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A Calculation Method of Crack Opening Displacement
by Using Slice Synthesis Methodolbgy And Strip Yield Model
for An Embedded Elliptical Crack in Elastic-Perfect Plastic Bodies with Finite Plate Thickness

by  Yukinobu Nagata, Member Koji Gotoh, Member

Summary

Applicability evaluation of the developed weight function based strip yield model for an embedded crack by
applying the slice synthesis methodology in elastic-perfect plastic bodies under monotonic uniform loading is per-
formed. Although the weight function based strip yield model for a part-through semi-elliptical surface crack was
proposed by Daniewicz and Aveline (2000), applicable geometries of cracked bodies is limited. Their proposed strip
yield model treats only a semi-elliptical surface crack in semi-infinite bodies. Besides, quantitative investigations of
the applicability seem to be insufficient.

The authors proposed the improved strip yield model with slice synthesis methodology for an embedded crack,
which enables to treat the finite boundary proplems. By applying proposed model, the back surface effect of the crack
opening behavior and the plastic zone growth can be considered.

The validity of improved strip yield model for embedded cracks is confirmed by comparing crack opening profiles
under some crack geometries with elastic-plastic finite element analyses.
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2. Extended Slice Synthesis Methodology
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SSM) I DWW CEEAT %o
2.1 EERECHITS SSM
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BRI TS HE IR M A E 2 B, TOMEREZATL,
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a. = a/1 — (x/b)?
b, = by/T= (y/a)?
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slice IZld basic slice IC/FHT % spring force &EHEITTED
spring force DIHHMERAT %,
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Fig. 1 An embedded elliptical crack subjected to
arbitrary stress distribution.
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Fig. 2 A coordinate system for an embedded el-
liptical crack.
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Fig. 3 Schematic illustration of basic and spring
slices.
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Ke(ae) = [ o) = P we (et a2)dn 3
Kby = | " PR E b (1)
IVENQEGHLE:DI )

w“(RcHtv 777 a-’-ﬂ) = wa(n7 a-'E)
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Table 1 Values of exponents in the P(z,y) expression (Equation (14)) .

i |1 2 | 3 | 4|5 |6 | 7| 8|9 10|11 |12]13]14]15]16][]17]18]19
k| o [1/3] 0o [1/3]1/2] 0o [1/2] 1 0 1 2 | o | 2 o | 3] 4] o
Lo | o [13]l13] o [1/2]172] 0 1 1 o | 220l 3|3 ]ol] 4] 4

WFEE L TRADE S ICEA 5N LT 5,

wa(n, az) = wi™

(n, az)
+T(Ra) {wi™ (n,00) — wi(n,a0)} (5)
ws (&, by) = wi*' (€, by)
+ T(Ry) {wfree (b)) —wi™(€,b,)}  (6)
T(R;) = 1.05~ (M)
Basic slice DEAEEIL Tada 5 'O DEEXTHS (8),(9)
Az Uz,

we (y, a,) = \/_ tan ﬂ-ax cos (7;—3;)
/\/sm ———5' — sin® (% (8)

we*(y, ) =\/iﬂ {1 - 0.297\/@ (1 ~ cos 7“2“;)}
[\/——/\/ cos 7ra$/2t)}

cos(my/2t)
Spring slice DEAEEUL, (8),(9) XD ¢, a.,y ZFNEFN
¢, by, z WEERZ 5 L TEALNS,
(1)~(9) K&K, basic slice XU spring slice L) B85
PEEZBAOANL Vo, y, az), Va(z,y, by) EENTNINTE

(9)

Abhs W,
Valwy,ae) = [ Ku(@)wa(y, 0)da  (10)
2 ybv
Vite,nby) = [ K@i 08 Q)

(10) RAD E, X EZMOY U TETH B, (11) D E,
&, EHE FOABENCEOT V. = Ve KUV, HYEEAELY
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HEND, WESNY Y 7 THY, FHIBHROT AXT T
a/b DREIE L TULTDK S ICHGA 515,

P
Eb:’y(
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O WIERERElEES, v WRT VI TH B, (12) XD
&, %%Eb‘i%lbﬁ_gﬂﬂfﬁﬁ@ 7 ey AV ER PP T
O THb

ZEMANOTEDAIEICIBUOT basic slice & spring slice D
HPEERFOEAIIEL LS, Vo = Vi, DT %728, (3), (4),
(10), (11) K&K O %E1E2,

/y‘% {/0“ o (@, m)wa(n, O‘)d"} wa(y, a)da
- L% {/0" Pz, mwa(n, a)dn} wa(y, a)da

+%ff{fp@wm@m@}mmmw

—1) bp,.  for 2<1
a b

(13)

(13) RDLELIFHERECER T A BB,
—73, HD spring force & (14) OB THHT 5,

P =3 (3)" ()"

TTT, et =1~ 19) XEHTHD, ki, ZilckoT
TablelDXHcEZ, AN CIEEHDZD,

(14)

e ki ry\h
r=(3)" (%) (15)
LRI HE, (14) AIIKDKSICERKT T LW TES,
19
Plz,y) = Z eipi (16)
i=1

(16) 2% (13) TRA L TEIS 2 &, AR ei(i = 1 ~
19) Z3LS z, y 1B 2 RADEN T TR EL T ENTES,
19
Z e; X; (‘E7 y)
1=1

Y(z,y) = (amn

T,
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x@wzé%{fm@m%mawﬁ%mwm
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ThH3,
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2.2 Extended SSM

kD SSM ZFRIH LIz E2EST1E7 0 99 Tk, Hm
NOEERICHUT 23R TZEAID basic slice & spring slice
THELWEWSZEHD D, spring force THD Pz,y) BE5AT
Wh, UL, EEEEEETIUISNN RSN K BN
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Fig. 4 Schematic illustration of crack front local-
ized plastic zone.
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Fig. 5 Strip yield model applying to spring force

P(z,y) and S(z,y) for basic slice.
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NI DT80, HEBEREED RO EHEAIC N
THREEE C25AaDH 2, LIchi> T, HEBMEREO =44
ERERD BB, WNILEENDEREDELLTEALN
% EZZBACIEENIAY, basic slice & spring slice THELWENS
DD spring force BE X BDENH D, TT TR, FEDS
DRSS HEEMEIRARICHEER & Mz SSM(Extended SSM) %2
TS B,

Fig 4l BRMAROREHRERICATES 2 HEB M RRBOIRS
SEBEZ D, LITTR, FEEEARIEEN LA —HOVEE
THEMEELL, BPOBRMRBERERZRL TED, K
MErEET o, 7EMIBSRERSR b* £ 9%, &f, EXREHK
MEZIDT AR ML (Fig AlcBI 3 a/b MU a™ /b*) 134T
LE—L TV REITIRV Y, EEMANOIEN Q ZWlie 5
basic slice & spring slice DFIEZHEI FZNFNINTE
ZbNh3,

ay =a"+/1— (z/b*)?

b, =b"\/1— (y/a*)?

EHHEETIETINC B B8 EZIRTRRATE OIS R
&, S EREETNC KB HERFEOEREDE TERHTE
5728, ARH T Figslimd Lo, AIkd % spring
force P(z,y) iChiZ, #&E&JNCT S spring force S(z,y) &
WIACBA LT B3 EEHIET N R U, ol E, E3m

(19)
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MOEER Q 38T 5 basic slice £ spring slice DL
MELIFNENIAXTEZ BN 5D,
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Ka(a) = / " lo(e,n) = P(a,m)wa(n, a2)dn
~ [ by = St mlwe(na)in (20

by
Kolb) = [ P& (e
b
— [ ns(e e e (21)
TZT, (20),(21) XD A,, A 1 basic KU spring slice I
X9 BRI TH D,
FEETNTHT % spring force S(x, y) 1, Fcx3 3 spring

force P(z,y) LRRCEZIHKE U TR TEA 5,

S(e,y) = if (%)k (%)li = ifs (22)
=1 i=1
P(z,y) = iei (%)kl (%)li = i&ipi {(23)

7= =1

Tei2U, fiyei(i =1 ~ 13) IZEHTH Y, Plz,y), S(z,y) &
BIC Table2lTRT K HIC ki, i ZHATOBA, ThUIRdd
HEAE FEM TR & OHAROBNC, Fig ARG EHD
A* JUBRET % basic slice, B* Zili9 % spring slice i
- IEFZRIrEICEH L T0A b TH D, T8RNk
LTz,

Basic KU spring slice =0, HEHEREEIC T2 XZBHITE
AIITHEABNS,

Vale,p,02) = - f " Ko(a)wa(y,a)da  (24)
a Jy

. 2 by
Vi, u b)) = o / Ky (B)uw(z, B)df  (25)

PIREHE GO EH/ENICBNT Vo = Vi DBOTT D08
MBI, (24),(25) K& DL FOBRREEL T L TES,

/,am /0"‘ oz, n)wa (1, @)dn wa(y, a)da
Y
_ /‘az /a AaOy wa (1, @)dn wa(y, a)da
vy Ay

= /Gx /a P(.’E,’I’])'LUQ(T], a)dn wa(y, a)da

Jy (;* ) 20
_ / @ / AaS (2, ) wa (0, &)dn wa(y, &)da

Yy agp

E, % [f
+ E:/m /0 P&, y)ws (€, B)dE we(z, B)dS
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Table 2 Values of exponents in the P(z,y) and S(z,y) expression (Equation (22) and (23)) in Extended SSM.
% 1 2 3 4 5 6 7 8 9 10 11 12 13
ki 0 1/3 0 1/2 0 1 0 2 0 3 0 4 0
l; 0 0 1/3 0 1/2 0 1 0 2 0 3 0 4

X5, WKL I 255,
13 13 13 13
Y(w,y) = eXP(x,0)+ Y f:Xi(z,y)  (27) Ko(a") = KJ(@) + > e+ fiA]  (30)
=1 =1 =1 =1
13 13
oCT, Ky(b") = e:BP + Y _ fiB; (31)
" ' =1 =1
= [ [ om0 w,a)de L
Y .
- /\aUY/ ’ / wa (0, a)da wa(y, a)da AP = — /a pi(0, Nwa(n,a)dn
Yy Gy 0
Xf(:v,y)=/ /0 pi(z,Mwa(n, @)dn wa(y, a)da A =), /u 3:(0, Mwa(n,a”)dn
Y a
E, by 8 b*
+ Eb/ /0 pi&, v)ws(&, B)dE we(z, B)dS Bf’:/ i€, 0wy (£, b )dé
EY 0
a: o b*
Xi(z,y) = —/\a/ / si(z, Mwa(n, a)dn wa(y, a)do B =—X / 5:(&,0)ws (&,b)dE
Y g Jb

bh B
— )\;,%:/I /by si (&, y)ws (&, BYdE wy(x, B)dB

TH %,

FREEGTETIVTE, FREEZRHCBO TSR R
HIEERT 2080 H 5728, basic KU spring slice DG/
AR REEZRTRICh > TEn e AL R a bk
VY AT TIXFEHEOD, Figdldrnd &S, £ FREE
FAEHAEREMOESTHBH A (z = 0, y = o*) RUK
B*(x =b", y = 0) O_fAUDNTOHERET 5,

basic slice ICIENT, m A* BT B0 HIRENL,

Kela) = [ 1o(0.m) = PO.mlwe (n.a7)dn

v

_ / * Aoy — SO, ]waln,a )y (28)

] /ﬂ 41 ey
‘."i‘ :{’, 27
spring slice I3V T, 5 B* 1B BRI HARRE, .
b* R T - % ,:";’:’/’ ,,'?II’;’Z‘ /‘“ //
* * [ . . é’r,‘g’:l;(:" 7/ /
Ko(b) = [ P(€,0)uws(6,b)de : . 7.y
0 | : A
b s - e
— [ nSE (e, b)de (29) : . S
b 5 % / /// /
et oK .
Ths, Fiz, LITTEERGEERICT 5729, K T
a® 1 oA e
K@) = [ a0 nuntna)in — = G
0 . | 1R s N
- / Aeoywe(n, a”)dn (b) Detail view of crack surface
Fig. 6 An example of finite element subdivisions
LiE<,

(a/b=0.50, a/t = 0.5).
(28),(29) T (22),(23) ZAAT B LT, K.(a*), Kp(b™)

SHPEIRREIC BT 5 SSM. LIRIRRIS, ERBHMZERIORTRNZ n

NI | -El ectronic Library Service



The Japan Society of Naval Architects and Ccean Engi neers

206 BAISHIETE TR 2HE B9 5

5L, (27) MBI BFEO_FH D 13,

D= Z{Y(l’g, yj)_

j=1

. » , (32)
Z ein(a:'j, y;) — Zszf(TJa y;)}
2=1 =1

CRITTLHTES, TTT, Ku(a*) =0, K% =0%F
IR XET (27) AL 72, Lagrange OARTHREGLEA A
WC IO 2ERT 5, KEFL 70, 7o Z8AL, Lagrange
OAREFEH AT B L (32) NILTFOX S ICFHATES,

F=D+1,K.(a") + 1 Kp(b")
13

= Z{Y(l‘j,yj) - e XP(xs,y5)

i=1

13 2
-2 fin(mjyyj)} +1aKa(a™) + nKe(b")  (33)
i=1

FROFHMA n 1F, e, f; ORFUFEEL 26 LT, Lagrange
DREFBGRCE > THALE 10, 70 DERF 28 M EETN
&V, n(= 28) EOFFHMSEZEE LIz, (33) SR/ "3
HEEAL, (0F/0e;) =0, (AF/3f) =0, (OF[d1.) =0,
(OF[87:) = 0 £V ey, fi, Ta, 7 ICBIT S AFEAZRSD, %
NEFES T LT ey, f; ZFEETES,

3. AN FPEM AEHTHER & ODLEE

Extended SSM &Iz EEESTIET VORI EHETS
Bizhic, HYEME FEM fT7ESREL, RERACKS R0
BN & DL T T2, LIFTW, o/b = 0.25,0.5,0.75, 1.0,
a/t = 0.5 09 B R ARY, ki, STEfFidse L
THESREZADOEIRE X (20) ITHATHIIE (2¢) BKEWG SR
LTV, bfc DffE e {EE L

FEM AT T, SRATRSRONFRMED S 1/8 EETTIU1E
L, FA#HFI—F MSC.Marc2008r3 e, FEM &5
VO—HIE LT, a/b = 0.5 DEERE Figblaond, EEEE
48,224, ByNEZSHEAZ 0.05mm x 0.05mm x 0.06mm T&H
%, fthod FEM BT BT ABEORNESR AL LTy
%, MREEIGBESAEEL, YR E = 2.06 x 10°MPa,
K7V U v = 0.3, BIRIEN ov = 314MPa, HITRF{LIREL
H=E/100 £ L, ZAbHIE I —E RS Lz

Extended SSM Z#H 3§ 25 —E#EE LT, 7Crradh, il
LB o, b ZEZBHENDBH, THUTX Daniewicz
5 9 OXHRTHABNENTOBFEZERH LTz, Daniewicz 50
FHETIE, SSM & D P(x,y) DEEICEELT, PEENEET
&> T%, basic slice & spring slice IZIBNT, RS/ 12
U7t 2 ZIRE A E LN E VWS R HLTED, 20
FEX kb Pz, y) ZEHEAIETVCGERTRC L
T, ERREZOZREE L, Bl O ERYERIE o, b &
B2 378, THERMRIREED EZBHIELANT DN TUEIISTD slice
THOZEMICHBELNRDH 5N B, UL Lah HEE S OEAMRET
12k, Daniewicz 5OFEEANS T LT, {KREMREEICH
U IS RN B R TX SRE RO 5NS T L AR
L%, Lizh¥o T, AT Daniewicz HOFEESE

2009 £ 6 H

IO MG, B EOMEESSRNE o, b BEE
L, Z0% Extended SSM ZFIFH U THEBIERRED 2250 2
PIEHEE UTze AWIZE TR U 22BN O HEFIER LU T
IR,

1. FEZTH L THEROMIEHRIEIC BT 5 SSM ZFIAL,
AINTHTT B spring force Pz, y) ZRebD, T T Tk
S(z,y) =0 &5 %,

2. basic slice, spring slice {T 1. TRz spring force %
EBRLIEEESIETVEERL, 5, REiofdEE
Yot (ISR o, b R B,

3. [REARREXAL A LT SSM ZFIHL, B spring
force P(z,y) Z KD 5,

4. 2.53.52.3.— ... BAEEBIRITE o, b* HUTH
TEHETHROIET,

5. 4. TROIAGEESL IS o, b* % Extended SSM
ICAJIL T spring force P(z,y) KU S(z,y) ZRD,
FHEBPEIRAEIC S5l 2 SR I 23R T 5,

FEOFECHE S TEYE LTz Extended SSM L3H#AM: FEM fi#
HTiC & % EHBOENOHEBHRERE Fig. 7~101IR9, it FIHE
TRIFREEI T XEN DD, WTNOFEICEOTE 5 [
REOFEDIR L TIEREMED Nz, Fig.7~101, a/b = 0.25
, 0.50, 0.75, 1.00 BT o/t = 0.5 OFFiL L, Bl Lk 5H
BHRRTH O, HPOffE ZHuibh & OO TESR,
T ZABACOEN RS, Eie, SCEHEMENE FEM K
HEERTHY, ERH Bxtended SSM 1 &K BFHRICFNZU
LTV, 88, FEM BT ISO OB RV A0
DAY MRS LT — A%, EEEET1E 7V OMME T
NTHBTD, HEBHSM OSBRI LT,

Fig. 7T~10I2\ T, HEEME FEM RSSO ERIc BimE
MENTO Y FENTVWED, Thud, EZUCEBELACS
T SO T HORMELZE UWEBEBE T B/ NEISEAE
RAUIEREOZENEZRLUTEY, XAV TGGHREENET
BB

f oy P
= (1 —_
v ( * E ) ~/p1astic zone EZdZ (34)

T DEINEEREHC BT, EEEETEFLOREER
EROBRIZALI L UNT EAYIER R SIRENTVS 19,

Fig.7~10& D, Extended SSM IIEZ&IMmIC 51T % =25
OEMNZERIICHEE L TV T L9 %, a/b = 0.25 D
Onet/oy = 0.6 ITBWVT, D —RAICAHEFiEE FEM
FATESR OISR E N LAWMER TE ADY, EZALERCIBY
BPACROFEEIN 6% TH D, Tk ¢ ERBIEIEH
ETETN2EHIHTES,

RAREZMICOWVTIE, a/b = 0.75,1.00, opet/oy = 0.8
ZBRNT, Extended SSM (AR E S0 X ZBHCENL ((34)
REOEFELIYPEIR) & BIFREE THEEL T0Wa Ll
%o —73, a/b = 0.75,1.00, onet/oy = 0.8 DAL, A
RN R CYR MBS e TE DRI r — R H SR LT
WA EMHEEENDS, TOFRERO—DE LT, #HEE LB
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Fig. 7 Comparison of calculated crack opening displacement profiles applying extended SSM with FEM

results(a/b = 0.25, a/t = 0.5, b/c = 0.08).
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Fig. 8 Comparison of calculated crack opening displacement profiles applying extended SSM with FEM

results(a/b = 0.50, a/t = 0.5, b/c = 0.056).
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Fig. 9 Comparison of calculated crack opening displacement profiles applying extended SSM with FEM

results(a/b = 0.75, a/t = 0.5, b/c = 0.067).
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Fig. 10 Comparison of calculated crack opening displacement profiles applying extended SSM with FEM

results(a/b = 1.00, a/t = 0.5, b/c = 0.056).
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Fig. 11 Effect of fictitious crack tip for the esti-

mation accuracy of crack opening profile
(a/b=0.75, a/t = 0.5, b/c = 0.067).
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