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             The Forces on  a Body moving  under  the
                 Surface of  Water (second report)

                      By  Hajime  Maruo,  Kbgaleushi, Member

                                      Abstract

 ln this  paper, a general formula for the  forces acting  on  a  body  moving  uncler  the surface  of

water  is obtained  as  an  application  of  the extended  Lagally's formula. The  problem  ef  the wave

resistance  experiencecl  by  a  body  rnoving  under  the  regular  sea  waves  is also  discttssed.

                             1. Introduwhon
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s
the  motion  including rotation.  The  other  reason  is that  it is applicab!e

only  when  the  body  is represented  by  a speeial  distributien of  singularit-  Fig. 1

ies since  the  expression  involves  integrals over  the surface  of the  body, Recently  W.  Curnrnins

extended  Lagally's formula  to the general  unsteady  motien.  [1).t Applying  this  result,  we  can

find more  general  expression  for the forces acting  on  a body rnoving  under  the surface  of  water

with  a  quite arbitrary  rnanner.

                         2. 1ixtenaed  Lagally's  formula

  Considier an  arbitrary  potential flow  outside  a  rnoving  body  whose  surface  S is realized  by  sorne

distribution of  singularities  imagined  within  S. Assume  a  control  surface  S' within  S which  en-

closes  the  singularities,  and  consider  the  region  Vi between  the surfaces  S and  S'. (Fig.1)

  When  the  unit  normal  to the  surface  S or  S' drawn  inward to Vi is denoted by  n, the  force

acting  on  the  surface  S is expressd  by

       1}pn ds=of.[-gl?-  ; (g.of-g2]nds, a)

  where  q==-p'e.  the velocity  of  the flutd. From  the last term  in the brackets we  obtain  the

statical  buoyancy  in the  direction of  z  taken  vertically  upwards.

       17h=pgV.  (2)

  The  surface  integral ef  the first term  can  be transformed  by means  of  Gauss' theorem.  If we

assume  the  surface  S  or  S' moves  or  deforms  with  the  normal  velocity  vn,  we  can  write.

       .
 
a,",
 nds--L,7(-g2-)dT-ll,-gfi-.ds

                -  f, L,qdr+A..,v"qds-L,g9--nds･ (3)

Again making  use  of  Gauss'  theorem

       
-ddti.,g

 dT=  ift Jl,...ends, . (4)

    Maseeid･. 7fi 11 H
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 Ii the position vecter  of a  point･ on  th'e surface  is denotqd  by  ilt, we  can  express

       n==ari/en,  

'

 (5)

and  making  use  of  Green's reciprecal  theorem,  we  haye  
'
 

'
                                                                 '

        ,d, L.,.¢ nds-  f, L...ip 
a,'.i

 ds  
'

                ='ddTt  11,... aa.ip r:ds=-  ddt L/k..,(nq)n ds･ (6)

Since on  the  surface  of  the  body

       vn=::nq,  
'(7)

  i

          '
we  can  wrlte

       !1,vnqds=lk(nq)qds･ (s)
                                                                  '

If the  control  surface  moves  with  the velocity  v,  we  have

       Vn=llV  on  St

and  the  last term  of (3) is transformed  into

       A.Lg"¢

t- 
n ds-  

Ldd't-11,
 
.tp
 n  ds-11,.(v7) ip- n  ds -11,.p aam7 ds

                 =-ddt-･11,pnds+lk,(vq)nds-fl. ¢  
ea"t

 ds. (g)

If the control  surface  has  a  velecity  of translation Vi and  the angular  velocity  of  rotation  tu1

abouta  point  re=r-ri,  we  have

       v=  Vi+tuixri  and  anlat=otxn,  (lo)
and  we  can  readily  prove  .'

       fk.[(vn)a- (vofn+" 
aant

 ]ds==o (u)

Collecting the above  results  and  making  use  of  the  relation  (2)
                                                            '

       .11,.,.[wS-(q'q)n-(nq)q]ds=o  (i2)

we  obtain  finally

       P== 
-of.,[(ng)

 q-  
-1-

 (q.q) n]  ds-p'T£-t Ltk,[(ng)ri+¢ n]  ds-p-dtl-t lkvnrids (i3)

  When  the  bounclary form  of  the  body  is given, the  last term  of (13) is ,a known  quantity and

the  force is expressed  completely  by  the  integrals over  the  control  surface.

  If the  singularities  generating  the  boundary surface  S are  discrete, the  control  surface  is
taken  as  infinitely small  spheres  having  their centres  at the position of  each  singularity  and

the forrnula becornes a  quite simple  form. Consider a  body  meving  with  the  velocity  of  trans-

lation ro and  the  angular  velocity  o  about  a point ro, and  the  boundary  surface  being  gener-

ated  by  a distribution of  sources  of  strength  a  and  doublets of  the  vector  mornent  p, which  are

situated  at points  denoted  by  the  vector  ib+rt  fixed to the body. Now  we  write  the  veLecity

potential in the  form  ･

       ¢
=pt+

¢ e (14)

in which  ipt is the  velecity  potential due to singularities  within  the  body. Then  th,e force is ex-

pressed by  the  formula  
'
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       F=-4xef[{a+(p7)}e-a(yo+dixri)+rs  :f +tla-]dr-{rex  :ll?t

           -bl(raao)+ro(e.o)--f!dV'iO-}pV, 
'
 (15)

where

       qe=-70e  at  rl,  (16)

 ra  is the  position vector  of  the centre  of  gravity  of  the body  re!ative  to the  centre  of  rota--

 tion,  and  V  is the  volume  ef  the  body.
                                       '

                  5. A  body  moving  under  the surface  of  water

  Now  we  assume  a  body moving  under  the surface  of  water,  and  the  bounclary condition  of

 the rigid  surface  is satisfied  by a surface  clistribution of  seurces  of  strength  a(t)  and  doublets

 of the vector  moment  rv (t) whese  position is denoted  by  r'=ro+ri.  Then  the velocity  potent-･
ial is

       ip=11,{cr-(p7)} ;, ds- 2i./1,dtEtf.d6t/Le"(a+reE2b)exp[rcol(t)]dt
        +  ; 11,doflle..dTlllf.defLe"{cT(r)+xEl`(T)}exp[xdi(T)]sin{y! grc (t-T)}/' gic dnc

                                      
''

 (17)
where  ri=[r-r'l,  Eisavector  (icose, isine, 1), and･  , 

'

              4

       di(t)=rE+r'mE,  (ls)
When  we  define the integral

       H(rc, e, t)=11,{a(t)+reEp(t)}exp[rcr'(t)E]ds,  . . (lg)

the  velocity  of  the･external  motion  becomes
     '

       ge =  21. 11f.d61/LptH <k, e, t)exp(icrE)KEdrc

         -, i ILI..d7zllf.d61/Le"H(ic,e,T)exp(rerEM)sin{/ gre (t-T)}yf grc rcEdrc.  . . (2o)

Then  the  first part of  the  force due  to the  external  motion.  viz.  the'effect  of  the free surface,
becomes
    '

       Pi =  
-4

 rte/1{cr+ ("i7)} q,ds=  -2of-'.defl"7H  (K, e, t) fi(rc , e, t) rcE  dic

          +4of:..d7zf del]""fi(rc,e,t)H(rc,e,T)sin{y' grc (t-T)}v" gk  rcEdrc.  (21)
                                                        '

Now  we  consider  a  pure  translation. According to Green's fqrmula, the density bf' the  surface

distributjon of  sourees  and  doublets on  the  surface  S is given by ,                                                                           '
    . a==(1/4  rt)(Oiplan)  (22) p=-(lt4  rt)ipn,  . . (23) ,
If the  body  is regarded  as  a very  slender  symmetric  body  with  respect  to the  direction gf mo-

tion, the  contribution  ef  the  doublet is comparatively  small.  Hence  the  usual  apprpximation  in

such  a  case  is te take  only  the sources  into aecount,  Thus  we  have

       cr=  
-(1/4

 rt)  Ven,  
'
 . (24)

where  Vo is the velocity  of  the body, on  accunt  of the boundary  condition,  or  

'we
 have  a uni-

form
 
space

 
distTibution

 
of

 
doublets

 
of
 
the

 
vector

 
mome,nt

 (114z) Ve
 

within
 the body. In this

case  we  can  wnte
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                                                    '

       H(rc,e,t)=(114rt)(rcVo(t)E)exp[rcreCt)E]G(re,e) (25)
where

       G=L;exp(rcriE)dT (26)

Then  we  find

       Pi=-  s;la ff.dqfl}e"IG(re,e)I2etkz,ly,ElslMsdrc

           +  4P.! ff.def,ooIG(rc,e)l![(vo(t)E)]E-yi gte rcsdx

           ×
.Lf..[Vo(T)E]exp[rebo(t)+rcEro(r)]sin{v" grc (t-T)}dT, (27)

where  ro (t) is the  Snstantaneous  position of  a  point fixed to the  body  whose  z  componenent  is

ao Thel remainder  of  the force is given  by  the formula

       F2  =-4xofs(aVe+rida/dt)ds+pVdVeldt,  (28)

and  substituting  (24) we  find

       P!  
--

 O. (29)

Thus  the inertia force does not  exist  and  the force is solely  due to the effect  of  the  free sur-･

face. This  result  i$ paradoxical. The  reason  lies in the  fact that  the  inertia force is induced  by

the  doublet distribution of  (23) which  has been  omitted.  In fact, substitution  of  (23) into the

formula (15) shows

       F!==pll,(aiptan)nds, (3o)

that' is the  inertia force. If we  wish  te express  the  fluid motien  by  rneans  of  the  seurce  distrF

bution only,  we  have  to adopt  a source  strength-(114x)  (1+k) (Von) where  k is the  inertia

coeMcient  of  the  bedy  in the  directionof  motion.  Then  the  resulting  wave  resistance  is aug-

mented  by  the rate  ef (1+k)e. This  result  has been  obtained  more  explicitly  by M. Bessho.[3]

On the  other  hand, if we  compare  the effect  of  the free surface  given  by (27) with  the result

in the  previous  paper, some  difference still exists.

This is arso  due to the  emissien  of the cloublet distribution. Now  consider  the  doublet

       tte=-(II4x)een. (31)
                                     '
which  is attributed  to the  external  rnotion.  Since  pte is harmonic  within  the surface  S, Green'  s
                                                 '
theorem  gives

       11,ee-ae-i( 
,i,
 )ds=11,'{li¢

ie i ds,
and  the  doublet distribution given  by (31) is equivalent  to the source  distribution of  the  inten-

sity-(114  tu)  aipe/On on  the  surface  S, or  by  virtlle  of  Gauss'  theorem,  it is equivalent  to the

volume  distribution of  doublets of  the  vecter  moment-(lf4  x)  qe within  the body. Again taking

an  approximation  of  (25) we  find the force due to the effect  of  the free surface  being

       Fe=  s ;a fr`.dqll,e"{ 
ddV-tO

 E+2  rc vle (veE)}IG(rc,e)]ietoore!Ed"

         -  s 
P,,,
 ff.dof,e"IG(",e)Ese!taolv,El!Erc3drc
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         '  4P.g, 111i.d6111,ooIG(rc,e)l#iatcSdef-t..(Ve(r)E)exp [rcEre(t)+rcEto(T)]

         Xcos{vl  gM  (t-T)}dT, (32)

where  va is the z  compenent  ef  Vo. This result  coincides  with  the previous  one.*  If the  motion

includes rotation,  G  is alse  a  functien of time  and  the expression  for the  force becomes some-

what  complicated.  ･

                          4. A  body  moying  under  wayes

  The  wave  resistance.of  a  ship  in a seaway  has been  considered  first by  T.Hanaoka(4'}.  He

treated the effect  of  the  on-coming  waves  in aratherapproxjmate  vvay.  Nofu  we  can  apply  the

formula developed in the previous  paragraph  to this preblem.

  When  a  body  is meving  in the  direction of  x  with  a  uniform  speed  of  advanc6  Vb under  waves

whose  ditection of  propagation  makes  an  angre  a  with  the  axis  of  x,  it rnakes  small  oscillations.

Then  the velecity  potential is written  in the  form,'

       e= ¢ w+pt+ee,  , (33)

where  ",w is a velocity  potential  of  the incident waves,  ei is that due to singularities  generating

the surface  of  the  body and  ee is the effect  of  the free surface.  Then  we  have

       sha==(ghto)exp(kz-ikxcosa-ihysinct+iat),  (34)
                                                    '

     pt=f[e-(itl7)]ri-ids  (35)

where

       k= 2n/A =a,!/g.  (36)

If we  pnt

       H(rc,e,t)=f[a+x(pE)]exp[rc(r(t)E)]ds

              ==exp(ireVbtcosop{Hb(",e)+einitM(rc,e)}  

'
 (37)

substitute  in (17) and  perform  the  integration with  respect  to T,  we  find

       o, a  
-
 i fL".delle"{m(rc, e+  ettoitHi(re, e)}exp ["(nE)] dM

           "  
KxO
 f-".de p. v.YL""(re cesie-teo)-iHb(K,  e)exp[re(riE)]drc

           +  ino{L-."i-Zf:,  +1  
,}H6(reosec'e,e)exp[rcesec:e(riE-)]sec!ede

           
-
 
rc"O
 etwiEllr.de  pL vr: 1]e" (rc c.s  e+turc,/v6)t-re,x Hi(rc, e)exp [M(nE)]drc

           +irceelait{fr 
'2-L

 
eil-1:,'2+1:n}

 
arfiop

 ra(ai,opexp[ai(riE)]seclede

           -irceetdeib{ L-.e'+1:,} 
aia-'a,

 Ei(as,e)exp[op(nE)]sec2 ede, (3s)

where*

 There  are  errors  of  signs  in the  expressions  of the previous  repert.
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Then 　the 　 mean 　 value 　of　the　forcO　during　one 　period　is　given　by

　　　　　　F ＝ FeヨーPw ，　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　 （40＞

where

　　　　　　戸・
一・h・ mean 　v ・lue 。・・願 ・＋（F7 ）〕7・・d・

　　　　　　　　一 　− 2pff
．

def
，

e”

｛IHe・・・…
±1・H ・… θ…｝畆

　　　　　　　　　
一
… ♂二班 嘱

°゚
（・e… θ一・・）

一
・［He（・

・θ）【
・瀛

　　　　　　　　　・・抑 …｛／：
2

イニ1，＋f
，｝【Ue（・・sec

・… ）1癒 ・ec ・ ・dq

　　　　　　　　　一呵 ンθR 嘱
簡

｛（・ … θ＋ ・ ・IVe）・一
… ｝

一
・IH， （… ）1… 励 ・

　　　　　　　　　… i… ｛∫∴ 雄｛ ＋f
．r、｝一轟 1瓦 ＠ ・θ・1・E ・ec ・θ・θ

　　　　　　　　　一・・ ・… ｛∫，＋f
、：｝a 、篝 1H・（a ・・

e）1痂 ec ・edθ 　 　 　 （・・＞

　　　　　　F 。
一 ・h − ean 　value ・・4 ・4〔・ ＋（・7 ）〕グ・・ d・

　　　　　　　　　 ＝ 2 π ρ（gh1ω ）Hl（為，α ）kE （α）．　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　 （42）

E （α ）is　the 　 value 　 of 　E 　when θ ＝ ct，　 and 　 only 　 the　 real 　 part　is　 to　 be　 taken ，　The 　 x 　component

of 　F6　gives 　the　 usual 　wave 　 resista 圦ce 　 which 　is　the　 same 　 thing　as 　Ha 胆 oka
，

s 五ndings ．．，On　the

other 　 hand ，　 the 　 x 　 component 　 of　 Rw 　 gives　 the 　 resistance 　 increase　due　to ．waves 　indicated　by

Havelock ．〔5〕 When 　 the　 translatory　 oscillation
．is　expressed 　by 　the 　 vector ゐ exp 　iott　 and 　the

rotational 　 oscillation 　by　the 　vector θexp 　ia）lt，　 the 　 velocity 　on 　the 　surface 　S　becomes

　　　　　　ひ ＝言 フ
Fo
十ia）letWtt （h→一θXr1 ），　　　　　　　　　　　　．　　　　　　　　　　　　　　　

’
　　　　　　　　　　　　　　　　　　（43）

where 　 Vo　 means 　 the 　 uniform 　 velocity 　 in　 x 　directiol1．　 If　 we 　take 　the 　 approxi 靼 ate 　 source 　distri−

bution　due　to　the 　motion 　of 　the 　body　　　　　　　　　　　　　　　　　　　　　　　
．
　　　

・

　　　　　　σ
ニー（114π ）り露 ，　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　

’
　　　　　　　　　　　　　　　　　　　　（44）

on 　 the 　 surface 　S （tlle　 slender 　 body　assumption ），
we 　 get

雌 ・）一 《 ・1・・ ）｛棚 （・ ）・ … ｝｛醜e ・・［… E （・ ）］…

＋醜exp ［刷 の ］（・・x ・ ）d・｝

On 　 the 　 other 　hand ，　 the 　force　evaluated
．
by　the　undisturbed 　wave 　 pressure

pothesis） may 　be　 written 　 as

　　　　　　・・伽 … 旡・・ p［kriE（α ）］… 一 ・… 命 ・

　　　　　　　　　（45）

（Froude　Kriloff　hy鴨

（46）
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and  the moment  is expressed  by

       ipghettuitLyexp[kriE(a)](nxn)ds=eituitmtv, (47)

Then  the  mean  force becemes

       - 1
                          kE(a)(hfi+em,,),  (48)       Fw=real  part of
                        2

since

       kVeE(a)+iq=in.

This is equivalent  to Havelock's result.

                                  5. Conclusion
      '

The  author  has  obtained  a  general  formula  for the  force acting  on  the body moving  uncler  the
                         '
surface  of  water,  taking  the  surface  disturbance of water  inte considetation,

Vast applications  of  this forrnula are  permitted if a  suitable  distribution of  singularities  is found

so  as  to satisfy  the  boundary  condition  on  the surface  of  the body.

The  problem  of  the wave  resistance  of a  ship  in a sea  way  is an  application  ef  practical impor-

tance  and  will  be discussed in future.

  This work  is a  part  of  the researches  about  the  propulsive  performance  of  a  ship  in a  sea

way  subsidized  by  the  Ministry  of  Education.
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