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         by
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Flow Field around  Ship
Expansion Method

Stern

by  Kazuhiro Meri,.M'ember*and  Yasuaki Doi Member*               )

                               Summary

   The  separated  ship  stern  fiow field is divided  into five subTegiens  according  to the
flow characteTistics;  potential fiow region,  boundary  layer region,  vorticity  diffusion
region,  separated  retarding  region  and  viscous  sublayer.  This is bccause experimental
studies  suggest  no  single  approximation  ol  Navier-Stokes  equation  is valid  for the
whole  fiow  field.

    The  asymptotic  expansions  ef  velocity  or  vorticity  for each  region  are  assumed  by
using  a  small  parameter Re'i18. where  Re is the Reynolds  number.

    Governing  equations  for each  region  are  obtained  by  substituting  the asymptotic
expansions  and  picking up  the  leading  terms;  vorticity  diffusion equation,  elliptic

type
 equation  including the Reynolds stress  terms  and  laminar boundary  layer equa-

tion are  obtained  for the  vorticity  diffusion region,  the  sepaiated  retarding  region

and  the viscous  sublayer  respectively,

   Numerical calculatiens  are  carried  out  for a flat plate with  zere  attack  angle  and

a  tanker  ship  model  with  a  simple  stern  form and  compared  with  experimental  data.
Promissing results  are  obtained,

'

Usually propellers being equippea

there, the  previous results  ate  not

satisfactory  for the above  mentioned

importantpurpose. It can  bepointed
out  that  the vorticity  diffusion ap-

pToximation is not  valid  near  ship

hull; more  precise prediction is re-

guired there.

  Navier-stokes equation  (abbr6via-
ting N-S  eq.  hereafteT) is solely  the

governing  equatieii  ior this field.

Howeyer, it is necessary  to siinplify

it as  possible in order  to malce  sure

the  practieal calculations.  TILe pos-

             1. Introduction

  It is one  of the most  important  problems of

ship  hydrodynamics  to estimate  the fiow field
around  ship  stern  incruding  the affects  of separa-

tion. Especially it is very  urgent,  from  the
practical point bf view,  to get the wake  distribu-
tion on  propeller disk,

  In  previous papersi),2), the  velocity  distribution
is estimated  by  selving  the vorticity  diffusion
equation.  There well  agreements  with measure-

ments  are  obtained  except  nea,r  $hip

hull, especially  at  the  deep  draft.
                                  3(mm)
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sib!e  way  to make  effective  approximations  is te
iollow  the  characteristies  of fiow field.

       2. Subdivision of  Flow  Field

  In  erder  to get the fiow charaeteristics.  experi-

mental  studies  oi  stern  flow  are  carried  out  using

3m  model  of  MS-02  (the body  plan is shown  in
Fig. 7)3). Figs, i and  2 are  the typical results

oi  thetn,'

  Fig. I shows  the  stream-rise  velocity  profiles
on  the horizontal plane of  6 cm  beneath the free

.-
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Fi.cr. 2 FTee-suriace  fiOw  near  the stern

surface  which  are  measured  by a  hot anemometeT.

g in Fig. 1 is the  normal  distance  ±rom  the  hull
suriaee,  Although  the probe is fixed in uniform

flovr dSrectien always,  fiovv･ characteristics  can  be
guessed. The  bars mean  the  velocity  is varying

between  them,  There can  be  supposed  a  berder
Iine eutside  and  inside of  whieh  fiow character-

istics much  differ; inside of  it flow is .veiy slow

and  the turbulence  is veiv  intensive,

  The  above  situation  ,6an be examined  more

clearly  in Fig. 2 which  is a  free-surface. flow
picture ohrained  by the aluminum  powder  meth-

ed.  Clear differences are  observed  inside and

outside  of  the  border line which  rnav  be  a  kind
ei  dividing  streamline.  Recirculatjng fiow is
existin.cr  inside, on  the other  hand,  outside  of  the

Si'M'iodgtngcoSntvre9eat\.et?e, 
fiow

 
is
 

much
 
simpier

 
and

  It can  be mentioned  irom  the above  discus-
sions  Uiat  the fiow  o'E separated  wal<e  seems  to
have at  least two  signilficantly  different regian$

and  that  no  single  appreximation  oi  N-S  eq.

seems  to be uniformly  valid  tor the  whole  field.
  It is proposed to divide the wake  flow fi¢ ld into
five subregions,  as  shown  in Fi.tr. 3, potential
fiow regien,  boundary  layer region,  vorticity

diffu$ion region,  separated  retardin.cr  region  and

visceus  sublayer  region,  and  it is also  proposed
to find out  the mest  suitabie  approximate  equa-

tions for each  subregion.

  The  characteristics  of  the subre.crions  are as

follows; potential flow region:  the region  where

the viscous  terms  can  be  safely  negrected  and  only

the displacement  effects  should  be  taken'into
account  ; boundary  Iayer region  : the rebaion  where

the boundary  layer assumption  is valid  enougli

and  the bacl{waJrd infiiience o{  the separation  can

be neglected]  vorticity  diffusion region:  the
region  wheTe  the  vorticitv,  iv]]ich  has  been
generated in the  boundary  la.ver, is cliffnsed  con-

vectively  and  vi$cously  into the  downstreain  and

new  vorticity  is no"L' geiierated anv  more  in this
region;  separated  retarding  reg.ion:  the  region

A T POI'E:･/･TIAL FLow r[･:[vtl
B : :OU:･ll.PiRT L,n,TER
C : V3RT/,e]TT liFFUSIOra ...EGID"IN
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of
 
separated

 
flow

 
near

 
the

where  the velocity  iS very  small  and  the turbul-
ence  is intensive, because theye  can  be observed

a  reciyeulating  flow. ,the govemin.ff equation  should

be elliptic  type;  viscous  sublayer  region:  the  very

thin region  which  just adheres  to the hull surface,
the molecular  vigcesity  is predominant and  the

tVieolneCg;YthP.rOhfiulell ::9f"alcde.Satisiy 
the

 
no-slip

 
condi"

                '
                 

./..               '

 3. Approximation of  IVLS Equation by Local

     Asyinptotic ExpansioR

  3.1 BasicEquatien

  The  right-hand  Cartesian coordinate,  O-xyi,
and  the curviiinear  coordinate,  vix2ms, are  adopt-

ed  to predict the fiow  field. .The ship  is fixed
and  the  uniform  fiow, whose velocity  is Ue, is
oncoming  to x-direqtion,  The  origine  of  O-xyff
is at  the  midship  apd  on  the waterplane  of the
fixed ship.  xi  cg,incides  with  the potential fiow
streamlines  and  x3  is nQ.rnial  to the  hull surface

(Fig. 4>, The  convergences･of  the curvilinear

ceordinate,  Ki  and  K2  are,written  by

    Kt  =-  
-
 hi,  

-oO:lt'
 , K, == - h,lh, oO.hl (1)

using  the metric  coeffieients  hL' 'which are  defined
by

    h,2=:: ( oOxX, )2+ ( oOxY, )2+ ( oOii )2. c2)

  If x3 coordinatq  c'an  be  assumed  to be linear,
i.e., h3 being equ'al  to unity,  the continuity  con-

dition and  Reynelds  equations  are  written  as

follows;

                                      z 
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   "hl15.'I+-hV,b/Ii,'+ggi-KigT-K2f2=-O, (3)
     Ogi egz

   Lz.i;..oa.gi. +  -qht-,. 
oO.q;+g,

 
eO.gi

 -K,g,g,+K,f,2

     ==  
M
 h,oa., ({l+qi'2)- ttVoe., 9i'g2'

       --oex-E93'9i'+2K2gi'g2'+Ki(gi,2-g2,2)

       +  hV, [ia.-i(h2bl2)--Ootti.-l, (4.)

    -gh-i oOgi 
T' Si oOgi+g,oO.gi+k,f,2-Jl,g,g,

     ==  
--h,g.,

 (fl +g2'2) 
-
 a2, G2te,t

          0

       
-'Jllloxlgl'g2'-K2(gl'2-g2'!)+2Klgirg2f

                               '

       +il  
Oo:lr

 oO., 
(hiWi)l, C4b)

    et 0g3           e2 Oes                    Og3
    I  ox, 

+-ill ox, 
+g3 ox,

     =-  oa., (;+e3'2)- h,oO.,- gi'gu'

          o

       
-
 h2ox2 e2'g9'+Klet'g3'+K2g2tes.

       +  h,"h, 1 o2I(hito')wwfia2.,(h2th)] , (4c)

where  ei and  gi' are  time-averaged  velocity  com-

ponents and  fiuctuating  parts respectively  and

v  is the molecular  ldnematic viscosity,  P is the

pressure. bli is the compenents  of vorticity  given
by

        Og3 aeg
    bl1=  

-
              ex3 

'

       h,ex,

       Ogi ag3

    tu2=  oxs-hiaxi'  (5)

        0g2 agi

    
tu3

 
=

 hiexi 
-
 h2ox2 

+K2g!mKig2
 ,

and  satisfying

     owl aw2 obl3
                    

-K,w,-K,to,=O.
 (6>         + +

    h,ex,          h,ax,                 0X3          '

  In the reduction  of Eqs. {3) and  (4) from N-S
eq., conventional  predictions iDr turbulent  com-

ponents are  used;  the  velocity  is assumed  to

consist  of  time-averaged  terms  and  fiuctuating
terms.

  On  the  other  hand,  if the  constant  eddy  vis-

cosity  hypothesis can  be assumed,  iollowing
vorticity  diffusion equations  are  derived from N-S
eg,;

      o o
    h,ox, (Q)ig2-a)2gi)+ ox, (toLe3-W3gi)

     =ve  /1( hi,s o9tl" +-oem"',2 ){di
       

-
 7, ,'g'fei'(',e,5t."'S' +  g';'; )'

          0
       

-
 Il,O,v, 

(K2tui-K,tu,)

            aaJ:,                     Owr )
                                   <7:,>       -k'! 

･-+K22---･
                    h:Ox,, ;, 

'

           h,Oxl
               '
      o o
                       (Q)2gs-(D3g!)         (w2ei-wigz)+
    h,axl                   OX3

     ==  Ve 1(ti.IE'2 oOxZ'12 +  oei'32 )QJ!
       

-
 
-nE/g.,

 ( h?owi , +  g-ws :-)
       

･0

       
-hiOx,'(KiWrK2tsi)

            ato,                     Otuz )
       

MK'nenl.bx,
 +Ku  h,a., sJ (7b)

    (IIIi- h,oOx, )(blig3-Ws9i)
       + (KEL h,oax, ] (e)2g3- a)3g2)

     =ve[("t  o6x2r2+kt aOx']22)tu3

       -  og, ( h?ota.', - ,9,bl.e)

                                0W3          0
            (K,ld,+K,ld,)-(K,-K,,)-       +
         Oxs                               h,Oxl

       -(K2-  K22) h?oWxa,], <7c)

where

                          l Oh,           1 6h,

    K'!=Ph,2  ox,' 
K:2==-5I,i2

 ox,' (8)

and  ve is the  eddy  viscosity.

  3.2 LocalAsymptoticExpansions

  In order  to get apprepriate  approximations  oi

the  basic eguations  for the  five subregions,  the

local asymptotic  expansions  ei  related  guantities
are  made  using  small  parameter  e  defined by

    6==ReMl/S,  (9)
where  Re  is the  Revnolds  number  related  to the

streamwise  full Iength.

  The  quantity  e  is first introduced by  Stewart-
sanO  and  can  be  a  small  parameter  in  case  of

large Reynolds  number.

  (a) Vorticity difftision region  (C-region)
  For  the  vorticity  diffusion region,  the constant

eddy  viscosity  is assutned;  Eq. (7) is used  a,s the

basie equation.

  Introducing  non-dimensic)nal  curvilinear  small

line sesfments  6tt, 6t, 6LF, we  represent  the  differ-
entiations  with  respect  to xi, x2, xs as  follows;
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      o.--I-La-  o 1o  >
    hiO.eiMLs  ott' h23xi=/Zlb"o-o' 1
     e--Le  f(10)
    ox, 

ua
 Lez  oc 

'
 

'
 j

HeTe  we  assume  the derivatives by the new

variables  are  all e(1), i,e,.

    
'tO-g-
 ==O(1),  

LoOs
 ==O(l),  S}ttt =-e(1)  <ll)

The  origin  of  new  variables  coincides  with  that  of
xix2x3

 but  e=:e corresponds  to the  position oi

separation.

  
We

 assume  that  the velecity  and  the  vorticity

of  t"ne present region  can  be expanded  asymptoti-

cally  as  follows;

    ei!Ue=: 
tio(6,ij,C)+eaii(E,ij,C)+62di2(g,ij,C')+･-･

 , 1
    e2/C.ro==eB,(E,ij,,rJ)+E2fi,(g,ij.e)+.,.. ?
    g3fUo=:e2thi(g,ij,b+e3thz(.i,t,(-)+-･･, J
                                   (l2)

uXii=idi"(4Jij,C)+the2(4,ij,c')+･-･.

u:liL 
=='ELundioi(g-,at)+tcb,,(g,fi,cN)+...

u℃/SL-= 
-tdici(glt,c)+di,2ce,ij,c)+-･-

 .

,

J
                                    (13)
All the quantities appearing  in Eqs.  (12) and  (13)
are  assumed  to be O(1).

  Moreover we  introduce non-dimensional  vari-

ables  ki, k2, kit, h22 defined  by

    h,=IL･X,, h,=L-K,.  h.=L･ff,,, k,,==L･K,2

                                   (14)
whose  orders  are  O{l) for all  the  regions;  L  is
the body  length.

  Substitutin.cr Eqs. (10), (12) and  (l3) iiito Eqs.

{3) and  <6), we  get
    adi,

     oe 
:O,

 (15)

    fithil          Odi(1

     oij+oe  
"O,

 {l6>

as  leading  terms, Substituting them  a.crain  into Eq.
(7), we  get,

    eOv-(di-dorTO)+"li}"(di"tio)=O, (l7a)

     1 
've

 02thnl O

    T, uoL  o(2 
--Sgt(dividio)=O,

 (17b)

     1 ve e2di" o

    
rgT,

 u,L  o,r-2 
-"ig,'(diCitio)=:O,

 (l7c)

as  the leading-terms-governin.cr equations.  In
order  to exist  for the viscous  diffusion terms, vel

UoL  should  be  O(eS) at  least,

  We  have  obtained  four equations,  Eqs, (l6) and

reglon,to

 e,

 h,oOx, 
-i

 eea.lt} h,oOx, 2 ,oOv--, eax,'i ,30o,.: ,l

-iil-i-o(i),
 S.i==o(i,, t,=o,i,. I

                                   (2I)
  Velocity and  pressure are  assumed  to be
expanded  asymptotically,  -

    gilUo==e(tii+fii')+e2(zZ2+ti2')+L･･, )
    g2fUo 

=e(Ds+zA,i')+E2(D2+Dz')+･･･.

 ? (22)
    e3/Uo ==  e2(cbi+aTi')+6`(ie2+tb2')+･･･  

,
 1

    (P-Peo)1'pUo2=opi+0P2+･･･, (23)
where  u"i, fi2, ... are  all time-averaged variables
and  za"i', u"2', ... are  fiuctuating. Here  the fiuctuat-.ing

 terms  of piessure are  omitted  because they  do
not  appear  in the basic equations.

 (l7), for three  upknowns,  fio, diot and  dici, but it
 can  be easily  examincd  one  oi them  is not  in-
 dependent.

   Changing the  variables  back into the original

 
ones,  we  get the  folle-:ing equations  as  the

 govern]ng  equations  for C-region as  iar as  the
 leading terms  are  concerned;

     h2eOx2 (W29i)+ oOx, (to39i)=O, (18a)

      02w, 0
    

'e
 exi'2L 

"7ilb.,
 (W2gi)=O, (l8b)

      e2bl, a
    

Ve'5tt
 
,/i7M

 h,ex, (ld3ei)=O･ (IBc)
The

 tern]s of  order  O(11e2) are  neg]ected  in Eq.

 (18}. Eq.  (l8) isalmostthesame  as  the  equation
ef  ref,  1). '

  Once  the  vorticity  distributiens are  obtained

throughout the  boundary  layer and  the wake,

say
 V, the viscous  compenent  of  velocity,  qv,

can  be  calculated  as  induced  velocity  of  vorticity
by  invoking Biot-Savart's law;

    gv(x,w,g)==l7xt.Iii((I}'Lf")dxtdy.der,
                   7.

                                    (19)
where  wi'  is the  mirror  image of  the vorticity

vector  of  whose  components  are  to=', ldy', -to2' in
x,  y and  e diTections and

    r2r{x-x')e+(yLy')2+(gntx,)Z,  >
    ort2==(x-x'>2+(y-yt)2+(z+g,)2.  i (20)

  Adding  the  potential component  to av, we

can  obtain  the velocity  distributions of  C-  .reglon.

  (b) Separated retarding  region  (D-region)
  Introducing non-dimensional  variables,  g, ij, g"'

for the present region  in the  same  manner  as  C-

  l t.he oTders  of  differentiations with  respect

    tJ C are  assumed

NII-Electronic  
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'

  The  vorticity  can  be  also  expanded  asymptoti-

cally,

/i
tu

#l#,,le

O

g,li,
i

,L･,la,ISi-g,?;i'

1,,,,
  Under  these  assurnptions,  the leading teTms  of

the continuity  equation  are written,

         oD,    0t21              0thi

    O,i+eij +ToVt"-=O･ (25)

and  the governing equations  are

    .Oafi .Odei
 .Otii (a

    
Ui

 og; 
÷ "i-oLij

 
+za'i

 oc" 
+eiLoE(diiti2)

     +(DroO-i) +ab, oae ) fi,+ (o, oe,.? +th, oO.A )u",
     

-h2di`ti+kiDi2]=
 "2'  2:glli -I?li'-(P2+dii'2)

     +-oO'1: (tii'Di')+ /zil, r'c (dit'tai')-el-Sl-i (Pe+2u"i'di2')

     +-Eil.J(Ei'fi2t+di,,h,,)+-S}.-<i2,,tb,,+diit,b,,)

     
-2k,di,,b,r-h,(di,,2-e,,2)]

        1 v  02ti,

     
+'5E'L

 u,L  ocg 
+O(e2),                                  (26a)

    ,2, 
aeb"..;.
 +fi, 

Oo""n.i
 +thi-Oo'A,ci +el-Eil.i(eie2)

     +  ( z2 r roO' tt +  thi'EI}･') D2+ ( di 2'ill.; +  tb21Ilt ) St
     +k,fi,2-h,u-,D,]=-t-Ilel.1-[-Ell,-(ti,'b,t)

     +S.  (P2+Di'2)+i, (DYza,,)

     
-el-Sl-;(tii'Dz'+t22rfiit)-t--ill.i(p,+2b,'fi,')

        a

     +o.fiA(Di'zb2'+D2'E'i')+h2(t2t'2-Di'2)

     
-2hie2i'DYI+

 
El,
 u:L  

rmOo';ili
 rf-O(e2>, (26b)

    OPi          opz

     ee 
+e

 oc- 
+O(Ea)

 
=O-

 (26c)

  The  leading  terms  of  Eq.  (26> yield,
      "-
    Pi(6,e,C)=const.. (27)
Eq. (27) rneans  that  the pressure is almost  con-

stant  throughout  the present  regien  as  far as

O(e) is concerned.  This  is vexy,  natural  because
D-region is a  kind of  the dead  flow region.

  Now  the second  terms oi Eq, (26) yield,

    . OUAi .
 0tgi . Odii

    Ui  og; +Vt''a''//"+WiLEi?/D-=]-'t/'c-t'(Pg+u"i'"')

        o e
      

-'b;-i(tii'fii')H"bE.'(di]'zai')
 (2sa)

    . nD, .
 OD, . nb,                         o

    
Ui

 og. +Vi oo 
+Wi  a,p 

==-'b:./t(tZi'bi')

      
-
 
-bO-i.

 (P2 +  Di 'E)-  tt.F. (e,'tb ,,) (28b)

    
ta'4'?'==O4

                                  (28c)

  In Eq. (28), the  molecular  viscosity  disappearg
but its affects  are  still existing  indirectly threugh
the  turbulence,

  Eq. (28c) is the  so-called  boundary  layer ap-

proximation, However,  because there exist

cross  terms  of  turbulent  cemponents  in Eqs.  (28a)
and  (28b), Eq. (28} does  nQt  always  yield the
same  type  as  the  boundary  layer equations which
can  not  predict such  a  recirculating  fiow as

obseTved.

  (c) Viscous sublayer  (E-region)
  In the present regioh,  the nu-slip  cendition

should  be satisfied  oll the hul! suriace.  Here
the  intensity of  turbulence  is quite small  and  all

the  turbulent  terms  in the Reynolds equation$

vanish  infinitesimally small.  .

  After the  Blasius solution,  iollowing  asym-

ptotic expansions  are  assumed,

    gi!Uo=eui*+e2uE*+'". i
    e2/Uo=ev!*+e2v2*+--･, ? (29)
    g31Uo=e4wi*+e5w2*+･-･. J
where  orders  of eaeh  term  are  all  O(,1).

  The  derivatives are  represented  by

      0 le  0 10

    hiOxi L  eOtt 
'

 h20x2 L eaij'

     a10
    fix3 L  e4e(*  

'

             -

and  their orders  are

     0 6                        o

    pt, 
=o(1)

 
,

 fi. 
-ocl)

 , og. 
=o(1>

 
.

  Substituting  the above  assumptions

(4), the leading terms  are  obtained  as

original  variables  ;

    gih?ogi,+q2'h-?og-in,+gs-eOlk'-
         l 0f)                  02gi

      
=-J

 h,axi 
+V

 ex,i'

    gi ,?,el , + g2-,-i,g-g/l +g3 g.gi
         1 OP 

,
 e!g2

     
==

 
-
 7J' 

'E,rt'xT,
 
T
 
V'briEr,

 
,

(30)

   C31>

 into Eq.

follows  in

(32a)

(S2b)
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 . rrH Ag i'/,b 
,NE'\A..

 l'"ma

    6p
       =O.  (32c)
    ax3

The  coirtinuity  equation  is

     Ogt           092                 Oe3

    hiOx,+7,,ox,+o.,=O･  (33)

Here  the quantities of  O(E2) are  omitted.

  Eq.  (32) is the boundary  layer eguation  itselE
and  it can  be matched  to the outer  fiow, the

solution  of D-region, in the quite same  manner

as  the conventional  method  of  the boundary

Iav･ er  calculation.

 
'3.3

 Boundary  Conditions and  Matc.hing Con-
      ditions

  The  boundary  conditions  are

    u*(g',o,O)=o,  v*(E,t,o)=o,  zv*(#,t,o)==o

     
･'

 (34)
on  the hul! surface  which  are  imposed to the
solution  of  E-region; and  in the wake,

    v(x,O,g)  =O  (35)
where  v  ls the  y-direction ,component, Because

the  governing equatiQn  of E-region is the boun-
dary layer equatien  itself, the  governing egua-

tions oi  D-region  should  be  solved  under  the

condition  ･

    q･n=O,  (36)
where  n  is the  unit  normal  vector  of  hull surface.

  Far downstream.  the perturbation  velocity

must  die away.

  The  matching  conditiens  are  as  follows.

  (i} forupstream;

    111-:e･#.:((l.11tii

-

1.".

B

.'
 gi-iP..Vi(g･fi]C-)=vB･} (,,)

    g..-..

where  uB,  vB  and  tvB are  the velocity  components

in boundary  layer as  to xi,x2,x3  directions re-

spectively.

  <ii) far departing from  t'he hull surface;  the

solutions  should  be matched  with  the  solution

ol  A-region, potential flow.

  <iii) between C- and  D-region;

    :-:ii-l,llo
O

l-I
'

/L,...'

..

 {ti,(s,zae)-e-z;}, zio(g,fi･biz-ol  ]
                                  (38a)
      - -A
    b,(e.,fi,O)==]imD,(e,ij,C), (38b)
           t' n' co

    
ab,(.e,fi,o)=o,

 }
    u',:(tt,n,o)=/lji  } Itbi(e,fi,a)-g:-Ei}i-- ibi(t:,ij,g')iz .., ]i ,f

                                  (38c)
  (iv) betweenD-andE-region;

    fii(th,o,O)=limut*(6,S,g*), (39a)
            ;s.co

-X  
'ff'i'

 144 -tt-

     b,cit,o)==iimvtv(.,,t,g;:`), (3gb)
             L'd-et

     il･i(g',t･,O)=O,  )
                                         '

     :t'kij,O)  =g.i.m...  
/1
 te･i"1 ,t,ij,g'::)-g" ea,t 

zfii(S.ij, C')i a=,l ,i

                                    (39c)                                 '

   3.4 Auxiliary Equations for Turbulence

   The  governing  equation  ior the separated

 retardin.cr  region,  Eq.  (28>, includes the time-

 fiuctuatin.cr parts  in it, S)mg  auxiliary  equations

 are  required.

   Representing  them  by  tlie Reynolds  stress

 tensor,

      [Z'ii ll2i ;a
'2i]

       =-,.,,[

62(

lgk?,illl･1
212;;l+l '

,11"ltt),,3

`

1,/1.llli･I･,.,]･
                                     (40)

 the ofders  of  each  component  should  be equal

 to those  oi  fiuctuating terms;

     ai,  cr2, Tn==O(e!)  1
                      i.  ･ (41)
     Ti3, 723==O(ei)  )

   Now  let's assume,  analogically  to tlie case  of

 laminar fiow, each  element  of  the stress  tensor

 is related  to the gradients of  the averaged  velo-

 city,  namely,

      pauto2 
=:=

 e2pD+2Ki  
aa$i
 , pcri,2=:e2pz+2rci /V'ii ,]

      ptti2 
==  Ki(  

ao2i
 
-
 
Ootl.i

 ), 
.

      p7bto2 ==  llltrK2 ( a31pi +e4 0atiL ) ,
      pTbto2=ttK2(g/1=i+e4Ooebv.i), ]
                                     (42)
 "rhere  Ki  and  K2  are  the constants  which  can  be

  supposed  to be the components  of  eddy  viscosity

  vector.  They  should  be KiizO<e2>  and  rc!==O(e")

  in orders  in D-regien.  The  fact that  the order

  of  K2  is less than  that  ei  Ki  means  the fluctua-

  tion of  normal  direction is less than  tangential,

  which  is compatible  "rith  the Klebaneff's  experi-

  Ments5).

   Substituting Eg,  (42) intD Eqs.  {28a) and  C28b),
  we  get

      . 0cll .
 eill .                    afi,

      
ttl

 att 
+vil.-'1'tVir3E,.i

       =  
-
 
'ao"l,ri

 +  Ki  ( 6o:ttl.L' t /2gei- 
-
 
-oO,i.
 
!S'tr

 ) + rc!-0o:'/t-l'E ,

                                    (43a)
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            0fii      0fit .                   aD,

    
di!-b-g+vi

 oij +cbi oe

      =-  
Oopij2

 {..,( 
aiev",i

 +mOot:t"iL. oO,:VSi)+.,g/e"-,i .

                                  (43b)
Because Eq. (43) is closure  and  elliptic  type, it
can  represent  tlie separated  retarding  flow
observed  in D-region.

  4. Numerical  Calculations and  Discussions

  VLihen the  yielded equations  aTe  solved  numeri-

caliy,  the matching  condition$  are  not  auto-

matieally  satisfied.  However,  if the surface  con-

sisting  of  dividing  str.eamlines  (DSL) where

matching  conditions  between  C- and  D-regions
are  imposed,  are  given  a  priori, the diMculties
can  be removed.

  Here  attempts  are  made  to  obtain  the velocity

distribution in wake  for two  cases;  a  fiat plate
with  zero  attack  angle  and  C-region flew of  a  taRk-
ermodel,

  By  invoking Eq. (15), Eqs, (18b> and  (l8c)
are  transEormed  into tridiagonal linear equations

.for h)2;

    to,(i,j',h-l)-2C(i,ik)bl,<i,ik)

             +an(i,ih+1)=A2(L.y;k>, (44a)
    w3{i,s-,h-l)-2C(i,y',h)w#(i,]Lk)

             +wa(i.];k+l)==A3(i,y-,h), (44b)
where  to2 (i,1',h) etc.  denote those  values  at  xi==

Xii, x2!=tx2j  and  x3=x3te  and

A2(i,1,k)=-tuz(t-1,y,h-1)

  +2to2{i- l, i h)Il- ,A, Ag2g gi o- l,i h)]
  

-w2(i-
 I, 11 h+  1) ,

A,<i, 1; k)=-ld,(i-1,ik-1)

                 Ag2 .

  +2a'3Ci-1･i･ k)[ lm  ,,Ag  gi (tm l)i h) l'
  
-wsCi-Llh+l),

                                  (45a)

    C(z. Y･ h) =I+  
,d,S2g

 ei<i,y･ h), (45b>
and  Ag, tig are  short  segments  in xi,  xs directions.

  Eq, (44) can  be  solved  by  the  forward marching

procedure ii the velocity  profile of  gi is given at

the separation  position.
  (a) Flat plate with  zere  attack  angle

  In this case,  D- and  E-:egions  being not  exist-

ing. the wake  fiow  can  be definitelv determined
by  Eq.  <I8b), i.e., by Eq. (44a), where  xi,  x3

correspond  to x,  y a,nd  w2  ean  be written  a)t.

The  origine  is chesen  at  the traiiing edge  of

plate. All quantities are  made  dimensionless  by
the fiat plate Iength  and  Uo.

  30-times  molecular  viscositv  is used  as  the

eddy  viscosity.  The  boundaly  values  of  cos at

y=  O, i.e., the values  of bl2 fork=:1 in Eq. (44a).
are  made  zero  for x>O,  Because  the  vorticity

obtained  from  the  boundary  layer calculation

gets infinite at  y=O,  the  value  of  y=O.OOOI  is

used  instead  as  the initial value  at  the separation

position. Ag  is O.O02 and  Ag  is O.OO05 ior O<yg
O.O045 and  O.OO15 ibr y>O.e045.

  The  boundary  layer ca]culation  is carried  eut

by  the integral method  where  Ludwieg-Tillman's

iormula for the skin  friction is used  and  the shape

factor is made  constant  which  is equal  to 1.4.

  In  case  of  y,/qi is constai]t,  the solution  of  Eq.

(18b) is given  in integral form,

    bls(x,  y)-SV-.4tg  !: wnt(o} y')

           x [. exp  (--4-vqix (y-y')2)

           
-eijp(-'4Si.(y+y')2)ldyt,

 e6>

  In order  to check  the  present  numerical  scheme.

the  calculated  results  by  Eq.  (44) ior ei=1  are-

compared  with  the results  of Eq. <46). Com-

parisons are  sl}own  in Fi'g. S, Both  Tesults  agree

well  with  each  other,  which  guarantees the

present numerical  scheme.

  In Fig. 5 calculated  results,  representing  the
initial profile of gi by  a  quadratic function  ef  y
which  is equa]  to the  uniform  fiow  at  the  outer

edge  of  boundary  layer and  2f3 at  y=O,  are  com-

pared with  experimental  results  of  Chevray  and

Kovasznay6), Differences  due  to the initia}
velocity  prefiles are  not  so  significant.  The

quadratic expression  seems  to yield the final
result  by less repetitiens  of  iteration.

  It may  be possible'to  use  the  velocity  profile
at  the separation  position. However,  because
such  a  velocl'ty  profile which  is equal  to zero  at

diz  
'

-eo

.6e

.4o

i
o

i

o

tA"i.g
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Comparison  ef
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X=O,108

"eeee

u

ee.
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1.D

velocity  profiles in

gy;=O yields infinite conductive  coeMcient  and

vorticity  is diffused at  ollce  there, itis hopeless  to
get reasonable  results  even  if many  iteratiens
are  repeated.

  In Fi.cr. 6, calculated  velocity  profiles of  x-direc-

tion
 are  eompared  with  Chevray-Kovasznay's ex-

perimental data, The  caleulation  oi  second  itera-
tion is alse  carried  out;  the a,uadratic  expression

oi the  velocity  profile is used  for the  first itera-
tion  and  the  velocity  field obtained  by  the first
iteration is used  for the second  iteration. The
inte.crral region,  V  in Eq.  (l9), is covering  x'=

x ±O.2. Theintegral  intervals are  O,02 inx-direc-
tion and  the same  value  as  Ag  in y-direction.

  The  results  of  th,e secend  iteration are  slightly

improved  compared  with  these  of  the  first itera-
tion especially  near  the center  plane, However,

                            z
----- Potential  FIQw  Streainltne

      Fig, 7 Bedy  plan of  MS-02  and  potential fiow streamlines
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because the differences between  them  are  not  so

signithcant,  the first iteration seems  to be  enough

lor our  purpose.
  (b) C-regionfiowefMS-02

  C-re.crien fiow  of  MTS-02 is calculated  by  the

same  manner  as  the previous case.  MS-e2  is

a  tanker  rnodel  with  a  simple  stern  form who3e

body  plan and  potential fiow streamlines,  along

which  boundaTy  iayer calculations  are  carried

out,  are  showr}  in Fig. 7. In  this case  Iength

scales  are  made  dimensionless by  the  half ship

length, Lf2=1.5m  and  u,  v, w  are  the perturba-

tion  compenents  in x,  y, z-directions.

  DSL  is deterrnined  a  priori for the  first itera-
tion; it is consist2ng  ei  line segments  departing
from S.S.lf2 and  reattaching.  at  1120･L aft  from
A,P. ve is chosen  300-times rnolecular  kinematic

viscosity  according  te the expeTimental  studies2).

The  boundary  layer calclllation  is carried  out  by
the integral Tnethod  as Ref. 7). As to  the

boundary  values  of  vorticity,  values  at  h=1  in

Eq, (44) are  made  equal  tu those  at  hz=2. Ag  is

almost  equal  to O.O05 and  AsY is O,O025 ferOSx3S
O,04 and  O.e05 for x3>O,04.  Potential  velocity

components  are  calculated  by  the surface-seurce

method  alld  added  to ±he induced velocity,  av.
No  attentions  are  paid to the fiow  oi  D-  and  E-

regtons  and  they  are  excluded  from  the integral
Tegion,  IT, which  is covering  Erom  x==O.8  to 1.2
for the  present calculation.  The  integral intervals
are  O.025 foy O.9SxSl,l  and  O,e5 otherwise

in x-direction  and  O.Ol in gy- and  a-directions.

  Calculations  are  carried  out  at  Fn==O.l525,
where  Fn  is the Froude  number  based on  the

ship  Iength, Calculated resultsareshown  in Figs.

8 and  9; in Fig. 8 perturbation velocity  distribu-
tions aTe  compared  with  measured  and  in Fig. 9
the  wake  contuor  is shown,  As far as  C-region
is concerned,  satisfactory  results  are  obtained.

v components  are  always  underestimated;  this
is because the hull surface  eondition,  Eg. (36),
is llot  satisfied  in the present calculations.

  It is expected  further improvements  can  be

o e.os O.10 o.li  Y
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      :t
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             :,
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attained  by  taking  into account  for the D-  and

E-iegioi'is which  are  left for the future works.

          5. ConcludingRemarks

  An  attempt  is made  te predlct the separated

ship  stern  fiow by  the local asymptotic  expansion

inethod  following the  expei'imental  $tudies.  Thig
is because  the  fiow  field is consisting  of,  at  least,

two  regions  and  it is net  effective  to  pre{lict the
fiow oi  such  regions  by  a  sinbcrle  governing  equa-

tion. Numerical  calculations  are  carri'ed  out  for
the  yielded equations  and  satisiactory  results

aTe  obtained.

  Some  important assumptions  are  made  in order
to approximate  the Navier-Stokes equation;

the orders  of  relevant  quantities and  derivatives,

the relations  between  the Reynolds' stress  and

average  velocity  and  so  on,  However,  as  far as

their treatments  are  censistent  and  the  yielded
equations  can  predict  the existing  phenomena,
no  one  can  say  they aJre not  correct.  O £ course

they  must  be  examined  by  more  precise experi-

ments  not  enly  fer simple  hull forms  but  for

practical ships.

  Frorn the  praetical point of  view,  the  most

impertant preblem  to predict the  D-region  fiow

is left for the future task, However, because the

governing equations  ior it are  much  simp}er  than
the original  Navier-Stokes  equation,  the  total

prediction  of  the walce  fiow will  appear  soon.
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