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Reliability of Inspected Structure

— A Bayesian Approach —

by Hiroshi Itagaki*

This paper discusses how to formulate the reliability analysis of an inspected structure to make the best use
of the experience, taking into account the uncertain factors in inspection, proof-load test and statistical

characteristics of random variables involved.

Two typical cases arve taken as examples; one in which basic information is avairable for the analysis
ncluding detailed output of NDI and another case where simple visual inspection is only source of data. For
both cases, Bayesian method is applied. Monte Carlo simulation demonstrates the use of present method.

1. Introduction

For a structural reliability analysis to be performed
with a high degree of engineering, if not mathematical,
confidence, the analytical model that describes the
physical mechanism of structural failure must, obviously
be known reasonably well. In addition, those load and
resistance variables that apper in such an analytical
model must be specified in termes of probability density
functions (PDF’s) or, more generally, in termes of a joint
probability density function. Most works on the
reliability of ship structures have been done with this
postulate. (1), (2), (3) Unfortunately, the prevailing
paucity of pertinent data obscures the credibility not only
of the analytical forms of these PDF’s, but also of thier
parameter values, established or estimated on the basis
of such data.

Under these circumstances, the type of information to
be gathered and the method to be implemented for its
utilization must be carefully examined, since such an
examination is indeed an integral part of the procedure
for structural reliability assessment. For example, the
sizes of the initial cracks in various structural detailes,
the detectability of the initial and propagating cracks by
non-destructive inspections (NDI’s), fracture toughness
of the material used and the mechanism of fatigue crack
propagation are all part of such information to be
gathered, and they are also all significant factors that
influence the structural reliability (4), (5). In particular,
the knowledge of their statistical characteristics con-
stitutes an essential part of the data base that is needed
for the reliability analysis. These statistical char-
acteristics are usually determined on the basis of an
initial preservice inspection, proof-load testing and
regularly or irregularly scheduled in-service inspections.
Since such information as a whole can hardly be supplied
in actual cases, it is considered an unrealistic approach
and sometimes it leads to denial of reliability analysis.

One must thereby rely upon same other methods.

One of the solutions would be the Bayesian approach
where the probability laws are assumed initially on the
basis of engineering judgement and then properly up-
graded according to the result of each procedure.

Application of a Bayesian reliability analysis to the
problem of inspection of structures was first made by
Itagaki, et al.(6) in which a method for the selection of
the most suitable function among those possible assumed
on the distributions of defects and detectability of the
defects, etc.was discussed. In this analysis, it has been
assumed that the inspections are of a considerably high
accuracy. However, in the case of ordinary visual in-
spections of ship structures, the accuracy of the
measurement of crack length is relatively low and thus
the distribution functions involved are assumed to
contain parameters of high degree of uncertainty. Thus,
a sophisticated application of fracture mechanics is
almost meaningless.

In the following, a breif discussion is made on the
reliability analysis taking the uncertainties of inspection
into account, according with a result of US-Japan joint
research between prof.Shinozuka of Columbia Univer-
sity and the present author (8) and also, following the
recent study by Y.Akita, A.Nitta and the author.(9)

2. Procedure of Reliability Analysis with
Several Uncertain Factors

In the following analysis, those factors considered to
be intrinsically random are the initial crack size,
detectability of NDI's, fracture toughness and rate of
fatigue crack growth. On the other hand, those factors
interpreted as probabilistic due to underlying uncer-
tainties are the parameters of PDF’s, detectability and
the intensity level of the proof-load test and the stress
level of the operational cyclic loads.
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2.1 Estimation of PDF of Undetected Initial Crack
Size

One of the most significant factors that influences the
structural reliability is the PDF of the size of the cracks
that remain undetected by an initial inspection . It is well
known that such a PDF can be obtained as the product
of the detectability F) (x|given parameters), defined as
the probabiliity of detecting a crack of a given size x,
and the PDF f, (x |given parameters) of the initial crack
size x. The detectability depends, for example, on the
NDI technique used and the inspector’s competence,
while the PDF of x on the microscopic material
property, geometry of the structural details, etc.

For those dependencies to be quantitatively identified,
the data base appears to be woefully inadequate at
present and unfortunately is likely to remain so, unless
major research and development efforts are made,
disregarding economic and time constraints. Therefore,
for the purpose of developing the PDF of an undetected
crack size, the present paper follows an approach in
which appropriate analytical forms are first postulated
for the detectability and the PDF of x and then the
unkown parameters appearing in these analytical ex-
pression are estimated with the aid of the Bayesian
technique .

Specifically, the following forms are postulated for the
detectability and PDF of x,, respectively.

Ey(xla, b)=[1—exp{—a(x—b)}1H(x—b)

folwle, d)=ceexp(—c(xo—d)) H(xog—d)wreereereeees (2)

where H () is the Heaviside unit step function. Egs. (1)
and (2) involve four paramerters ¢, b, ¢ and d, in which
a and ¢ are the unknowns to be estimated, while b and
are assumed to be constant.

Consider then a structure consisting of N structural
details to be subjected to an initial inspection, starting
from detail 1 to detail N. The following two events will
result from such an inspection at each detail:

event E\= detection of crack of size x, and
event E,= no crack detected.

When E, occures, however, a repair is made to remove
the detected crack. Applying Bayes’' theorem to the
results of the inspection, the following recurrence
formulas can be obtained for p?(a, ¢) which indicates the
posterior joint PDF of @ and ¢ estimated on the basis of
the inspection up to and including structural detail 7 (= 1,
2, ..., N); if the inspection at detail 7 results in E,,

{folxola) Fyy ()}~ (a, ©)
f (Numerator) dadc

pia, o) =

while, if the same inspection produces F,,

| {fomﬁ)(xola)fu(onC) dxo}p='(a, c)
pila, ¢)= < (4)
/ (Numerator) dadc

where F, (x|¢c) =1— Fy(%|c) and p°(a, ¢) is the prior
joint PDF of the unknown parameters @ and c

For a large N, the posterior joint PDF tends to
concentrate at the point (ay, ¢u). Thus, the PDF, f* (x)
, of the crack size remaining in each structural detail
after the initial inspection is completed, may be ap-
proximated as

fo* (x0) = fo (x| @) F (%] ) /fom(Numemtor) dxy -+ (5)

The use of eq. (5) in the following analysis implies
that the PDF of the undetected crack size at each
structural detail is given by the same function f* (x)
above, regardless of the inspection having resulted in
either event E| (with detected crack repaired) or in
event k£, at that detail.

2.2 Effect of Proof Load Test

The structure is subjected to a proof load test sub-
sequent to the initial inspection but prior to its actual use
under service conditions. The proof load test is per-
formed to eliminate those structures that do not have a
specific minimum load carrying capacity. On the other
hand, the structure that has survived the proof load test
will have a greater performance reliability than those
placed in service without the proof load test, provided
that the proof load test introduces no damaging effect on
the structure (an assumption to be used in this analysis).
On the other hand, there is the probability that the
structure will fail under the proof load. Indeed, the
probability P, that a structural detail will fail due to
unstable crack growth under the proof load can be
written as

Po= [T L 0500 29 v s - 6

where fx. (y) amd f5(s) are the PDF’s of the critical stress
intensity factor K. and of the stress level s produced by
the proof load at the structural detail, respectively, and
K, (x, s)=s Vax/2 is the stress intensity factor. The
density function fx () rpresents the intrinsic random-
ness of K. while fs(-) reflects the modeling and other
uncertainties involved in the analysis to be performed in
order to estimate the value of the stress level s cor-
responding to the proof load L.

The available data suggest that the use of a two-
parameter Weibull density is appropriate for the PDF of
K. In this study the shape parameter « is considered to
be known while the scale parameter £ to be unknown;

Se. V1B = (a/B) » (v/B) & = exp{ — (y/B) &} -=eeveeree (7)
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As to the stress level s corresponding to the proof load,
the PDF is assumed to be normally distributed with
known parameters, i.e., mean us and coefficient of
variation COVs;

F(8) =1/ ( V2r0s) » exD{— (s—ps) 2/ (2062) | eeeeeee-s (8)

where o5=COVs-us is the standard deviation of s.

With the only unknown parameter being g in egs. (7)
and (8), the probability of failure P,, becomes dependent
solely on 8 once the integration indicated in eq. (6) is
completed: P, =P, (B). It then follows that the joint
PDF of the critical stress intensity factor K, initial
(undetected) crack size x, and stress level s associated
with the proof load for the structural detail that survived
the proof load test can be given by

Sor (3, %o, SIB) =fye WIB)S* (x0) f5(8) /{1 —Ppu(B) } -+ (9)

over the y—x,— s domain defined by

y> Kp (X, $) =8 Vax,/2.

2.3 Probability of Fatigue Failure in Service

The cracks remaining in the structure subsequent to
the proof load propagate under service load. In reality,
the service load is usually represented by a random
function of time. In the present study, however, it is
assumed that the service load is cyclic with a constant
load range AL and further that the crack grows in
accordance with

A/ dn=€(AK) ! ceeeereeiiiiiiiiii s (10)

where xis the crack size, n represents the number of load
cycles, [ and & are both material constants which also
depend on the geometry of the structural detail, and
AK=as vnx/2 is the range of the stress intensity factor.
The quantity as is the stress range corresponding to the
load range AL and is given by

AS= (AL)s/L .................................................. (11)

If the constant / is asumed to be /2.0, the fatigue
crack size x, immediately after » load cycles, can be
shown to be

X = %o XD TNE (AS) 2/ 2} vveemnmerenneranniiiaaiieen, (12)

Experimental evidence suggests that, even if deter-
ministic values are assigned to x, and as, the crack size
x, will exhibit a wide statistical scatter and should be
treated as a random variable. In order to reproduce such
a randomness in the growth model considered in eq. (10),
an assumption is introduced here that & is a normally
distributed random variable with mean g and coef-
ficient of wvariation COV, or standard deviation
0:=COVeeue. In the present analysis, COVe is con-
sidered to be known while ;. is assumed to be unknown
parameter. Hence, the PDF of ¢ becomes
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fe(fl/ls) :1/( @0’5) 'exf){ - (8*#5)2/ (2&6)} """ (13)

The joint PDF of the critical stress intensity factor K.
, fatigue crack size x,, stress range as and constant ¢ in
the fatigue crack growth law can be derived from egs.
9y, (11), (12) and (13) as follows:

Fi (9, X, a8, €lB, pe) =F 513, X, 8818, &) fe (&|pe)--- (14)
in which

F o1, X, 8818, &) =|J1fn (5, xnexpl —mne (a5)?/ 2},
L(as)/(AL)|B, €] --reeeneeeeenn (15)

with |/| being the Jacobian of transformation of x, and s
into x, and as, respectively. It follows from egs.(11) and
(12) that

|]|:(L/AL)@XZJ{—Z?’ZE(A\S)Z/2} .......................... (16)

Integrating eq.(14) over the domain of v, x,, as and ¢
in which these random variables satisfy the condition of
survival (see Fig.1l), the survivability probability of a

A
e

Ko (x,5)

AK (x,A8)

}

e e o e e o e ——

poy

3 p=-—-=—--——=

X

R
>

*n Crack size
Fig.l1 Domain of Integration

structural detail immediately subsequent to » load
cycles, is obtained as

Ro (1|, pe) = Rty (n|B, pe) + Rz (|, pre)-vveeee--- 17

with
R (n|B, ue) = fow{fow{fov{ffﬂl (4, Xn, A5, €|B, pe) dy}
d(as) Ydeydxy «ooveiiiiiiiiiiie (18)

and

Rslz(nlﬂ’ Me) = ./O.w{'/o‘w{f;{'/.gmfm (3, %, as, e'ﬂ, ue) dv}
A(aS) Jde ) dxy ovevnerriiieiiiin. (19)
where

n=1{4/(zne) -log(L/AL)}”*
A =s(mx/2)%
&= 05(n0,/ 2)*
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Eq.(18) indicates the survivability probability of a
structural detail when K,(x, s) >AK (x, AS) or n>s.
The integration with respect to y over the interval from
A to co in the same equation reflects the fact that the
structural detail has survived the proof load test and
therefore K.> K, (x, s) or ¥y>A. On the other hand, eq.
(19) indicates the survivability probability when
Ko (%, $) <AK(x, as) or as= 7, and the integration with
respect to y is carried out from &to oo, since, in this case,
the critical stress intensity factor must be larger than
AK (x,, as)=as Vzx,/2 for the structural detail to
survive. The failure probability P of the structural

detail during the first # cycles is obviously given by
Py (nlﬂ, ue) = 1— Ry, (nlﬂ; He)

If the structural detail survives the first » load cycles,
the joint PDF of K., x, as and & can be written as

fs1 (3, Xn, 88, €|B, pe)

to concentrate at the point ( By and uem) for a large N.
These modal values will be used for g8 and e in the
reliability analysis of the structure that is placed back in
service afrer between-service inspection.

2.

the proposed method can be applied.

5 Numerical Example----1
A numerical example is presented to demonstrate how
The true, but in

reality unknown  values of four parameters, «, ¢, 8 and ue
are listed in Table 1 together with the values of the other
(known) parameters. These unknown parameters are
treated as if they were independent random variables
and their (a prior) density functions are assumed to be

uniform over the ranges also indicated in Table 1,

The

Monte Carlo technique is used to generate the results of
the initial inspection, proof load test and first between-
service inspection, all performed in simulation.

Table 1 Parameter of Numerical Example

For (9, X, A5, €|f, pte) =—————————— e (22) Parameter True Assumed
1— P (n|B, ue) a (1/mm) 05 0.3 ~0.7
b (mm) 1 known
while the PDF of x, is given by ¢ (1/mm) 0.1 0.005~0.2
FulBe ) = [TL T Fa 5 a5, el pe) dy)das d 0 Kovn
0 0 A a 3 known
+fvw{f;mfsz (3, %, 88, €|B, pe) dy}das]de - oeeeeenee (23) B (kg/mm??) 500 400 ~580
i us/ 1t as (kg/mm?) 60/40 known
2.4 Estimation of Uncertain Parameters by Between- COV./COV as 0.05 known
service Inspections m 2 known
The unknown parameters 8 and ue introduced in the e (10°9) 8.0 6.0~9.6
preceding sections can be estimated from a between- COV. 003 known

service inspection with the aid of the Bayesian method in
exactly the same way as the unknown parameters ¢ and
¢ were estimated in Section 2.1 on the basis of an initial

Figure 2 depicts the posterior joint PDF of parameters

a and ¢ estimated on the basis of a (simulated) initial
inspection performed on three hundred structural details.
The modal values ay= 0.48 and ¢y=0.095, which are
satisfactorily close to the true values ¢=0_5 and ¢=90.1,
are obtained from Fig.2. The COV’s of ay and ¢y are
found to be 0,183 and 0.052, while 75.49% of the initial

inspection. Indeed, the between-service inspection
performed at the end of the first » load cycles will also
result either in event £, = detection of (and repair of)
crack of size x, or in event E, = no crack detected.
Then, similarly to eqs. (3) and (4), one obtains the
following recurrence formulas for the posterior joint

PDF, p(B, ue), of Band ue (i=1, 2, ..., N);
. %"A N =300 locations
f)z (ﬁ ) {fn (xnlﬁ' #8) FI) (xn,'CM) }pzfl (ﬁ; }le) (24) 5 NE 6 (aM’bM) _ (0095’048)\
y Me) =————————————————————— e o — L
ff (Numerator) dBdue 2= 4
i
and ‘g <
% _ 5 2
) {j; fn(xnlﬁ» ,Ue) Fy(xn:em) dxn}plil(ﬁ; lle) }:3
P (ﬂ; /16) = Dg—

f (Numerator) dBdus

Parameter of initial crack size ¢

Eq.(24) is for the case where the between-service

inspection results in event £, at structural detail 7, while
eq. (25) is for the case in which the inspection results in
event E,. In both cases, p°(B, ue) represents the prior
joint PDF of g and w.. It is expected, as in the case of
parameters « and ¢, that the joint PDF of g and u. tend

18

Fig.2 Posterior Joint Probability Density of a and ¢
during Initial Inspection
(N =300 inspected locations)

NK TECH. BULLETIN 1984

NI | -El ectronic Library Service



NI PPON KAI JI KYOKAI (C assNK)

cracks are detected during the (simulated) initial in- 0.5 T Y T T T T T T
spection. The fact that the COV of ¢y is much smaller True
than the COV of ay indicates that a is much easier to —— —_Estimated

estimate than ¢. The PDF of initial crack size and the
detectability are shown in Fig.3 using both true and
estimated values of ¢ and c¢. Simirarly, the PDF’s of the
remaining crack size are then plotted in Fig.4 again
using both true and estimated values of 2 and ¢ In
addition, in both Figs. 3 and 4, the simulated histograms
for x, are also shown.

On the basis of the simulated between-service in-
spection which results in either event E; or event E, at
each of the three hundred structural details, the posterior
joint PDF of g and w. is estimated and plotted in Fig.5.
The modal values By and uew of 8 and ue, respectively,
are then obtained from Fig.5: By =480kg/mm and ey =
8x 1078 As anticipated, these modal values are very
close to their corresponding true values; Indeed, uem
exactly coincides with its corresponding true value. The Initial crack size Xo (mm)
COV’s of By and uem turn out to be approximately 0,121 Fig.4
and 0,051, respectively. This implies that the estimation
of uem is more reliable than that of the simulated
between-service inspection resulted in 669 of the fatigue
cracks being detected.

The PDF fn(x.|8, ume) of the fatigue crack size is N
plotted in Fig.6 for #=/fu and ge=puem. The same PDF
for two other sets of values of g and u. is also plotted in
Fig.6.

The above results demonstrated the use of Bayes’
theorem in estimating the unknown parameters in the
probability density functions of an initial crack size and

Probability density fo

10

Probability Density of Remaining Crack Size after
Initial Inspection

N =300 locations
4

b (Buttew) = (460,8 X 107%)—,

Posterior probability density p (B,ue) (10°)
o
wn

critical stress intensity factor, in the crack propagation &
law and in the expression for the detectability associated A &
. . . . . . S
with a nondestructive inspection. The estimation pro- 500 &
ceeds with a pre-service initial inspection and proof load @6\“
test and the first between-service inspection in that \Q’&Q%,,g’
sequence. This cycle of an estimation process may be 5 7 5 3 400 %01000‘3‘0
Mean of material constant in fatigue
! crack propagation e (107%)
2 o (] 0 Fig.5 Posterior Joint probability Density of g and u.
-*;; N\ — True during the First Regular Inspection
§ R\ Detectability ~-Estimated & (n=6000 load cycles, N=300 inspected locations)
z \ 2
§ s followed by a second cycle of proof-load test and
£ 0.05 | ﬂ Initial crack size los E; between-service inspection, ans so on,
=— Simulation },3;, 3. Case of visual inspection
[
e The above analysis was performed under the prag-
matic assumption that the analytical forms of the
) \ probability density function, crack propagation law and
0l 10 20 30 detectability are known a priori. Furthermore, it is
Initial crack size xo (mm) assumed that reliable data are obtained during each
Fig.3 Probability Density of Initial Crack size cycle to perform such an analysis. Consequently, the
and Detectability of NDI method was straightforward in computing the reliability
and also its interpretation can be as usual. On the
NK TECH. BULLETIN 1984 19
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True
B (kg/mm 7% ) ue(107%)

o
~ —e— 400 9.6
% ~—--480 8.0 (Estimated)
S0 —es—580 6.0 1
E
8
e
o
<— Simulation
0.05

Fatigue crack size x, (mm)

Fig.6 Probability Density of Fatigue Crack Size
(r=6000 load cycles)

contrary, as to the ship structural members which are
visually inspected according to the rule, such data are
realy obtained. Operational conditions are not clear and
the results of inspections are sometimes classified into
very few categories giving very rough quantitative
information, for exsample detected cracks are devided
into two groups, ones larger and the others smaller than
200mm.

Under these circumstances, very detailed analysis of
inspection results considering fracture mechanics,
statistics and so on seems no good. Rven so, as long as
the inspections are perfomed orderly, the results should
be properly interpreted and used to improve the
relability of the structures.

As an example, take the case of regular inspections
where fatigue cracks of a significant size are visually
detected and counted as “one event of member failure.”
It should be noted that the purpose of the inspections is
not only to find the cracks to be repaired but also to gain
additional knowledge on the state of ship structural
integrity .

3.1 Formulation of Problem

The fatigue life of the structural member under
consideration, T, is between the start of its service and
the time at which the discovery of a crack is made by
visual inspection. The probability distribution function
of T is assumed to be a Weibull distribution of two
parameters:

FT(tl'y, (Y)Z]-é)(ﬁ{—(l‘/é‘)y} ........................... (26)

Even though a crack is found in an inspection, it is

20

extremely difficult to determine whether the crack
originates from a latent flaw or it initiated at and
propagated from a location of stress concentration.
Therefore, if a crack is discovered while the ship is in
service, then the fatigue life of the structural member is
assumed to be less than the elapsed time up to the
inspection.

In view of the lack of accuracy in the evaluation of the
cracks, eq. (26) is interpreted as follows: When a crack
is found as a result of an inspection performed at time
to, then ¢, is regarded as a realization of T given by eq.
(26) .

In general, structural members should be designed
under the principle that the probability of failure, in a
prescribed period of service years, &,

p(to) :FT(tol% ) rerererrr (27)

is sufficiently small .

However, in the usual design of ship structures, a
probabilistic analysis is seldom performed on individual
members for evaluating the failure probability, and
current rules or design codes are not always formulated
on the basis of a probabilistic concept for the reliability
of ships, even if considerations on the ship’s life given by
eq. (26) are made at the design stage, a great deal of
uncertainties would be involved in the determination of
v and/or 6, and therefore little practical significance
may be expected from such considerations. While the
only possible meaning of design procedures would be the
fact that scantlings of the structural menbers could have
been determined to ensure a sufficiently small
probability of failure (although the value of p remains
unknown) through judgment on the basis of past
experience .

In the following discussion, a simple assumption is
made that a certain definite value for y corresponding to
a suitable coefficient of variation is asigned, while for &,
several estimated values are considered in the analysis.
When estimating the characteristic value of life time
service, d, a subjective guess will be made on the basis of
past experience by those persons responsible for the
design, fabrication, inspection and maintenance of ships.
The degree of belief or uncertainty is measured in
termes of the probability that a true value of ¢ exists
around a prescribed value u (& = #=<d,). Then, it folows
that the reliability of a structural member is between
exp{— (#/6))"} and exp{— (%/3,)"}.

In other words, the expected prior Bayesian reliability
can be written by the following formula:

R(t) = [T Frtaly, )}/ () dusoossevveesoonnes (28)
It is assumed that periodical inspections are performed

evry f, years after the ship enters into service, and
detectability is defined as before by eq.(l). The
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detectability depends upon the kind of defects as well as
on the method of inspection, and various approximated
formulae have been proposed (2). In this section, a visual
inspection is considered, for general aspect of the
analysis. In this formula, 4 is the minimun size of cracks
detectable through inspection. This quantity is also
considered to be one of the uncertain factors but it is a
safe-side estimation used to assume the minimum size of
cracks ever detected in past inspections. On the other
hand, for parameter ¢, the prior density is assumed as
before.

A crack will exist in a structural member of which the

fatigue life has already been reached at the time of °

inspection. The crack size C is a random variable and
follows a time-dependent probabilistic distribution,
Fc(x|c, d t>T). This represents the probability that
the crack size Cis smaller than x, under the condition of
given parameter values ¢ and d as well as of time, /,
exceeding the fatigue life 7.

It should be noted here that no essential change will be
caused in the course of the analysis if any functions are
assumed for F. other than eq.(2). In this distribution
function, the parameters ¢ and d are of course, of
uncertain value and are perhaps more complicated than
those of the fatigue life, the detectabililty and other
characteristics. In this discussion, the value of the
parameter 4 is assumed to be approximately given,
while for ¢, a uniform prior density is assumed.

Formulation of these prior densities should naturally
be made by experienced engineers on the basis of their
technical knowledge concerning the degree of brief in
the parameter values. When the number of samples for
inspection is relatively large, it would be advisable to
assume the prior densities on the very safe side, since the
approximation of reliability will be successively im-
proved by the feedback of the results of the inspection,
that is, by the properly modified posterior densities.

When inspections consist of a procedure wherein no
information on the crack size is available from the
results of the inspections, and therefore, the results are
either

event Ey, = detect a crack; or

event Eg, = detect no crack.

The probability of each event is obtained by using the
previous assumptions:

P[Eu]=P[(T<t) N(d<c<oo) N (detect) ]
=Fr(tly, 6) D (1)

PlEs | =1—PEsi 1 =1—pur=Dup -reereeereerneeeens (30)
where

D(t) =Fr(tly, o) [ fe(x

¢ d, t) Fy(xla, b)dx
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As can be seen from the above equations, the un-
certainties of inspection and crack size are expressed in
terms of D, where it is not possible to consider the
uncertainties individually of @ and ¢ This is not
necessarily an unfavorable aspect, because proper
estimations of the distribution of defects and of the
probability of detection seem to be extremely difficult as
compared with that of the life. In fact, sometimes it is
almost impossible to select suitable parameters for these
distributions, while it is usually the case that the average
detectability D can be estimated with relative ease.

Consider that M nominally identical members of a
structure are inspected and that cracks are found in m of
these members and no cracks in the remaining M—wm
members. Then the posterior joint density with respect
to d, a and c is given, according to Bayes’ theorem, by
the following formula:

fNu, v, w\M, m, t,)
P, [DATA]fs* (1) 2 (0) /2 (w)

- fff[Numemtor]-du-dv-dw

where
P IDATA) = (Do) 7 (D)™ vvvveevmmmreemmmneeennnen. (32)

3.2 Use of Inspection Results

Assume that inspections are made on M structural
members arbitrarily selected out of N nominally
identecal members and that crack failures are detected
in m members and are all repaired back to their original
shape.Then, the reliability Rx(f) for service years ¢ after
the inspection is given by the following

Ry() = RN Mo RM MR i (33)

where, R,: reliability of a member not inspected;
R.: reliability of a member inspected where no
crack was detected;
Ry reliability of a repaired member.
When y and 8 in eq. (26) are given, then R, and R, can
be expressed as follows:

Ri(lly, 8) = 1— Fy(to+]7,0) = exp {— [”—;’5]7}(34)

Ri(tly, 8) =1—Fi(tly, &) =exp{— (¢/0)"} =+ (35)

Furthermore, R, will be obtained in the following
manner.

The event that a member passed an inspection at f,
but was found to be cracked during the next ¢ years is
identical to the event either
(1)that the member had developed a crack but was
overlooked in the inspection; or
(2) that the fatigue life of the member is between £, and
b+t

The probability of these events is given by
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p=Frtly, &) [“fe(dd, u t){1=Fo(xla b)}dx

+{Fr(tottly, ) —Frltly, 9}
=Fr(to+tly, 8 — Fr(tly, ) D(t)

On the other hand, the probability of the event that the
member passes the inspection at £, is

Pr[pass]=Fr (Lly, 6)f°fc(x

+H{I-Fr(bly, 9}
=1—Fr(ly, 6 D(4)

¢, d, t){1—Fp(x|a, b)}dx

Therefore, the probability of failure during the sub-
sequent service years f, under the condition that it has
passes the inspection, is as follows:

Fr(ty+ty, 8) — Fr(tly, 8)D(4)
Z‘FT(tol% (Y) ﬁ (to)

p=p/Pr[pass]=

Hence

1= Fi(t+ 1y, 8
1—Fi(bly, D (&)

R,(tly, ) =1—p,=

Note that
R,(0) ={1—Fr(t|y, &) }/{I—Fr(tly, D)} =1

This means that there is always the possibility that a
member has been crack failured even if it passes the
inspection. When the inspection is perfect (i.e., D=1),
then R,(0)=1; whereas if D=0 then R,=R, which
implies that the inspection was not particularly useful. It
is also noted that the improvement of the reliability R,,
being increased from R, is regarded as the effect of the
inspection. '

By using eqgs. (33) to (36), and by taking into account
the uncertainties of the parameters in the posterior
reliability, the following measure of reliability is
obtained:

R =[[[[Ri(ty, 0V [Ro(t]y, w)]"m
X [Rs(H|y, u) 1™ (u, v, w)+du-dv-dw

where the integration is to be performed over a certain
given range assumed for each parameter, and D(t) isa
function of v and w.

Since the reliability of the N structural members at
the time of inspection is given by the following
equation,

J?N"(to):Ldzexp{-N(to/u)"}ﬁ;"(u)du ................ (38)

The time interval # upto the subsequent inspection
should be so selected as to at least satisfy the following
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relation:
R (1) =R (By) vvremrevnrememmnemnerieeiieiiiiniiiies (39)

In other words, since it has been considered that the
expected value of the number of failures to be detected
during the first £, years out of N members is at most
limited to

E[m]=N{I—=RO(t)} cereeeemmmrrmmmanneiiiiiiin (40)
the following relation must be satisfied:

E[m]ZE[m (f) ] -oorrerrrerremree, (41)

where,

E[m (t)]=(N—=M){I—R'(t) } + (M—m) {1—R,} (t,) }
+m{1—R (1)}

It should be mentioned here that, in the discussions
based on the ordinary classic theory of reliability, the
reliability of structures after being subjected to an
inspection can always be expected to be improved,
whereas in the case of Bayesian analysis this is not
necessarily true, depending on the initially assumed
parameter values. This is mainly due to the fact that if
these initial values are excessively unconservative,
namely, RY(t,) is assumed to be too large, then the
posterior density will move towards such a direction as
to correct the value into a suitable one in accordance
with the results of the inspection. In particular, if the
number M of the members actually subjected to in-
spection is too small as compared with the total number
N of the structural members, then it is possible that even
the reliability immediately after inspection R(0)
becomes less than R°(f,). In such a case, it would be
necessary to adopt a proper measure such as increasing
the frequency of he inspections or reinforcing the
structures, etc.

3.3 Numerical Example------ 2

In order to demonstrate the use of a Bayesian ap-
proach developed in the previous sections and to
examine the influence of the number M of structural
members subjected to inspection in relation to the total
number N as well as of the parameters for uncertain
factors on the results of the Bayesian reliability analysis,
numerical calculations have been carried out by using
the parameter values given in Table 2. The values of &,
in Table 2 are so chosen that on the average, five and
fifteen fatigue failures will occur out of N=200 members
in twelve years’ service, respectively. On the other hand,
the assumption for the value of a for case (ii) cor-
responds to a safe-side assumption for detectability as
compared with that for case (i). These values of the
parameters are not generally applicable to structural
members of ships, but are assumed for the purpose of
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discussing the quantitative influence of these parameters
on the reliability of structures. The assumption that ¢,=
20.0 and 4,=50.0, respectively, corresponds to the fact
that, if the unknown true value of ¢ (=d,) is about forty,
it gives a fairly good estimation, while if the true value
is about thirty, it is an assumption of too large a value
for ¢ in the fatigue life of the members,

Table 2 Values of parameters in numerical ealuulation

Assumed certain factors

shape parameter for fatigue life, v 3.0

minimum size of detectable cracks, 4| 30.0 (mm)

crack size parameter, ¢ 5.9%x107% (1/mm)
minimum crack size, d 30.0 (mm)

number of members to be inspected, N | 200

prescribed service year, & 12 (year)

Prior estimations for uncertain factors
Scale parameter for fatigue life,d

F true value (unknown), & 28.1 40.9
prior distribution of ¢
lower limit, &, 20.0
upper limit, &, 50.0

Detectability parameter, a

true value (unknown), a 2.4x10°2

prior distribution of a case (i) case (i)
lower limit, & 1.0x107% | 50x107°
upper limit, a. 50x1072 | 3.0x10°2

In this calculation, only & and « are chosen as the
uncertain factors for which the prior densities are given
by a uniform density as follows, respectively,

fo(u):]/(()‘z—(j‘l) , OISUSS, }

L)y =1/(t—a) , ai=v=a,

The average detectability, D is given by

2 v Y o I N GOSN
D) = rexpl —c(b=d)) (44)

where, an assumption is made that b=d, and d is as given
in Table 2.

Let the true value of the average detectability be D,
(namely, the value of D(4,) for a true value of a (=a,),
and the true reliability be R:(f,); then the expected value
of the number of failures detectable by inspecting M
members is given as follows:

Figure 7 illustrates a result of the calculations, where
a relation is shown between the sample ratio (M/N) and
the reliability after inspection, R (0) (taking t,=0 in eq.
(37)), as a ratio to the expected value of reliability,

NK TECH. BULLETIN 1984

Curve No. prior estimations uncertain factors
J a
1 conservative case (i)
2 unconsevative case (i)
31 conservative case (ii)
3-2 unconsevative case (ii)
h true value true value —[
4-1 £o=40.9 2,=2.4x1072
4-2 Bo=28.1
100.0

10.0

R
=
= 1.0
=
S
&
0.1
(4-2)
0.0l
0.6 0.8 ]
Sampling rate M/N

Fig.7 The effect of prior estimations on
the uncertain factors § and «

R°(t,) for a service year of £ (=12). This figure shows the
effect of the prior assumption for the uncertain factors
(6 and @) on the results of the reliabillity R*(0). Curve
1 corresponds to the case where the prior assumption of
¢ is fairly appropriate, while Curve 2 represents the case
of the prior assumption which is on the unsafe side.
Curves 3-1 and 3-2 indicate the results of the calculations
for the case where the prior density of « is more
conservative than that of the above cases. Theoretically
speaking, it is not possible to obtain the true reliability.
However, Curves 4-1 and 4-2 for R(0) are shown in the
same figure being obtained from the following formula
by using Rr(%) and D:

RO)= {RT(to)}MM{ 7= [J]Egi)(to)] 5 }M*m ........... (46)

As can be clearly seen from the figure, there is a definite
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Fig.8 The relationship between time elapsed after
inspection and the Bayesian expected number
of failed members (conservative estimate for
fatigue life)

trend that, as the value of the sample ratio M/N in-
creases , the reliability of the structure is raised, and the
expected value approaches more closely the true
reliability of the structure. Indeed, it is rather obvious to
expect a higher reliability of the structures by detecting
and repairing the failed members.

Fig.8 plots the results of the calculations based on a
reasonable estimation of the prior density of fatigue life
with M/N=0.6 and 1.0, respectively, indicating the
relationship between the time elapsed after the in-
spection performed for the first time after twelve year’s
service and the Bayesian expected number of failed
numbers (eq.(42)) .

In this example, the expected number of failed members
out of N meinbers during the first f, years given by eq.
(40) is about 12 and therefore the interval to the
subsequent inspection #, is to be so determined as to at
least satisfy the relationship of eq.(41) with E[m]=12.

4. Conclusion

This paper describes a reliability analysis based on a
Bayesian method which incorporates the results of
inspections and/or of proof-load test performed on
nominally identical fatigue-sensitive structural mem-
bers. The inspections are performed for the detection of
fatigue cracks regularly or at such intervals as dictated
by the result of each inspection; a unique feature of the
Bayesian approach.

Introducing a general concept of uncertain factors into
PDF’s and detectability of defects, a practical method
has been developed for obtaining the posterior joint
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density of the uncertain factors on the basis of the results
of the inspection. Using the posterior joint density
function thus developed, one can estimate not only the
posterior reliability of the structural members but also
the expected number of failed members within each
inspection interval. Numerical examples based on
hypothetical data indicate, as anticipated, that this
method is useful for the reliability analysis of a sample
of structural members of reasonably large size. In order
to put this method to practical use, it is necessary to
determine the prior density functions of the uncertain
parameteres on the basis of engineering experience and
judgment.
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