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New Elements Derived from One Type of Mixed Formulations. (The 1st Report)
—Plane Stress, Solid Brick and Plate Bending Elements—

by Yoshifumi Kanda, Member

Summary

This paper is intended to show the validity of the simplified formulation based on Reissner’s

variational principle.

is required in order to assure that an element passes the patch test.

A slight modification concerned with the integrations of energy terms

At the same time this

leads to the separation of constant and higher order stress contributions from the element
stiffness. In this way, the matrices to be dealt become smaller and the computational effort

decreases.

The elements such as plane stress, 3-dimensional solid and plate bending are derived from
this mixed formulation under the consideration of the equivalence with the displacement

method elements.

hexahedral in the cases of two and three dimensions respectively.

These elements have the shapes of four-node quadrilateral and eight-node

As the plate bending

element is based on Mindlin’s theory, both thin and thick plates are involved.

In these elements, our primary effort was directed to the economy and moreover to the
reliability (i.e. passing the patch test, no having zero energy mode except the rigid body
modes and no having any types of locking mechanism) in the plate bending element espe-

cially.

Numerical results for several problems indicate that the present elements are efficient and

accurate.
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Fig.1 Coordinate system of four-node
quadrilateral element
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Fig. 2 Cantilever beam problems modeled by
plane stress elements (E=1.0,v=0.25)
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Table 1 Results for cantilever beam problems in Fig. 2 (load case 2)

El t Deflection Normal stress Gx
ementi U g A B c D E F G H I
Q4 ~17.01 -0.008 0.399 0.602 1.436 2.271 2.464 2.837 3.071 2.777
Q6 ~17.61 0.022 0.397 0.540 1.479 2.418 2.555 2.922 3,024 3.000
MX2 -17.59 }-0.120 0.388 0.499 1.474 2.449 2,551 3.043 3.033 3.000
Exact -18.00 0.000 0.500 0.500 1.500 2.500 2.500 3.000 3.000 3.000
Y Y . .
48 Table 2 Results for problem in Fig. 3
5 C:—T s :C Element | dl;i;tlon defle;‘iion at C
LT ' L 18.17 22.03
% Z Q4 11.85 18.30
Z 7 QM6 21.05 23.02
/ Z MX2 20.96 23.01
i 3 7 HL in
Z A 7 A mesh N=16 25.81
7 mesh N=2 Z mesh N=4
y - 7 . Element Mizirgum stress ;EL*B
HL -0.1335 -0.1700
Fig. 3 Arbitrary plane stress structure with Q -0.0916 ~0.1510
unit load uniformly distributed along g‘;g :8%222 :g%ggg
right edge (E=1.0, y=1/3) AL in - -
mesh N=16 =0.2005
N x
0.2 I ! Maximum stress at A
E
+ stress from element lement N=2 N=4
BL in mesh N=16 HL 0.1582 0.1980
Qu 0.1281 0.1905
QM6 0.1775 0.2225
MX2 0.1845 0.2240
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Fig.4 Normal stress along line AB in Fig. 3
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Table 3 Computation time for problem in Fig 3
by HITAC 8800/87G0
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Total computation
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Boundary conditions X direction
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: :' t}ogzzefgom a to i (kg x ]0-2)
LA node| load 1]load 2
1 6.25 ~25.0
12,5 -50.0
3 6.25 | -25.0
4 12.5 0.0
Zw 5 25.0 Q.0
6 |12.5 0.0
7 6.25 5.0
8 12.5 0.0
9 5.0

Fig.6 Cantilever beam problems modeled by
solid elements (E=10fkg/cm?, y=0.25)

Table 4 Results for beam problems in Fig. 6

(load 2)
Displacemqu Stress kgémZ
Element (em X 10°7)

W(5) ox(l) ox[a)

TQU(3X3X3) 0.169 -0.458 | -0.608
TQME(3X3X3) 0.413 -0.793 | -1.448
TQH(2X2X2) 0.170 -0.460 | -0.613
TQME(2X2X2) 0.418 -0.799 | -1.462
TM18 0.425 -0.796 | -1.647
Beam theory 0.480 -1.500 | -1.500
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Table 5 Results for plate problem in Fig. 7
Concentrated center force Body weight loading
Stress ¢_on top Stress O_on top
Center kg/cmz Center kg/cmz
Element deflection | Center | Midside deflection| Center | Midside
(cm) (A) (B) (cm) (A) (B)
Regular mesh
TQ4 0.003889 1992 -882 0.00830 2684 -2946
TQM6 0.009742 3976 -2195 0.02213 5553 -7539
ADJ 0.010013 4228 -2243 0.02262 5682 ~7532
™18 0.009742 3976 -2195 0.02213 5553 -7539
Irregular mesh
TQ4 (3X3X3) 0.003361 1976 -749 0.00708 2419 -2404
TQM6 (3X3X3) 0.007839 3478 -1748 0.01780 4936 -5514
TQ4 (2X2X2) 0.003377 1808 -751 0.00711 2434 ~2409
TQM6 (2X2X2) 0.008027 3571 -1789 0.01832 5079 -5631
ADJ (unsof.) 0.007477 3771 -1534 0.01751 5269 -5079
ADJ (soft. ) 0.009333 4850 -1865 0.02163 6869 -6103
TM18 0.008097 3463 -1800 0.01838 5098 -5778
Plate theory 0.009784 © -3017 0.02201 - 5544 -12312
’ A ! A y y
y 30 TT T~
7
£ 7 E
S S
-— % — 7
2/ 7 15
B V. B
V7L, //;/o////////////// X '/,L///////////////// AU X ? 3, N x
o " 10cm GH 1 ] — GH 1 ]
{a) Regular mesh (b) Irregular mesh Pz | (a) Plane 1' (b Plane 2
Fig.7 Clamped square plate modeled by solid /‘}\ 136 15 30 1 x
elements (E=10"kg/cm?, y=0.3,t=1cm, 2 3 Dimensions in cm.
— — 8 - gular mesh ;
P—4000kg’ p—lOOkg/cm) D Ll 7 e :i? planes are shown by
. i plane 1.
T3\ NTiE TM18 13 TAM6 L5ELw—3 L, Al E ; l 20 Irr§§ular Qers‘h i .
L\——_,——-\l\/’—\ Planes A,C and E are shown

by plane 2 and others are
shown by plane 1.
In addition,dotted nodes

Ay ¥ TRWTH 2X2X2Gauss G DES LIEER

FMBEE o TWBZ EREHEINS,

(c) Boussinesq % (Fig. 8)

Bt EBACEF IR ERTAME LS, 2y v
2 DHENT Bretl 50XER12) LR L THY, ADIDH
B3 oXE»BEE L. #£58% Table 6, Table 7
e, AD] % KEROFHERL% Table 8 10RT, &
DEFCE T TQ4 PSR ERIZ, KuicwWREE

are moved 0.5 cm up(plane
B) or 2.0 cm up(planes D

(c) Transverse section
and. E).

Fig. 8 Boussinesqg problem(E=10"kg/cm?, y=0.3,
P=10%kg)
EOBERRT I Lovbhbo LI TM18112X2X2
Gauss B4 LoBE&0 TAM 6 KR T W S AER
FIBEN L I T B T Lhvhd b,

Table 6 Results for Boussinesq problem by regular mesh

z direction displacements (cmX1ds) Normal stress Oz k%@mz
along z axis along x axis along z axis
Element |\ 5 ¢ D G H 1 AB BC CD DE
TQL 147 43,7 1¢.94 5.26 | 12.6 8.#8 3.31 13,634 1743 134 26
TQM6. | 163 43.7 9.39 5.98 | 12.8 8.5f 3.49 14,420 1666 72 35
ADJ 163 43.5 8.11 5.88 12.4 7.82 2.82 14,498 1725 41 39
TM18 | 163 43.7 9.39 5.98 12.8 8.5 3.49 14,428 1666 72 35
Theory | o 49.6 16.6§ 7.49 | 29.¢ 9.66 4.83 | 19,1gf 1184 191 26
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Table 7 Results for Boussinesq problem by irregular mesh

z direction displacements (cm Xlé% Normal sfress Oz kg/cm2
along z axis along x axis along z axis
Element 1\ 4 ¢ D G H I AB BC CD DE
TQ4 (3X3X3)| 131 43.6 16.54 5.4 | 11.5 7.47 3.53 11,450 1789 132 24
TOMB(3X3X3)| 14 45.6  9.34% 5.37 | 12.6 7.62 3.81 11,388 1757 182 34
TO4 (2X2X2){132 43.8 1f.58 5.86 | 11.4 7.19 3.53 11,549 1789 132 24
TQM6(2X2X2)| 141 46.7  9.39 5.4 | 12.4 7.76 3.82 | 11,483 1755 152 39
ADJ(unsof.)} 137 46.1  8.27 4.7¢ | 12.4 6.47 3.¢2 | 11,394 1855 75 3¢
ADJ(soft.) |148 47.3  7.81 L.95 9.6 7.16 3.f1 |.12,44d 192 63 32
™18 4% 45,8 9.67 5.41 | 1p.4 8.26 3.73 | 12,28/ 1532 148 31
Theory © 49.6 16.6§ 7.9 | 29.4 9.66 4.83 | 19,19 1i19% 191 26

Table 8 Computation time for Boussinesq problem
by HITAC 8800/8700

Stiffness Simultaneous
matrices equations
formation solving
Element (sec) (sec)
TQL(3X3X3) 29.2 3.9
TQMB(3X3X3) 60.7 L.o
TQH(2X2X2) 9.8 3.7
TOMB{2X2X2) 22.4 3.7
™18 18.3 3.8

6 FiRIFER

RO BT 5 Kirchhoff DREED 5 T, “Z5
IR DR RECEE KO ETE Ao, &
HEDPRECEE THS” &5 &40, LRECE
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WRLILWIEEEER Th B T LILEKE L,

wE, C ERENFECEER IO LELLRT,
Die EABERNTR 0FEFHMENE-IhTky, I
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oo LHLEHS, 74 V52 Y v 7EEOER
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ced integration & X » CAIE/IEE O UENELI D
TERKDEY, X rDEHE Kirchhoff D&kl
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MEDIWBENMEL TE U3, ZOERT, BAN
K aER UIcRE#R % Reissner BMEE LT, Zh
% Mindlin 22 SAMBELICIOL DT, 74 v 2
FAMY v VERFEZOERBI - T %,

T, EREORCHERED, KEST2HE

DERL w, & FREIDIChARE O,y HFADhERE 0, ©
3ODHHAER S OMIHEERYH .

6.1 #kOEF

HHMTIRETERD > BT, ACM L IThbrES
139, Kirchhoff BEHIZH T, w & LTROFDLD
FRE LT 5,

w=a;+ax+azy-+a,2 a0y +agytaxd

+asxtytagny?ta oyt ta 2ty +anpry®  (36)
COWIERER ERichAAOTEREE CS M HIE
HELDIDOTHS, T 03%?@%%@01’65@5’37&?{&% iz
o TUUTibh 3, ZOBRIBRCEAFOBE
BB THDN, Ny FFAIVEELUBEELIEY
WOTRL AW,

Mindlin fR&EH -7cd O D % 1k 8 &AL FoESE
T, AFEVEIFERCEL T, Hughes'? 58
Selective integration 5 LioW-—k D74 Y »>35 X k
Vv 2BAE Y S OBERICHER U R Tt olce &
DEFRH T HTK LS T 5, = DEFRT
WEMBLE L TKRDIDOIMEEI b,

X

4
u=20y, v=—z0,, w=>IN,w,
, . (37)
ay:;]viﬁyi; 0x:;zviaxi

ZZT, Nk (20) RATE 2 bhb, T TlRwli O,
Oy LM EREINTER Y, HEEREEIRS,

AR EAR X b, Mindlin BT - TCHEI A
o OFTHh=x ¥ Uik, DE¥ROMITFANE, 24
DR, tERE, vERE7YVEHELT
2 90, 00, [ 80,\°
v=3/, (% >_2 5ot ()
(1 —) 00, \*?
3 < 5 s ) }dxdy
6x(1—v)D ow 2
+ 4 f4{< O0x +0y>
ow "
+< o > }dxdy (38)

TEHELBhbe D& & locking 2[5 & fodiz, D
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DE2EDRAMOTHR =21 F—% 1 4 Gauss FEH
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Number of elements per full side

(a) Effect of parameter C.

Number of elements per full side
(b) Effect of parameter C;.

Fig.9 Convergence for parameters C and Ci. Maximum deflection of clamped

square plate under central load
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Fig. 10 Convergence of central deflection for

Percent error

(a} Simply supported plate under
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Fig. 11 Convergence of center bending moment for thin (¢#/L=0. 01) square plate
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Fig.12 Convergence of central deflection for thick (¢#/L=0.1) square plate
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Fig. 13 Convergence of corner deflection of
square plate under twisting

Due to symmetry,
only one third is analysed.

t/a =0.01 (t;thickness)

N

12 elements = 27 elements 48 elements

3 elements

Fig. 14 Equilateral triangular plate simply

I A4 UBEN X\, Table 9 12z HIBED S EEER]
iRTo FHIhiX 5 HTK 0J52 BM6 L1 Hi»

supported and subjected to uniform
load q. Geometry and mesh divisions
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Fig. 15 Convergence of central deflection of
equilateral triangular plate
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Fig.16 Deflection along & axis of equilateral
- triangular plate -

Table 9 " Computation time for equilateral
triangular plate problem by HITAC
| 8800/8700 (48 elements)

Element BM6 HTX

Stiffness matrices

formation (sec) '1'37v 1.07

Simultaneous equations
& stress solving (sec)
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Fig. 17 Moments along « axis of equilateral
triangular plate
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