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 the  fb:trcast covariance  plays ari iurpontunt rule in data assimitation.

The easertable Kaltnan fitter estimates  this eevarialice  matrix  from N

ruaLizations  ef  the atmospheric  state .

 thl[} te  F}.;, £ k(xk, et><xk, g) 
'
 (1)

ivhere xk  is the k-th perturbation, q, g the car)enical hasis in which  we

us'dally eslmate  coyariance  (ei =  (6dvts1,n>}, and  tlie symbot  <  >

denotas the imer prvduct. Under  the assurnpticm  of  the Gauss{an

distribution it can  be proyen that

E [(tioiv 
-
 covij･)2] = k(covtZf +  covitcoibj)e}

ClearlM the estimated  errots  of  otidiagonal  terms of  a  covariance

manix  depend en  the diagonal te!rns <vadane¢ s). That means  even  if

ne  correlatians  exist at distant points, the iower tmds  of  estimated

ceme1aticm's  are  constraitied by variances,

the dependenee ofestirnatodi erTors ofoptdi]'agenal  barms an  variances

is known as the sarnpling  
'errors

 and  local{intion is used  to remeve

. such  slnsclous comeladons.  The  common  legalizadon maettiod is to use

faper imctions liko Gaspari-Cohn f"nctiens. In this,paper; we  show

that if locaiizaticrn is dene  in the hasis that aiagonaEircs the covariance

matrix  aarhumen-Loeve hasis) instead of  the eanonlcal  besls, the

estirr}ftteclerrorswillruluce,

Localizatiolt in Karhunen-Le"ve  basis

  in {ect covariaiice estimation  is the estimation ef  a  linear operator

and  we  need  a  netrn  to eva}uate  the estimated  errot  Mere we  use  the

Frobenius naTm  fot a  linear opetator T  whieh  assumes  the maotx  {tlj}

in a  basis.

  IITI19=ZtJ t,2i (3}

The  estimated  errer  now  takes  this form

Ell crv,y - covllZ =  llE(cnv,v) - covll; +  EIIav,v - E(to,tiv) 11;
The rm  in the right-hand side  of  lk 4 ate  the bias and  variance

rcspectiyely,  By  u$ing  the estimation  in Eq 1 the bias is alway$  zere,

hewever the sarpl}Ling ertors vvitt  ocour  in the variurLce  terTn in Eq  4 as

demongtratod in lk 2,

:b  overeotne  the fower bortmds of  estirmte[l errors for diagenal terms

that are  neaiLzerv,  we  intrectucc the new  estlmation  for such  twms,

which  ls eqviyalcrEit  to 1ocalizaticm

crwe"5=[,-eq.va11C,Ot"h'.,J".,OtsSij('ijE,K25/ (5)

Cevariance ]o¢ alizatlon  in the approximated  !Carhunen-Lobve basis
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                           with  KC {s the set  of  index lj sus h that cevL-･ is negligible, Apply be 3

for the new  estimatien,  we  have

EllCtw  - COVII: =  XijErec covtZj +  ftXijeK(covii +  covttcot-D  k

Xijerc coviZi +  kZiieK covij  
--
 k IlCOV[lS +  \'XZiJEKc cov,2･j 2

klicovgk {6}

Eg  6 prov¢ s  tliat the estimated  errer  attajns its rninlmurn  value  when

the cevariafice operator  has a  diagonal fonn. in cyther words,  the best

estirmation is ebtained  lf we  do loeafizafion in the Kathunen-Loevc

<KL) basis of  the coyariance  operate:  However the covariance  is

unknown  anti so  i,ts KE. basis ls

AppreximatedKarhunen-Leevebasis

 Apply the estirmatien in pa 5 with  the assumptien  that K  is the

diegenni ef  the eovariarice  in any  basis eq 6 bbec)rnes

 EllcNtve - covll: =

ZiiEoc covt:J  +  2i£ iJeD(covtZi･ +  ceviicevai)  =  XijeDc coviZl +

fi£ cev,2, ==  "covliP-::L'£ covSt  (7)

Ihat rneans  we  can  upproximate  the }CL basis with  the basis that

maximizes  the susn  of  squaJed  variances,  We  still de not  know  the true

varia!tces  covii.  However  we  can  estirnate it through the satnpting

vanances.EE

 ctrvit-] =  \'2£  covi2i {s)

Using a  dictionary ef  bases lihe wavelets,  we  can  select the best

apfrroximated Kl. basis, The test in 
'i-dimensiomaI

 case  (256 ghd

points, 5G ensernble  metrfoets)  vvith  prescribed variaaces  and

correlations  is depictedi in Fig 1.

g)

Fig, 1: ine  correlatiott (top left), and  corTetatiens  estimated  im the

caiTenical hasis (top right), in thc KL  basis (bottom left}, in the

approxirnate[lKLbasis<bottemright)respectiveIM
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