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One main  task of  forestr)' is a reliable  eslimation  of  the stem  form and  its development applied  in calculating total and log volume.

As long as  process-oriented models  are  not  available  for this practica] use,  empirical models  rnust  serve  instead. Taper curve  data

of  trees within  stands  normally  show  a rank  maintenance,  i.e., a  tree whieh  has a greater diameter than another  one at a certain  height,

is most  probably bigger at any  other  height, too. This property also applies  to the  analysed  tree  species,  sugi  (Co,ptomeria
jcrpfmica) and  hinoki (Chamaec>panis vbtusa),  and  will  bc well-represented  by a  linear model  formulation. As  model  parameler sets

of  single stands  have a very  }imited time validity,  two  approaches  for future stem  form prediction are  discussed. The one,  the cen-

troaffine  transformation  of  a linear taper  curve  function, is not  suitab]e  for representing  the time-depending  change  of  the stem  form.

However, this can  be done by a linear unit taper curve  model,  the parame[ers of  which  are  based on  sample  trees of  stands  of  sev-

eral  age  classes.  Temporary unit  parameter sets  arc  derived for sugi  and  hinoki and  the estimated  stand  volurnes  are compared  to

the real  ones  to cvaluate  the model  performance, which  turned out  to be very  good,

Key words/  centroaffi  ne  transformation, hinoki, linear taper curve  modeL,  sugi,  taper  curve  developmcnr

  One of  the most  important aspects  of forestry is the descrip-

tion of  tree stem  taper curves,  as the utilization  of  logs

depends essentially  on  their form. The development of  the

taper curve  over  time is influenced by a multitude  of  events

(e,g,, Larson, 1963) and  of  especial  interest are  those  which

can  be controlled  by man.  However, thc cemprehension  of

tree grewth processes is the basic prerequisite for treating a
tree or a stand  in a way  that will  lead to a  desired result,

  The roots  of  research  on  stem  taper  formation date back to

the last century  (Pressler, 1865; Hartig, 1871). Apart from
mechanically  oriented  theories (Tir6n, 1928; YIinen, 1952),

Pressler and  Hartig introduced the aspect  of  photosynthesis

production and  its allocation,  which  ls ef  central importancc
in modern  theories such  as the `pipe

 model'  (Shinozaki et at.,

1964a, b) ancl derived stem  taper  models  (Oohata and  Shino-

zaki,  1979; Chiba, 1990; Chiba and  Shinozaki, 1994).

DetaiLed empirical  analyses  on  pruning (Fujimori, 1970;
Takeuchi and  Hatiya, 1977) demonstratc how  to achieve  a

desired stem  form, using  the knowledge of  the close  relation

between crown  and  stem.  taper development,

  Unfortunately, at present, physiologically-related models

which  predict the stem  taper curve  and  its dynamic are net

available for practical use  (Deleuze and  Houilier, l995).
Therefore, this demand must  yet be  satisfied  by rnodeis  with

a  mainly  descriptive character.

  When  regarding  all tree stems  within  a stand,  a linear
model,  which  estimates  the taper  curve  by  the diameter at

breast height (d.b.h.), perferms very  well  (Sloboda, 1984,

1985). Its independency of tree species  and  stand  age  has been

proved by a great variety  of  applications  (Gaffrey, 1988

(Picea abies),  1996 (Pseudotsuga menciesii);  BOckmann,

1990 (7itia cotdbta);  Rdds, 1990 (Prunus avium);  Lee, 1993

(Pinus densijioft:) and  further tree species such  as Jlopulus

spec., Rigus sylvatica, Pinus sylvestris, Sorb"s aucuparta;  for

more  details see  Gaffrey, 1996).

  In this contribution,  a detailed presentation ot' the linear
model  approach  is given first, This modcl,  which  was  origi-

nally  conceived  for a specific  stand  of  a  dcfined age,  is

extended  to a timeless as well  as to a unit  rnodel,  Alterna-

tively, the estimation  of future stem  taper curyes  using  a cen-

troaffine transformation (Sloboda, 1976, 1977) is proved.

Materials

  Data of  the Japanese tree species  sugi  (Cryptomeria japon-
ica) and  hinoki (Chamaecyparis oht"sa)  serve  for modeL

parametrization and  verification. They consjst  of stem  analy-

sis  data recording  in five-year intervals, which  have been

published by the University Forest in Chichibu &  Laboratory

of  Forest Management  in Tokyo (1987).
  The data used  for taper curve  models  contain  three collec-

tiyes for sugi  (compartments la13, la15, 6al) and  hinoki

(1al3, 3al1, 6al), respectively. Stems with  an  obvious  abnoT-

ma]  shape,  caused  by crown  break, were  sorted  out. All

trees are relatively  young, the age  most  often  ranges  from 30
to 40, but seldom  over  50 years.

e
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 and  Technology Corporation for the financial promotion,
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2
 Corresponding author.

Methods
1 The  linear taper curve  mode}  and  its applications

  Thc object  of  interest of  a  stem  taper  curve  model  can  be a
single  tree or  a  whole  collective  of  trees. In reference  to the

latter, a more  or  less great variation  in stem  form can  be
observed  within  a stand.  Of course,  a tapeT curve  model

should  be able  to handle this variety,  moreover  the internal
structural  conception  should  coincide  with  the data struc-

tures.

  Until now,  all investigated tree collectives  showed  a typical
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stochastic  tendency of maintaining  rank  in regard  to thc stem

taper  form. This means  that a tree which  has a  greater diam-
eter  than another  one  at a  fixed, absolute  height (e, g., l,3 m)
is most  probably bigger at any  other  height, too (Fig. 1(a}),

  The comparison  of  trees with  different top heights requires

a  normalization  of  the length, Let Hi denote the top height of
the ith tree and  X an  absolute  height value  in the interval

[O, Hi]. Then the transformation x:=  XIHi, x  C  [O, 11 results  in

trees with  a  unit  height, which  also  show  the tendency  ot'

maintaining  rank  (Fig. 1(b)),

  Regrcssion ana]yses  of  all  n  normalized  stcms  of  any  col-

lective show,  for any  re]atix,e  point xk,  that  there are  very

straight  relationships  between the diameters at  breast height
Di.i iand thc diameters Di(xk) at  point xk  (Fig. 1(c)). Thisjus-
tifies the  linear tbTmulation

b( x, , D, ,) =  a,k ･ Di] + aS  , xk  E [O, 1]

to estimate  the diameter D at the heightxk. When  regarding

k =

 1,..., in relative  positions xk, there will  be ni  pairs oi'
regression  coefficients  af  and  aS. If there  are  continuous.

interpolating functions ai(x)  and  a2(x)  over  x, x  E  [O, 11, the
function

    b(x, Di3)=ai(x)･Di3+a2(x), xE[O,  l] Cl.la)

estimates  the rclative  stem  taper  and

    b(X,H,l)i3)=a](li;) Di3+a2(;;)t XE[OiH]

                                        (1.lb)

the absolute  one.  If additional  information, t'or instance the
diameter at a  height of  seven  meters  (D7), exists,  it should  be
included in (1.1) to reduce  the residual  variance  (Sloboda,
1984, 1985).

    b(x, Di r, , D, ) =  ai  (x) ･ D, r, +  a2 (x) - D7 + ar, (x),

    xE  [O, 1] (1,2)

In this casc, howeveg mc)del  C1 .2) wi11  not  be ftirther developed,
becausc in most  cases  only  the d.b.h, is available,

  The functions ai(x)  and  cr2(x) must  be now  spccified,  Ini-
tially, methodieal  reasons  require  the transformation x:=

i rx  of  the stcm  curves,  resulting  in the trccsi tops  being

positioned into the origin. Thc m  gtadients ai  and  intercepts aS,

respective]y,  can  be intcrpolated over  x,  x E  LO, 1] by poly-
nomia]s  of nth  degrce without  constants  (Fig. 1(d)).

                Sl

ori(x):=  a,-(x, tii)=Zaij ･xL xE[o,  1]

                ,i -- I

    t't'i =[aii,...,  ai, ], i -- 1, 2

(1.3)

A  concrete  determination of  a polynomial paramcter set for a
stand  demands more  focus on  practical detai[s. Questions
about  the necessary  number  and  the selection  method  of the
tree probands, the choice  of the re]ative  positions for the lin-

J. Fer. Res. 3 (2) l998i

ear  regressions  and  of  thc polynomial degrce musl  be
answered.

  A stable  parameter estimation  can  be aehieved  by choosing
(1O to) 20 trees, if their diameters are equally  sprcad  ove]' the

stand  diameter interval. There is no  improN'ement using  ran-

dem  sampling,  but the requircd  sample  size must  be increased
considerably  to obtain  the same  accuraey  (Dehn et  al,, 1985),

  The selcction  of  the rclative  positions xk sha[[ gaurantee a
satisfying reprcsentalion  of  the stem  taper. Normal]y, 20 to 40
equidistantly  spread  points are sut'ficient. The  tlrst point
shou]d  not  be the foot of the tree because  exactly  measured

valucs  are rare or arc, in the case  of  a  thick  buttress, not  use-

ful. Theret'ore, a  position which  ]ies a litt]e bit above  the

ground sheuld  be chosen  (Gaffrey, 1996).

  For both pelynomials, a degree of  six  is enough  in most
cases.  Sometimes a higher one  is necessary,  but a degrec of
more  than cight  is not  advisable  in order  to avoid  the danger
o[ overshooting.  Fortunately, slight deviations i'rom an  exact

interpolation  are not  so important (Gaffrey, 1996).

  Thc most  important application  of stem  taper curve  mode]s

is thc prediction of  a  single  trce's assortment<s)  or  of the
assortmcnt  distribution of a stand  or  a  subset  of  it. Calculating
the lo.v volume  V[h,. h,] by integrating from a lower value  hi
(e. g, , thc tree stump's  height) to an  upper  value  h2 can  bc done
by
              ]1,

    vrhL h2]=f  i[ori(i a-i) DB+a](;;,a-L.)]
2dx,

              11i

Xi=H-X  XE[O,H],  Oghi<h2SH.(1.4)

On  the other  hand, tapeT curve  modeLs  are  oftcn  used  for the
construction  oi' volume  tables. The  integral vo]ume  V[o. H]
of the total stem  from foot tg top can  be easily ca]culated  using

a vcctor  of  form factors F=(Fi,  F2, F3) (Sloboda, 1984:

Gaffrey, 1988):

    Ko, iil 
]:

 f'(E 
'H'

 DIU3 + F> 
'H'

 DB  +4･  H),

        i

    E=f[a,(x,a,)]2dx.
        o

          l (1,5)

    F.- 
=

 2 
･
 Jai (x, a-'i) - a2  (x, a-2 )d x,

        10

    A=J[cr2(x.a2)]2dx
        o

The cQmponent  F] represents  the known tbrm  factor. The  use

of  this single reduction  factor would  bejustified if all observed
intercepts a5 would  be equal  to zero,  but none  ot' the anat>'sed

stands  showed  this property, Therefore, thc application  ofthc

complete  vector  is recommended,

  Lastly Iet us  take a closer  look at the object  of the applica-

tion of  the linear taper curve  model,  the 
`trcc

 collective.'  It
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shal] first be defined by a `single

 stand  coliective'  because

within  a stand,  rank  mainrenance  has been developed due to
inter-tree competition,  As analyses  show  that  stem  taper

formation is simi]ar  in many  stands, the sample  trees oi' these

stands  can  be united  in a  
`unit

 stand  collective'  and  its stem
form structure  can  be represented  by a unit model  parameter
set,  (The problems of  how  to define similarity  and  to realize

clustering  are not to be discussed here and  now  (sce Gafftey,
1994, 1996),) Lastly, there is a very  special  application  by
using  stem  analysis  taper curves  of  only  one  tree as  a  

`single

tree collective.' This can  be useful  to estimate  missing  taper

curves,  if data are  only  measured  at only  a few points in
timc.

  A  further important aspect  of  taper curve  medeis  is its
validity  over  time, The model  function (1.1) is a  static one

because it does not  inc]ude time  as  an  argument.  Thus, the

applicability  of  a  single  stand  pai/ameter set is limited, for thc
future relative stem  form strueture in a stand  will  differ due to
the initial stand  age  and  the length of  the considered  growing
period. However,  by using  unit  parameter sets, there is a way
to guarantee a time-independent validity.  If a  unit  stand  con-

sists of stands  of diff'erent age  (age classes),  the derived param-
eters contain  an  inherent time dynamic, They can  then be
applied  to a]1 stands  (ctassifiable to a certain  unit  stand)  with

an  age  that lies within  the age  range  of the unit  stand.

  The question arises whether  long-term prognoses for stand
taper curves  are  possib]e, if there is no  time intrinsic unit

stand  model  but only  a static single  stand  model.  Assuming
a raper curve  function exists  for a certain stand  age, an  adjust-

ment  for a  future taper  curvc  can  probably be done by an

equiform  or  a centroaffine  transformation 
th

 if the trees'

stems  really  follow such  a  growth pattern.
2 Centroaffine transformation of  taper curves

  One way  to describe the time-dependent  change  of  a  stem

taper  curve  is its adjustment  by an  equiform  oT  a  centroaffine

transformation. The thcory was  presented by Sloboda (1976,
1977) and  has been proved for spruce  (Picea abies). In this
study,  the  general applicabMty  of  this method  in combination
with  the 1inear stem  taper curve  equation  is to be tested for
sugi  and  hinoki, At first, the  mathematical  derivatton of  the

transformed taper  curye  and  volume  t'unctions will be given in
detail.

  It is assumed  that a  continuous  diameter taper curve  fune-
tion rpr of a  tree  exists  at a time t with  top height Ht and
basal diameter D6.

    rp,(X), XE[O,H,]  C2.1)

If equiform  stem  growth will occur  during the time  interval

[t, T], T=  t +  At, then the equation

    z(,, A,)=  
Hi,

 .  
DDti,
 (2 2)

must  hold. For simplification,  the  definition A :=  A (t, At) is
chosen.  Analyses of  tree growth, for any  given species,  will

normally  show  an inequality of  the two  ratios. That means

J. For, Res.3 (2) 1998:

JLH= 
Hi

 t 
DatlT

 
=AD,i' (2,3)

Stretching a taper curve,  given by a function oph with  the

factors AH and  A.D,, in x-  and  in y-direction, respectively,  rep-

resents a  centroatfine  transformation  with  its fixcd point in the
origin.  The time  adjusted  function is then

    rpt(X)=AD,'rpt(X/AH), XE[O.H,]. (2,4)

The use  of  the total stem  volume  Vl at time r, catculated  by

          H,

    X=f  Jq7-(x)dx, (2 s)
           o

allows  a very  easy  computation  of  the volume  VT at  time  T :

    V,=12D,,･A.H-V. (2,6)

With thc aid of  the equations  (2,4) and  (2.6), stem  analysis

data can  be tested  as to whether  stem  iorm development is
centroaffine,  or not,

  Refcrring to the linear stem  form model  given above,  the

required  function epr shall  be specified  by the linear function

C1 ,i). As the basa] diameter Do is usua)]y  not  measured,  but
rather  the d,b.h., thcTe is a  need  of defining a stretching  factor
AD,, for the diameter at breast height,

     D,T3
AD[3 -h

     Dl.,
(2.7a)

If differences are slight, ZD,, may  substitute  ZD,,.

  However, using  AD,, and  the d.b.h,-dependent taper curve

function C1,1) in (2.4) causesaproblem,  as  you can  see  in Fig.
2(a). Line1 describesa taper curve  at timetand  lines2 and  3
taper curves  of  the same  tree at time =  Assuming the d.b,h. at

time t (cross on  tine 1) is known as  well  as  at time  T  (cross on

line 2), the centroaffine  transformation  with  AD,, and  AJi
results  in a taper curve  (line 3) which  overestimates  consid-

erably,  compared  to the expected  curve  2. In explanation,
the transformation of a single point, the d,b.h. coordinate  C1.3,
Di3) is indicated, Its movement  has not  only  a vector  com-

ponent in },-direction, but also  in x-direction,  which  has to be
avoided  for this point.

  Translating the taper curve  prior to transformation solves  the

problem, After a  transformation  parallel to the x-axis  by 1.3
m  to the let't CX'= X  

-
 S.3), the abscissa  of the d.b.h. point is

zero  (Fig. 2(b)) and  wil] not  be afTected  by the height strctch-

ing factor. It should  be mentioned  that  this operation  causes

a minor  defect in representing  the butt swell  (curve 2 vs,

curve  3 in Fig. 2(a)). It is not the foot, but a  point somewhere
abovc  ir, which  is transformed into the future foot. Normal-
Ly, this error  can  be negtected  as the butt swell  is of  Less
impertance for the estimation  of  usable  iog yolumc.

  The parallel translation requires  a correction  of  the height
stretching  factor. Instead of  ki, now  A.'H is given by

    Al,-Hiiii 33 e7b)
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By applyjng  the mo

q(X')=AD,,

difications to (2.4),

'epr(X'/A.f,

and  involving the normaliz

q(x')=AD,, rpt(

=Aih,  [ai

+1,3),

we  obtain

X'E  [-1.3, H, 
-1.3]

                  (2.8)

ed  linear taper  curve  model  gives

X'11ft +1.3')

c
H,X7A)

+aScX,/1

Zi,+1 
3)
 DI,

       H,

X'E[-1･3, Hr  
ul･3]･

k+13)],
(2.9)

Unfortunately, thc volume  VT cannot  be derived from the
volume  Vl in such  an  easy  manner  as in (2,6), for in the fo]-
towing integral, the lower boundary xi  is not  equal  to zero:

K-f

X1=

Hr'['1'f

 -L3rpe(x,)dxt

f･A.i,., A･f,

x'I Zk +].3

H,

,xl  
=

.v2･irp,-'(x)dx,

xl-1,3fAk+1,3,xl

 =1,

(2.10a)

Estimating VT similarly  to (2,6) requires  a reduction,  as A'H is
greater than  AiJ.

H' Hr

                    Xl

V?-Ai,,,-Ah v-{i H,･Jrp;-(x)du
                     o

(2.10b)

Data analyses  have to first prove whether  thc centroatfine

transformatjon  can  principally predict stem  taper curve  devel-
opment  in a  satist'ying way.  In that ease, the next  important
task  will  be to find a practicable approach  t'or estimating
well-performing  stretching  factors AD,, and  Z'H,

Results and  Discussion

  There is no  necessity  to use  al1 available  data for testing the
assumption  of  equiform  or  centroaffine  tree growth. Ii' a
centroatfine  growth model  shall be applicahle  in general,
then anaiyses  may  concentrate  on  some  few typically  devel-
oped  stems.

  Sugi and  hinoki do not  at  all show  an  equiform  growth pat-
tern. This ebservation  is assumed  to be universally  valid

for other  tree species,  too.

  When  now  regarding  the centroafflne  model,  the demand-
cd  prerequisite of  cquality  betwecn ZD,, and  A.D,, is probably
not  mct.  Decisions arc difficult when  arguing  on  the mcre  fi.o-
ures  of the factors Ce, g., the  stretching  factors for the taper
curve  development from age  20 to 50 of the sugi  tree no,8,

stand  lal5 are: ZD,(20, 50) =
 1.731, ID,, =

 1,8el,) Actua]ly,
there is no  necd  to answer,  as there is no  real  alternative to the

use  of  A.D,,, The recommended  way  ofcomparing  the trans-

formed stem  taper curve  to the real one  is the visual evaluation

of the plotted graphs (Fig. 3), When  referring  to the chosen
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Fig. 350,

 respective]y,  whereas  curvc  {2) is the prognosticated one.

Sugi and  hinoki trees do  not  show  a centroaffine  development of  their stem  taper curves.(1)  and  (2} are  a  tree's taper curvcs  at age  20 and
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ID.  20. 25.  ]D, ]:. LIO, 15,

Rge -
Fig.4The  strelching  factors O.D,, 

=
 Lambda-D)  depend on  age.  the length of  the time  prognosis and  afe  tree-indis,idual.

tree, the taper curve  development is typical of the othcr  sam-

ple trees, too. It must  be stated that the centroat'fine  trans-
formation fails to represent  the decrease in taper, which  is

almost always  observed  in growing closed  stands. In addition
to the optical  comparison,  the tree's stem  volume  is calculat-

ed, There is an  underestimation  by more  than 17%  for a 30-

yeaT prediction period (age 50) (- 6%, age  30; -  12%,  age

40). In contrast, the application  of the tree-specific Iinear taper
curve  model  results in deviations of  only  +  2%  (age 30),
+  1%  (age 40) and  

-
 2%  (age 50).

  Thus, it must  be concluded  that stem  form dynamic cannot
be represented  by a  eentroaffine  transformation, IIhis saves  thc

dirncult additionai  work  of  estimating  well-performing  stretch-

ing factors, for as yeu sce  in Fig. 4, they are tree-specific, as

well  as age-dependent.

  The remaining  way  to predict future stem  form exists  in the

application  of a  linear unit  taper curve  model,  which  is valid
within  a wide  range  of  time, For its parametrization, the
stem  analysis  data of  the selected  stands  were  used  and  from

each  tree the taper curve  data of  each  ten years were  chosen.

Subsequent]y all data of  sugi  and  hinoki, respectively,  were

merged  and  processed to obtain  the unit  stand  parameter sets
for these tree species.

  The polynomial coeracients  and  the fbrm factor vectors  are

given in uable 1(a) and  1(b). The presented parameter sets are
temporary  because of  the very  restricted data base, The sugi

model  is va}id  fbr trees within  a  d.b.h. range  of  5 to 35 cm  and

for hinoki from 5 to 30 cm.  Therefore, a prediction of  taper

curves  of  larger trees is not covered  by the models'  data
bases.

Table1(a)
 Parameter set  of  the sugi  unit  tuper curve  model.

Polynomial coefficients Form  factor vector

allaL2aL3aL4tlL5ata  1.23587
  7,67383
-38.99138

 77.57639
-71.93629

 L7S.52121

a21a2:･a2]a14alsa26 
-4.39138

 FL

 
-t2,41204

 F2

 132.63g2 F3
-288.62230

 2M.09990
 
-88.9tl19

O.431258O,O09319O.OOOI14

(b) Parameter sct of  the hineki unit  taper cufve  model.

Polynomialeoefficients Form  facter vector

alta12a13a14alsa1f,  O.47869
  10.69494
-46.84522

 94,20950
-91,10876

 33.7SS89

a?1a22a!]a!4a?sa:fi   1.252-76 Fl

 
-40.44562

 F:

 203.65450 F]
-410.l9420

 382.00300
-134.l6870

O.413828O.O09922O.OOoo92

  The evaluation  of  the unit models'  performanee is done by

comparing  the exact  stand  volumes  (computed by stem-indi-

vidual  spline  functions) to the estimated  ones  (Table 2(a),

2(b)). The maximum  error for sugi and hinoki does not
exceed  5%  and  the average  is less than 29･. This superior
result  has to be relativized  because of  the low number  of

tested stands.  As experiences  with  other  tree species  show

(Gaffrey, 1996), normally  an  average  error  of  3-S%  and  a

maximum  error  of  8-lO%  can  be expected.  By the way,  it
should  be mentioned  that single  or unit  stand  taper  curve

models,  regardless  of  the  mathematical  function used,  are

not  suitable  in predicting a single  tree's yolume  with  the

same  precision. Here the calculated  average  error  is about  6-
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Tab]e 2(a)

 Accuracy of  stand  volume  cstimatiens  using  the sugj  unit  taper  curve

model  {volumes in m3),

CollecTive Numberof

            Obs.
SptinevolumeModel Differcnce(%)

volume

Sugila13

Sugi lat5
Sugi 6al

486736 6.347713.496616.44536.323912,832916,8046-O.4-4,9

 22

(b) Accuracy of  stand  vo]ume  estimations  using  the hinoki unit  taper
curve  model  (volumes in m])

Collective Numberof
            Obs.

SplinevolumeMedel Difference(%)
velume

Hinoki la13
Hinoki3a11
Hinoki 6al

S46e36 3.12295.28823.67543.131S5.2I773.6410 O.3-1.3-O.9

89h, but the maximum  can  be 2091) or even  more,  An  error

reduction  is only  achievable  by using  specific  single-tree

models,

  Data of  both examined  Japanese tree species,  sugi  and

hinoki, show  the samc  linear structuTe  of  maintaining  rank  as

any  other  species  analysed,  so  far, Thus, it is advised  to
choose  a corresponding,  linear model  type, Other modet
approaches  are possible in principle, but they generally per-
form less well  (Lee, 1993). Despite the advantages  of the lin-
ear  (unit) taper curve  model,  it should  be kept in mind  that its

main  weakness  is the tack of  causal  explanation.  for the
observed  linearity itseEf does not  contribute  to a deeper insight
ofstem  form t'ormation.
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