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Abstract: Elastomer-based fibrous coinposites  are  characterized  by a  significarTtly  nonlbiear  whilst usable defor-

mution  range  urider  external  loads, whieh  provides a great challenge  to the development of a constitutive

descriptaon for the cornposites.  This paper presents a micromechartica!  modelmg  approach  te the entire  stress-strarn

response  ot' sueh  composites  based on  ktiowledgc ot' constituent fiber and  matnx  properties orily A  new  and

accurate rubber-elasticity  theory is apptied  to deseribe stress-stram  bchavior of  the elastomer  mainx  matenal  A

bridging model  is used  to determine intema] stresses  generatod in the constituent  materials,  and  the overall

compliance  matrix  of  the eomposite  at  each  lea(1 lcvel fo11ows easily, , The proposed model  has been applied  to an

interleck weft  knitted polyester fiber fabric reinfbrced  polyurethane matrix  coinposite,  Reasonably good correlation

has been found between the tbeeretical amd  experimental  results.

Ke)' words:  kfechanical prope?'ties, Mieromeclianieal cmproach,  Bn'ciging model,  Stt'ess-,ytrain response,  
Khitted

jubiiecomposites,Rubber-elasticio,

1. INTRODUCTION

  Composites made  from elastomers  tmd  textile fabrics

are finding usefu1  applications  in many  aspects  of engi-

neering,  To use these nviterials efficiently. it is irnportant
to understand  their mechanical  properties, However, due
to extreme  cQmplexity.  there exist very  limited nuinbcr
of  micromechanical  models  for the non-linear  stress-

strain response  characteristics  of the textile elastomeric
composites,  Chou et al,l1,2] proposed a sinusoidal  model

to locate the fiber configuration  in fiexible composites

under  deformation. Nthough  the geometrical nenlineari-

tv has bcen considered,  they used  a classical laniina

theorv to derive the overall  stiffhess  matrix  of  the

composite,  whereas  the matrix's  modulus  was  defined

",ith the simple  Jmnes and  Guth's formula [3], Hence,
th¢ ir approach  is applical)le only  in a mode-rately  small

deformation range,  To  the best of  our  knowledge, a  com-

plete 3D  (three-dimensional) micromechanical  approach.

based on  understanding  of  the constituent  rnaterial pro-

perties, to predict the entire nonlinear  constitutive  rela-

tionship  of an  elastomer-based  textile composite  has not
been seen  in the literature unti1 to date.

  This paper presents such  a  micromechanical inode-

ling approach  to characterise  the stress-strain response  of

a  textile eiastomeric  composite,  A  representative  volume

element  {RVE) of  the textile composite  is divided into a
number  of sub-elements.  each  of  which  contains  only

one  fiber segment.  Such a sub-element  is considered  as a

unidirectional  compositc.  for which  a bridging model  is

used  to determine internal stresses generated in the
constituent  fiber and  matrix  materials.  These stresses are

explicitly expressed  as fimctions of  overall  applied  loads,
and  hence constitutive equations  of  the composite  at  eve-

ry load lei,el fo11ows directly, A  new  and  accurate  rub-

ber elasticity theory  is applied  to describe the constitu-
tive equations  of  the elastomer  matrix. The  overall pro-

pcrty of  the textile composite  is then obtained  by
assembljng  contributions  of all the sub-elements.  Pre-

dicted results of  an  interlock polyester fiber fabric
reinfbrced  polyurethane elastomer  composite  agree

faiJourably with  experiments.

2. THEORY

  Consider a unidirectional  fiber reinfbrced  elastomer

rnatrix composite,  The  best way  to tailor any  large

deformation is to express  the stress-strain relationsliip

in an  incremental for!n. Thus, the incremental cons-

titutive equations  of the fiber, matrix,  and  the composite
are expressed  as

{d4･f}=[[S,t){dqf},

{da･"}=[S,M]{dq,"i},

{dq}`[tS,]{dq･},

(1)(2)(3)

where  and  in the fo11owing m  and  f refer  to the matrix

atid the fiber, respectively,  with  a quantity without  any

suffix denoting the composite.  {dq} ={dqi,
 dop2, dcEi3,

do?3, dq3, dq2}T. {d4･}=:{dai, dop2, d&3, 2dE23, 2d&3,

2den}T, and  [Sijft, [SijJ"], and  [Sij] are the compliance
matrices  of the fiber, nratrix,  and  the composite

materlals,  respectively.  The  volume  averaged  stress  and

strain increments satisSy

{dq}=L'Kdq`'}+Ii.{dq-M}, (4)
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{da};PKdaf}+II.{dGM}, (5)

where  l'f and  P'l. are  the volume  fractions ofthe  fiber
and  the matrix  in the composite.
   Suppose that the stress  veclors  of  the fiber and  the
matrix  are correlated  b}, a bridging matrix  through

{da`ii}-pa,l{dqf}.

From  Eqs. (1)-(6). we  can  easily  obtain/

 {dq'f}=(lfII]+Pl.pa,])'i{dq-},

 {dqM}=･paij](bl･[I)+IJ.paij])'i{dq･},

[SZ,･]=r(l･N･Slih+pJ.rs,rnlpaij])(pl･g]+l{.v4ij･])'i

(6)

(7)(8)(9)

W'le,,Rniglnthh･i?g,)1},i,[,t46JL･6i･,d8,Le,?g,S,:n,IEtiL,E]R,d･ltl,I:J,
the non-zero  elements  (the others  are all zero)  of  pa,]6.6
are giveii by[4-6] /

 al1 
=
 EhLEf,

a22[a33=O.5(1+EhLED,

as.s[a66=:O.5(1+G.!GD,

ai3'=ai2=(Snf-Si2M)(aii-an)1(SHtL.SJiiM).

    Ii (Gi3 
-Gf)Gnt

a44

    Vm (GnJ 
T
 G23)Gf 

'

(10)(11)(12)(13)

(14)

ved  in these theories to uniaxial  tension data, which  are
the most  convenient  to obtain. results in inaccurate or

even  unstable  response  in the other  defbrrnation modes

r7], As  such, a new  rubber-elasticity  theory has been
developed insteact and  is applied  to the present matrix
rnaterial. This theory claims  that the stress-strain  rela-
tionship of the material  at cach  load level is expressed
by Eq. (2), where  the compliance  matrix,  [Sl-iM], is the
sarne  as that given by the Hooke's law but With varied
Young's modulus  and  Poisson's ratio. The variations  of
the Young's  modulus  and  Poisson's ratio  are expressed
as functions of a current effective  strain that is defined
using  total strains as

    2&=
 i6uev

-Vi.[si].,.,7.,,,r.;(of...2.,.･)]  (is,

   Under  uniaxial  tension, &=&  and  J±(1+a)(1+op).
(]+&) il

 (incompressibility), Therefbre, the Young's
modulus,  Poisson's ratio. and  the effective strain are
obtained  asi

     n n-1

    at
Ett=u  

u

vn .[

 fi n-I P

Su 
-E"1

          (l"f +  P';.a::)(PJf +  fr'.an)1
where  G!]                                with
                2(d, +d,)  

7

di 'iS5uo.fr li3' V,.r 
'f;(aii±

a22)-+  J･ 
'fU.?a]ia22]

 +S22M

     ViP'1,,(:'f'･l''.a33+}'.aiT)a22+li.3aiia22a33]

     -l'fJ･'.,(l.'±
-4-J'.a33)(,Sh2tLSi2[")aib

ct2=-VfPl.(I''f"l'1.a33)(Si2
±LSi2M)ai2Si2t'[l'IS+

    p'fl･ 

'.(]･'f--
 P'.all )a22] 

-Sh3M[MfPln(K

   + L 
'.a22

 
-･-
 r".all )a..2 -L Pi.( l"fi +  P'1.2a22a33)au],

   Suppose tlvat tl)c fibers only, exhibit  elastic deforma-
tion, which  is true for most  knitted fabric reimbrced

elastomer  composites.  However, linear elasticity assuin-
ption is only  valid  in a very  small  deformation range  for
the elastomer  matrix  materials,  To  tailor large deforma-
tion of  the elastomers,  a hyper-elastic tlieory has to be
incQrporated. However,  currentiy  used  hyper-elastic
theories for elastoiner  or rubber-1ike  solids are less satis-
factory for the present application  in two aspects[71.

Firstly. they use  tota1 stress-total strain description and
the resulting constitutive  equations  are significmuly non-
linear especially when  the global coordinates  do not

coincide  with  the  principal stretch  directions of the
materials.  Secondly, fitting the physical constatrts invoi-

 nE=
 e

1+e

      1

,:"
 1+g}:

ni=L  2, .,.

]/e;t 
-
 of-i) ,

,

(16)

(17)

(18)

where  q  and  op (==Ei) are nominal  tensile stress and
stram,  respectively, and  the superscript  n-l refers to the
previous load level. Thus, Eqs. (16) and  (17) define two
functions of  E  and  v  upon  q  at  an  arbitrary load level,
As long as  the  efTbctive strain in the material  is
determined frem Eq. (18), the instantaneous Young's
modulus  and  Poisson's ratio are  obtainable  mid  the
constitutive  equations  of  the material  for the next  load
step  calculation  are described by Eq. (2).
   The accuracy  of  this new  rubber-elasticity  theory
and  its superiority  over  other  widely  used  hyper-elastic
theories have been verified using  Treloar's test data[8].
Predictions for biaxial and  shear  loads are shown  in
Figs. 1 and  2, respectively. In the figures, "incremental

theory" refers to the present theory. whereas  
`Cpoly-

nomial  model"  denotes another  widely  used  hyper-
elastic theory fbr nibber-like  solids[7]. It should  be
noted  that the  material  parameters in both the models

were  fitted to imiaxial  tension data only.  Then, the
models  were  applied  to simulate  the material  response
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under  equibiaxial  tension (Fig, 1) and  the response  under

pure shear  (Fig, 2). More details about  the incremental

theory have  been reported  elsewhere[91,
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    Fig. 2. Pure shear  results  of  8%  sulfur rubber.

'

   It is evident  that the composite  strength  depends on

the strengths  of  the constituent  materials,  Let us  accept

an  assumption that when  any  constituent  material

attains its ultimate stress state, the corresponding

applied  overall stress is defined as the ultimate strength
of  the  composite.  This assumption  wi11 make  the treat-
ment  of  the composite  strength  quite easy,

   All the strength  theories for isotropic materials  are

developed based on  three principal stresses.  For a

general stress state (q., q,,. q., cs., cle,  %). the three
                              2o228,  are theprincipal stresses  8, if, arid d. with  d
solutions  to the fo11owing eigen-value  equation.

    atw  ary  ff..

det apt crrv a,,  
-crP]

 
=O.

    aex  acy  
an

3. STRENGTH  CRITERION

   In predicting the stress-strain curve  of  the composite

due to external  loads, a  strength  criterion should  be

incorporated. This criterion will enable  onc  to deterniine

the ext¢ nt of the predicted curve  and  the composite

ultimate  strength. As  the stress-state  in each  constituent

pliase is explicitly known, and  as strength  theories for

single-phase  isotropic materials  are well  developed,
setting a failure criterion is straightfbrward  t'or the

composite,

   Based on  Eqs, (7) and  (8), the total stresses  in the

constituent  fiber and  the matrix  are updated  through

{qf}={qS}+{dqf}.

{qi"}.{q"i}+{dqM}.

(19)(20)

   One of  the most  successfu1  strength  theories of an

isotropic material  is the maximum  normal  stress theory,

which  says  that the inaterial  fails as !ong as d reaches

its ultirnate value,  no  matter  whether  the material  is

under  uniaxial  or multiaxial  state of  stress. The failure
criterion can  be expressed  as

0->q, (21)

where  q  is the ultimate tensile strength  of the material

obtained  from a uniaxial  test, Based  on  Eq. (21), the
composite  strength  can  be deterrnined accordingly.

4. EXPERIMENTAL  DETAILS

  Experiment has been  c2trried out to fal)ricate a com-

posite by reinfbrcing  an  interlock weft  knitted polyester
fiber fal)ric in a polyurethane matrix. The fabrication
was  conducted  using  a compression  molding  inachine

by hand lay-up method,  nfter the compression,  the
fabric geometry became nearly  two-dimensional. The
coordinates  of  the yarns in aRVE  (Fig. 3) of  the com-

posite were  determined through  measurement  on

microscope  pictures of  the composite  pieces and  the

fiber volume  fraction was  obtained  through  a  geomenic
technique[10]. Tensile tests were  perfbrmed for the

composite  samples  along the wale  and  the course  direc-
tions, respectively. In tiris paper, the wale  direction was

taken as  tiie global x-direction  and  the course  as the

global y-direction, see  Fig. 3. The  test resuits are

summarized  in Table 1 and  are plotted in Figs. 4 and  5,

respectively, In the table, Ei, is the (linear) Young's

modulus,  oL  and  Et. are the knee stress and  knee strain

(the limit points to which  a linear elastic stress-strain
relationship  holds), and  q  and  q, are  the ultimate  stress

and  ultimate  strain  of  the composite,  respectively.
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Table 1. Mechanical propenies of the textile elastomeric
composlte

L.oadiiiwaledirection

(fr'F-O.362
Loadincoursedirection

VsO.354

MeasuredPredictedMeasuredPredicted
EL(MPa)192.43241.2 7L4 70.6
ffL(MPa)4,05 4.65 1.77 L15
cT.(MPa)50.S251.6720.86 9.72

SL(O/o) 2.I 1.93 2.49 1.63

&(o/o) 86.2393.19127.4877,72
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      Fig. 6. Unidjrectionai Strain in Course Direction {%)
Fig. 5, Predicted and  measured  stress-strain curves
course  direction (ij-O.354).

Wale

Fig, 3. RVE  of the textile elastomeric  composite,  (a
planar geometry with  t",o yarns symmetric  to each other,
and  with  XiaO.O, X2=O,27. X3=O.5414, X4=O.5414,
X,=O.3141, Yi=O.3021, Y2=O.2416, Y3=O.4635,
Y,=O.6042, and  Y,=O.4635)
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Fig. 4. Predicted and  measured  stress-strain curves  in
wale  direction (P/7-O,362).

"30

in

  Uniaxial tension tests were  also  canied  out  for the
fiber and  matrix  materials  to determine the constituent
propemes. Measured  parameters for the polyester fibers
are:Ef,-6,04GPa  and  lt=O.42, Young's modulus,  Eh, and
Poisson's ratio, pfu, of  the polyurethane versus  its
effective strain were  approximated  using  polynomials.
Polynomial fimctions of order  up  to 17 were  inves-
tigated. It was  found that the 17th order  polynomial
gaye a  sufficielltly good fit to the experimental  data.
The  two  17th order  pol.vnomials to represent  Li. and  vh

are  given, respectively, by/

Eni(&)-]--42(&-q,)-]43(q-q)2+･･･+A,s(4-%)i7,

              &gq.

Ai=i+O.265953E+OO. A2=+O,664798E-Ol,
A3=-O.379756E-Ol.  A4!:+O,466002E-Ol,
A.s=+O.948304E-Ol, A6=-O.312507E-Ol,
A,=-O.463988E-Ol.  As=+O.1]3865E-Ol,
Ag=+O,110157E-Ol,  Aio=-O.231237E-02,
Ai]== -O.140701E02, Ai2==+O.270237E03,
Ai3=+O.987754E-04,  AiA=: -O,180004Em04,

A]s=-O.358759E-05. Ai6=+O,632672E-06,
Ai7=:+O.526406E-07,Ais=-O,909288E-08,

&=4.4566.  and  4u=8,84,

11i(&)  
=Bi+B2(oprop)+B3(&'&)2+

 '" +  Bl g(&-%)iZ

&S  &u

Bi=:+O.307893E-Ol. B2;-O.886663E-02,
B3=+O.213949E-02. B4=-O.487063E-03,
Bs=H],952827E-04.  B6=-O.149274E-04,
B,=+O.869008E-05.  Bg=-0.361783E-05,
Bg;-O.808093E-06, Bio=+O.508998E.06,
Bii=+O.135182E-06,Bi2=-O.640060E07,
Bi3=:-O.859589E-08, Bi4=+O.398899E-08,
Bis=+O.316317E-09.Bi6=-O.l38212E-09,
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B17=-O,327201E-11, Bis=+O.172326E-11,

In the above, allAi  are in MPa, %  is an  averaged  strain,

and  fu  is the ultimate  effective  strain  of the poty-
urethane.

5. APPLICATION

   Prior to applying  the bridging model  to UD  (unidi-
rectional) composites.  the RVE  of the interlock kmtted

fabric reinfbrced  composite  was  divided into a  series  of

sub-cells using  two parallel planes perpendicular to the

wale  direction[5, 6], see  also Fig. 6. A  sub-volume  was

formed from one  yarn segment  and  the neat  polyurethane
matrix. Therefore, a sub-cell "'as  imagined as two sub-

volumes  if two  yarn segrnents  were  contained  in this
sub-cell, Such a sub-vQlume  is considered  as a IJD

fibrous composite  in its local coordinate  system  (xi, x2,

x3) witii xi  along the fiber segment  direction, In the

present analysis. the fiber voiume  fractions in ali such

UD  composites  were  taken to be the same,  equal  to the
overall  fiber volume  fraction of the  textile elastomeric

composite.  The  micromechanical  model,  bridging model,
described in the second  section  was  applied  to estimate

the compliance  matrix  of  the UD  composite  <i.e. a

typical sub-volume  in its local co-ordinate  system).  The
resulting  matrix  was  then transfbrmed into the com-

pliance matrix  in the global co-ordinate  system  based on
a tensor traiisformation mie[5,6,IOj and  by  virtue  of  the

y,arn orientation  in the RVE.  The  overall  compliance

matrix  of the RVE  was  obtained  using  iso-stress

condition  for eveb'  sub-volume  throughl5,6,10]

tr]-s
     nri

 lst      lst
   -xx
 n+l     tt

  (2L)lii]LS'.S
      n=l

 2nd      2ttd
Xn+l -Xn(2L)iglind

where  (Ml) is the total number  of  the discretized
segments  of  one  y, arn  in the RVE, the superscripts  lst
and  2nd  statid for the first and  the second  varns  in the
RVE, respectively. L is the prqjected length'of one  yarn
on  thex  axis (wale direction), i.e.

L=      lst lstXN
 
rXl  2nd      2nd

XN  
MXI?

and  [So]l,S' or LSij1;"d denotes the global compliarice

matrix  of  a sub-volume,

   On  the other  hand, if an  iso-strain assumption  is

applied  to the all sub-volumes.  we  1iave[1O]

tr]-x
     n;1

 lst }st･
Xn+1 

-
 Xn

  (2L)li
 iik' + Si

      n=1

 2nd 2nd
Xntl  

-
 Xn(2L)k'elind

in which  ICij ]L't or ICij]:"d denotes the global stiimess

matrix  of  a sub-volume.

"

y

Fig. 6. A schematic  diagraJn of subdivision  for a  part of
RVE.

   It 1ras been shown  by many  authors[l  1,12] that iso-
stress and  iso-strain conditions  gives two  bounds for the
overall propenies of  the composite,  Hill[11] applied  a

combined  iso-stress and  iso-strain approach  using  a

simple  algebraic  average.  A  more  general approach

would  be a linear combination  of  the iso-stress assem-

blage with  the iso-strain assemblage,  from which  the
overall  compliance  matrix  is simply  given by

        [SF, ]G =  a.  (i c, ]' i)+
 a.CSI･;･ ]), (22)

where  a,, Oga.Sl, denotes the contribution  ratio from
the pure stiffhess  approach  and  q,, a.=1-a.,  the contri-

bution ratio from the pure compliancc  approach.

   Because of  finite deformation. the yarn coordinates

in the RVE  have to be updated  at the end  of  each  load
step, These cooTdinates  are necessary  fbr determining

yarn segment  orientations  that are used  to define the
coordinate  transformation matrix  for the next  load level

calculation,  In the case  that the external  load is
unidirectionally  applied  along  one  of the global coor-
dinate direction, the current  yarn coordinates  were  up-

dated according  to the fo11owing formulae

xiY=  xiY+(  xiY-eco)d&  
,

y,Y=y,Y+(y,Y:yo)d&

(23)(24)

which  only  gave the averaged  yarn position. In Eqs,
(23) and  (24), (xo, yo) was  chosen  to be the cerrtre  point
of  the  RVE  and  d&  and  dg, are  the overall  strain incre-
ments  in wale  and  course  directions.

   It was  found that taking a.!O.9  in Eq, (22) gave the
closest prediction for the linear elastic responses  of  the
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composite  both in the wale  and  in the course  directions
[10]. With this same  parameter, the predicted stress-
strain curves  in the wale  and  course  directions are also
shown  in the Figs. 4 and  S. From these figures, some
characteristic values  are obtainable  and  are  given in
Table 1. The comparisons  indicate that tlie agreements
between the tlieoretical and  experimental data are  fairlv
good. Tliis cenfirms  that the present model  is efficient.

6. CONCLUSION

   A  micromechanical  modelling  approach  for predic-
ting the mechanical  properties of  textile elastomeric

composites  is presented in this paper. The  approach  uses

a  new  arid accurate  incrementa1 constitutive  modeJ  to
describe the stress-strain  behavior of  the elastomer  ma-

nices. By virtue  of  a  bridging matrix,  the stress  states in
the constituent  fiber and  matrix  inaterials  are explicitly
related  to an  overall applied  load and  the instaJitaneous
compliance  matrix  of the composites  is easily  deter-
mined,  The  prediction can imdergo  as long as one  of the
constituent  inaterials  attains its niaximum  nornial  stTess.
In such  case, the corresponding  overall stress is taken as
the ultimate  strength  of  the composite.  Two  significant

merits  of  the present approach  are apparent.  One is its
simplicity, with  no  iteration and  no  complicated  ntune-

rical calculation. Another is that internal stresses  in the
constituents  are explicitly known, and  hence the compo-
site failure mode  is clearly shown.  The modeling  appro-
ach  has been applied  to an  interlock weft  knitted polyes-

ter fiber fal)ric reinfbrced  polyurethane elastomer  ma-

trix composite.  The  predicted results are  in reasonably
good  agreement  with  the experimental  data, Funher
study  should  focus on  a  more  accurate  description for
the displaced fabric geometry when  Iarge deformation
occurs.
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