimation  pro-
ceeds  with  a  pre-service initial inspection and  proof  load

test and  the first between-service inspection in that

sequence.  This cycle  of an  estimation  process may  be
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Fig.5 Posterior Joint probability  Density of  B ancl  uc

     during the First Regular Inspection

     (n=6000 load cycles,N=  300 inspectecl locations)

followed by a  second  cycle  of  proof-load  test and

between-service inspection, ans  so  on.

3. Case of  visual  inspection

  The  above  analysis  was  performed  under  the prag-

matic  assumption  that the analytical  forms of the

probability density function, crack  propagation  law  and

detectability are  known  a  priori. Furtherrnore, it is

assumed  that reliable  data are  obtained  during each

cycle  to perform  such  an  analysis.  Consequently, the

method  was  straightforward  in computing  the reliability

and  also  its interpretation can  be as  usual.  On  the
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     Fig.6 Probability Density of  Fatigue Crack  Size
          (n=6eOO load cycles)

contrary,  as  to the ship  structural  members  which  are

visually  inspected according  to the rule,  such  data are
realy  obtained.  Operational conditions  are  not  clear  and

the  results  of inspections are  sometimes  classified  into
very  few  categories  giving very  rough  quantitative
information, for exsample  detected cracks  are  devided
into two  groups,  ones  larger and  the others  smaller  than

200mm.

  Under these circumstances,  very  detailed analysis  of

inspection results  considering  fracture mechanics,

statistics  and  so  on  seems  no  good. Even  so,  as  long as

the inspections are  perfomed  orderly,  the results  should

be properly interpreted and  used  to improve the

relability  of the structures.

  As  an  example,  take  the case  of  regular  inspections

where  fatigue cracks  of  a  significant  size  are  visually

detected and  counted  as  
"one

 event  of  member  failure "

It should  be noted  that the purpose  of  the inspections is
not  only  to find the cracks  to be repaired  but also  to gain
additional  knowledge on  the  state  of  ship  structural

mtegnty.

3. 1 Formulation of  Problem

  The fatigue life of  the  structural  mernber  under

consideration,  T, is between the  start  of  its service  and

the  time  at  which  the discovery of  a  crack  is made  by
visual  inspection. The  probability  distribution function
of  T  is assumed  to be a  Weibull distribution of  two

parameters:

  fJlr(ti ot; ") =1-  emp{-  (t/O) 
T}

 
''''''''''''''''''''''''''-

 (26)

  Even  though  a  crack  is found in an  inspection, it is
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extremely  difficult to determine whether  the  crack

originates  from  a Iatent flaw  or  it initiated at  and

propagated  from a  location of  stress  concentration.

Therefore, if a  crack  is discovered while  the ship  is in
service,  then the fatigue life of  the structural  member  is
assumed  to be less than  the elapsed  time  up  to the

inspection.

  In view  of  the lack of  accuracy  in the  evaluatien  of  the

cracks,  eq.  (26) is interpreted as  fol]ows: When  a  crack

is found as  a result of  an  inspectiori performed  at time

to, then la is regarded  as a  realization  of  T  given by eq.

(26).

  In general, structural  members  should  be designed
under  the principle that the probability of  faiiure, in a

prescribed period of  service  years, to,

  P.(t,) =-  a<ts17, 6) ･･-････-･･･-･･-･･････-･･--･-････-(27)

is sufficiently  small  .

  However,  in the usual  design of  ship  structures,  a

probabilistic analysis  is seldom  performecl on  indiviclual

members  for evaluating  the  failure probability, and

current  rures  or  design cocles  are  not  always  formulatecl
on  the basis of  a  probabilistic  concept  for the  reliability

of ships, even  ifconsiderations on  the ship's  life given  by
eq.(26)  are  made  at  the  design  stage,  a  great deal of

uncertainties  would  be involved in the determination of

7  andfor  ct and  therefore little practical significance

may  be expected  from such  considerations.  While the

only  possible meaning  of  design procedures  would  be the

fact that scantlings  of  the structural  menbers  could  have
been determinecl to ensure  a  sufficiently  small

probabiljty of  failure (a]though the  va]ue  of  P remains

unknown)  through  judgment on  the  basis of  past
experlence.

  In the following discussion, a  simple  assumption  is
made  that a  certain  definite value  for vcorresponding  to

a  suitable  coefficient  of  variation  is asigned,  while  for cS;

several  estimated  values  are  considered  in the analysis.

When  estimating  the characteristic  value  of life time
service,  a  a  subjective  guess  will be made  on  the basis of

past experience  by those  persons responsib]e  for the

design, fabrication, inspection and  maintenance  of  ships.

The  degree of  belief or  uncertainty  is measured  in

termes  of the probability thata  true  value  of  6exists

around  a  prescribed value  u  (6i StS  of). Then,  it folows

that the  reliability  of  a  structura]  member  is between

exp{-  (ts10,)7} and  exp{-  (tsfof)7}.
  In other  worcls,  the expected  prior Bayesian reliability
can  be  written  by  the  following formula:

  RO(ts) =:  JIS'{1-Fr(t,lx u) }fO(u) du･･･-･････････-････ (2s)

  It is assumed  that periodicar inspections are  performed

evry  te years after  the ship  enters  into service,  and

detectability is defined as  before by eq.(1).  The
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detectability depends upen  the kind of defects as  well  as

on  the  methocl  of  inspection, and  various  approximated

formulae  have  been  proposed (2) . In this sect{on,  a visual

inspection is considered,  for general aspect  of the

analysis.  In this formula, b is the minimun  size  of  cracks

detectable through  inspection. This  quantity is also

considered  to be one  of  the uncertain  factors but it is a
safe-side  estimation  used  to assume  the minimum  size  of

cracks  ever  detected in past inspections. On the other

hand, for parameter  a, the prior density is assumed  as

before
  A  crack  will  exist  in a  structural  member  of  which  the

fatigue life has  already  been  reached  at  the  time  of

inspection. The  crack  size  C  is a  random  variable  and

fo]lows a  time-dependent  probabilistic distribution,

E]<xlc, d t>T).  This represents  the probability that

the crack  size  C  is smaller  than  x; under  the condition  of

given parameter  values  c and  d  as  wel]  as of time, 4
exceeding  the  fatigue life T

  It should  be noted  here that no  essential  change  will  be
causecl  in the course  of  the analysis  if any  functions are
assumed  for K  other  than  eq.(2),  In this distribution
function, the  parameters  c and  d are  ef  course,  of

uncertain  value  and  are  perhaps  more  complicated  than

those of  the fatigue life, the detectabililty and  ether

characteristics.  In this discussion, the value  of  the

parameter  d  is assumed  to be approximately  given,
while  for q  a uniform  prior density is assumed.

  Forrnulation of  these prior densities should  naturally

be made  by experienced  engineers  on  the basis of their

technical knowledge  concerning  the degree of brief in
the parameter  values.  When  the number  of samples  for
inspection is reratively  large, it would  be  advisable  to

assume  the prior  densities on  the very  safe  side,  since  the

approximation  of reliability  will be successively  im-

proved  by the  feedback  of  the  results  of the inspection,

that  is, by  the properly modified  posterior densities.

  When  inspections consist  of  a  procedure  wherein  no

information on  the crack  size  is available  from the

results  of  the tnspections, and  therefore, the results  are

either

  event  EBi =  detect a  crack;  or

  event  EB2 =  detect no  crack.

  The  probability of each  event  is obtained  by  using  the

previous  assumptions:

  Pr[EHi]=Pr[(TSto)n<d!c<oo)n(detect)]

        =  Fr (tolx 6) D(to)

        [PBi･-･---･-･-----･-･---･････."-mH,..(29)

  PT[ER2][1-Pr[Eki]=lrPBi=PB2'''''''''''''''''''''<30)

where

  D(to)=ilr(41M 6) .COO,t}(xlc, d tD)E)(xla, b) ctx
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     fff [ IVbemerato r] ･ dtt ･ dv ･ dw
where

  P.[DA7VI]=(pB,)"'M{p,,)M･･-･･････････････････････････(32)

3. 2 Use of  Inspection Results

  Assume  that  inspections are  made  on  M  structural

members  arbitrarily  selected  out  of  N  nominally

identecal members  and  that crack  failures are  detected

in m  members  and  are  all  repaired  back to their original

shape.Then,  the  reliability  RN(t) for service  years  tafter

the inspection is given by  the  fol!owing

  RN(t)=R,N'M.R,M-m･R,m･････-･･･････-･･･････････････････(33)

 where,  Ri: reliability  of  a  member  not  inspected;

        R2: reliability  of a  member  inspected where  no

           crack  was  detected;

        R3i reliability  of  a  repaired  member.

  When  7and  6in  eq.  (26) are  given, then  R, and  R, can

be expressed  as  follows:

  Ri(tl7, 6) =:1'Fir(to+tl7,6)=exp(-(  
tn6+t

 ]7}(34)

  As can  be seen  from the above  equations,  the un-

certainties  of  inspection and  crack  size  are  expressed  in

terms  of  D, where  it is not  possible to consider  the

uncertainties  individually of  a  and  c. This  is not

necessarily  an  unfavorable  aspect,  because  proper
estimations  of  the distribution of  defects and  of  the

probability  of  detection seem  to be extremely  difficult as

compared  with  that of the life. In fact, sometimes  it is
almost  impossible to select  suitable  parameters  for these
distributions, while  it is usually  the case  that the average

detectability Dcan  be estimated  with  relative  ease.

  Consider that M  nominally  identical members  of  a

structure  are  inspected and  that cracks  are  found  in m  of

these members  and  no  cracks  in the remaining  M-m
members.  Then  the posterior joint density with  respect

to cS; a and  cis  given, according  to Bayes' theorem,  by
the following formulai

  fi(u, v. nt'bMl m,  to)

    Pr[DA  7}4] 'fnO ( u)  'fl,O  ( v) f.O (zt,)
                                ･･-･-･-･･--(3I)

  R3(ti7･ 6)=1'Fr(t17,  6)=mp{L(t/6)7}'''''''''''(35)

Furthermore,  R2  will  be obtained  in the following
manner.

  The event  that a  mernber  passed  an  inspection at 4,
but was  found to be cracked  during the next  tyears  is

identical to the  event  e{ther

(1)that the  member  had  developed  a crack  but was

overlooked  in the  inspection; or

(2) that the fatigue life of  the member  is between  tn and

to+t

  The  probability of these events  is given  by
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P=1ir(tb1)t, 6)10'jl](xlA. u, to){I-E,<x)a,  b)}[lx

   +{Fr(tb+t11,; 6)-FiT(tol7, O)}

 =Fr(ts+tlx  6) -F'r(41x 6)D{to)

  On  the other  hand, the probab{lity  of  the event  that the

member  passes  the inspection at  to is

P.[Pass]=F,<417, d)1""A(xlq  a t,){1-R,(xla,  b>}du

         +{J-  F.(41x a) }

       =i-F,(tslx  e)D(t,)

Therefore, the probability of  failure during the  sub-

sequent  service  years 4 uncler  the condition  that it has

passes the inspection, is as  follows:

                Fir(ts+tlx 6)-Fir<4iM  6)D{4)
  P.-P!Pr[Pass]
                      1`Fr(4lx  6)D(to)

Hence

R2{tlx 6) =1-p.=,1-FT'(to+tl7',

 0)

1-e･<41x  0)P(4)..,.....,..(36)

Note that

R2 (O) ={1-  Fir(41M 6) }1{1- Fr'(41x 6) D< 4) } "-- l

This means  that there is always  the possibility that a

member  has been crack  failured even  if it passes the

inspection. When  the inspection is perfect <i.e., D=1),

then  R2(O)=1;  whereas  if D=O  then  &=R,,  which

implies that the inspection was  not  particularly useful.  It
is arso  notecl  that the improvement of  the reliability  R2,

being increased from  R, is regarded  as  the  effect  of  the

inspection.

  By  using  eqs,(33)  to <36), and  by taking  into account

the uncertainties  of  the parameters  in the posterior

reliability,  the following measure  of  reliability  is

obtained:

  R.i(t) =J"XI[R,  (tl 1,, .) ]N-M･ [R, (tl x  .)  ]M-m
           × [R3(tl7, u)lM･.A(u,  v, w)･du･dv･dw

  ･･----･-----･--･-･----･･-･-･････-------･-(37)

where  the integration is to be performed  over  a  certain

given range  assumed  for each  parameter,  and  D(ts) is a
function of  v and  w.

  Since the reliability  of  the N  structural  members  at

the time of  inspection is given  by the following

equatlon,

  Rk･O( ta) =  J]i, 
2eAp{

 
-
 IV(4!u) 

r}.t2,O
 (u) du 

-'''''････-･t･･･
 (38)

The  time  interval t, upto  the subsequent  inspection

should  be  so  selected  as  to at  least satisfy  the following
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relation:

  R,i(t,))R,O(t,)-･････-･--･---･-･･-･---･--･-･-(39)

In other  words,  since  it has been considered  that the

expected  value  of  the nurnber  of  failures to be detected
during the first 4 years out  of Nmembers  is at  most

limited to

  E[m]=N{1-RO(t,)}･---･-･---･･-･･-･---･--･(4e)

the following relation  must  be satisfied:

  E[m])E[m'<tD]･･･-･･--･･-･-･--･･-･--･･--･･･-･<41)

where     ,

E[m'(tD]=(N-M){1-R,i(t,)}+(M-m){J-R2](tD}

           +m{1-R,i(t,)}
･--･----･･-･･-･-･･-･--･-･･-･----･･･-･-･-･･･---･(42)

  It should  be mentioned  here that, in the discussions
based on  the ordinary  classic  theory  of  reliability,  the

reliability  of structures  after  being subjected  to an

inspection can  always  be expected  to be improved,
whereas  in the case  of  Bayesian analysis  this is not

necessarily  true, depending on  the  initially assumed

parameter  values.  This  is mainly  due  to the  fact that  if

these  initial values  are  excessively  unconservative,

namely,  jee(to) is assumed  to  be too Iarge, then the

posterior  density will  move  towards  such  a direction as
to correct  the value  into a  suitable  one  in accordance

with  the results  of the inspection. In particular, if the

number  M  of  the  members  actually  subjected  to in-

spection  is too  srnall  as  compared  with  the total number

Nof  the structural  members,  then it is possible that even
the reliability  immediately  after  inspection Rk-(O)

becomes less than  RO(t,). In such  a  case,  it would  be
necessary  to adopt  a  proper  measure  such  as  increasing
the frequency of he inspections or  reinforcing  the

structures,  etc.

3.3 Numerical  Example･･････ 2

  In order  to demonstrate the use  of  a  Bayesian ap-

proach  develoPed in the  previous  sections  and  to

examine  the influence of  the number  M  of  structural

members  subjected  to inspection in relation  to the total

number  N  as  well  as  of the parameters for uncertain
factors on  the results  of  the Bayesian reliability  anarysis,

numerical  calculations  have  been  carried  out  by using

the  parameter  values  given in Table 2. The  values  of  of
 in Table 2 are  so  chosen  that on  the average,  five and
fifteen fatigue failures will occur  out  of  IV!200 members

in twelve  years' service,  respectively.  On  the  other  hand,

the assumption  for the  value  of  a  for case  <ii) cor-

responds  to a safe-side  assumption  for detectability as

compared  with  that for case  (i). These values  of  the

parameters  are  not  generally applicable  to structural

members  of  ships,  but are  assumed  for the purpose  of

NK  TECH.  BULLETIN  1984

NII-Electronic  



NIPPON KAIJI KYOKAI (ClassNK)

NII-Electronic Library Service

NIPPONKAIJI  KYOKAI  {ClassNK)

discussing the quantitative  influence of  these  parameters

on  the reliability  of structures.  The  assumption  that 6,=

20.0 and  of=50.0, respectively,  corresponds  to the  fact

that, if the  unknown  true  value  of  di (= of) is about  forty,

it gives a  fairly good  estimation,  while  if the  true  value

is about  thirty, it is an  assumption  of  too large a  value

for 6 in the fatigue Iife of  the members.

Table  Lt Values of  parameters  in numerical  ealuulatien

           Assumed  certain  factors

 shape  parameter  for fatigue life, 7

 minimum  size  of  detectable cracks,  b

 crack  size  pararneter, c

 minimum  crack  size,  d

[iiiii!9reiL.O:Ig8,I l,e.rg,tz,Re,:"spected, 
iv

3.030.0

 (mm)

5.9x  10': (lfmm}

30,O (mm)

20012

 (year)

Prior estimations  for uncertain  factors

  Scale parameter  for fatigue life,O

truelvalue(unknown),0 2S.1 40,9

'prlorlowerupper
distributionof6

limit,e,lirnit,6, 20.50.oo

Detectability parameter,  a

rrtuevalue(unknown),a' 2.4× le-z

priordistributionofa

Iowerlimit,ai

upperlimit,a2

case(D1.0

× lo-z,').OXIO-2

case(ii)5,Oxlo-z3.0xlu-2

  In this calculation,  onry  6 and  a  are  chosen  as  the

uncertain  factors for which  the prior densities are  given
by a uniform  density as  follows, respectively,

  
f,(,,)=lf(of-6,)

 
,
 
6pSU!CS2

 ).."...m.-....."(43)
  f.O(v)=11(a2-ai) 

,
 ai$vSa2  J

  The  average  detectability, D  is given by

  D(4)= 
.f,

 exP{-C(b-d)}'''-'""''''-ll"'"''-(44)

where,  an  assurnption  is made  that b=d and  dis as  given

in Table  2.

  Let the true value  of  the average  detectability be D,

{namely, the value  of D(4) for a  true value  of  a  (=au),
and  the  true  reliability  be R･r (4) ; then the expected  value

of  the  number  of  failures detectabie by inspecting M
members  is given  as  follows:

  M=M{1-R.(4)}D-･･-･-･-･---･･･--･･-･--････{45)

  Figure  7 illustrates a  result  of  the calculations,  where

a relation  is shown  between the sample  ratio  (M/iV) and
the  reliability  after  inspection, Ri (di (taking t,=O  in eq.

(37)), as  a ratio  to the expected  value  of  reliability,
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Fig.7 The  effect  of  prior estimations  on

     the  uncertain  factors 6 and  a

Re it,) for a  service  year  of  4 (-12) . This figure shows  the

effect  of  the prior  assumption  for the uncertain  factors

{6 and  a)  on  the  results  of  the  reliabillity  R` (di . Curve
1 corresponds  to the  case  where  the prior assumption  of

6 is fairly appropriate,  while  Curve 2 represents  the case

of  the prior  assumption  which  is on  the unsafe  side.

Curves 3-1 and  3-2 indicate the results  of  the calculations

for the case  where  the prior density of  a is more

conservative  than  that of  the above  cases.  Theoretically

speaking,  it is not  possible to obtain  the true reliability.

However, Curves 4-1 and  4-2 for R(O) are  shown  in the
same  figtire being obtained  from the following formula
by using  RT(tb) and  D:

  R(Q)= { R. (t,)}'V'"( 1- [ 1( ;fi;)(t,)] D}"-M 
･･-････････ (46)

As can  be clearly  seen  from the figure, there is a  definite
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       2.0  4.0  6.0

 Time  after  inspection (year)

The  relationsh{p  between time  elapsed  after

inspection  and  the Bayesian expectecl  number

of  fai]ed members  (conservative esrimate  for

fatigue life)

trend  that, as  the value  of  the  sample  ratio  MfN  in-

creases,the  reliability  of  the structure  is raised,  and  the

expected  value  approaches  more  crosely  the true

reliability  of  the structure.  Indeed, it is rather  obvious  to

expect  a higher reliability  of the structures  by detecting
and  repairing  the failed members.

 Fig.8 plots the results  of  the calcu]ations  based  on  a

reasonable  estimation  of  the prior density of  fatigue life
with  Ml?VLO.6 and  1.0, respectively,  indicating the

relationship  between  the  time  elapsed  after  the  in-

spection  perforrned for the  first time  after  twelve  year's
service  and  the Bayesian expected  number  of  failed
numbers  (eq.(42)).
  In this  example,  the  expected  number  of  failed members

out  of  Nmeinbers  during the  first to years gjven by  eq.

(40) is about  12 and  therefore the interval to the

subsequent  inspection ti is to be so  determined as  to at

least satisfy  the relationship  of eq.(41)  with  E[m]-12.

4. Conclusion

 This paper  describes a  reliability  analysis  based  on  a

Bayesian method  which  incorporates the results  of

inspections and/or  of proof-load test  performed  on

nominally  identical fatigue-sensitive structural  mem-

bers. The  inspections are  performed  for the detection of
fatjgue cracks  regu]arly  or at such  intervals as  clictated
by the result  of each  inspection; a  unique  feature of  the

Bayesian approach.

  Introducing a  genera1 concept  of  uncertain  factors into
PDF's and  detectability of  defects, a  practical method

has been developed for obtaining  the posterior joint
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density of the uncertain  factors on  the basis of  the results

of the inspection. Using  the  posterior joint density
function thus developed, one  can  estimate  not  only  the

posterior reliabi]ity  of  the structural  rnembers  but also

the  expected  number  of  failed members  within  each

inspection interval. Numerical examples  based on

hypothetica] data indicate, as  anticipated,  that this
method  is useful  for the reriability  analysis  of a sample

of structural  members  of  reasonably  large size.  In order
to put this method  to practical use,  it is necessary  to

determine the  prior denstty functions of  the uncertain

parameteres  on  the  basis of engineering  experience  and

judgment.
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