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Wave  Generation in 3DNumerical  Wave  Tanks
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                                      Sumlvtary

  First and  second  order  finite difference approximations  are  tised  in the simulations  of  this study  to

generate progressive waves  in a three dimensional nurnerical  wave  tank. Some  segmented  numerical

wave  makers  are  set  at  the left end  of  the tank  which  is considered  as  the  wave  generating  end.  Waves
propagating  at  different angles  with  longitudinal axis  are  generated at  this end  and  sent  towards  the

right  end  of the tank which  is treated as  an  open  boundary. A  velocity  reduction  technique is applied
to reduce  the  vertical  velocity  within  a  zone  named  Ve]ocity Reduction  Zone  (VRZ) adjacent  to the

open  boundary. In order  to eontrol  the fluid motion  at the open  boundary, Sornmerfeld Radiation
Condition (SRC) is applied  on  that reduced  waves.  The generated wayes  with  first and  second  order

computations  are  conipared  and  the superiority  of  the second  order  approximations  is discussed. An
example  of  three  dimensional wave  generation is also  presented in this paper.

                1. Intreduction

  Wave  related  problems  of m'arine  structures  play

important roles  in the field ef  Naval Architecture and

Ocean Engineering. Investigations of these kinds of

problems  require  numerous  model  testing experiments
which  are  not  only  very  costly  but also  time  consuming.

But nowadays,  with  the  advent  of  high speed  com-

puters, we  can  reach  very  close  to the practical model
testing  systems  ef  physlcal laboratories with  the help of
numerical  computing  systems.  The  introduction of  mDre

and  more  advanced  high capacity  computer  systems

have  made  us  able  to implement  some  computational

methods  which  were  once  beyond  our  capacity,  DevelL
opment  and  use  of  numerical  wave  tanks is, therefore,
one  of  the promising  ideas in the field of  fluid dynamics,
where  free $urface  problems  ]iltenumerical wave  gener-
ation  and  its propagation cover  a  wide  range  of  applica-
 ,tlons.

  To  develop a  tiseful  numerical  wave  tanlc, special

attentions  have to be given  on  some  important aspects,

such  as  : wave  generating  system,  open  boundary treat-
ment,  free surface  treatrnent etc. Recently many

researchers  are  applying  different procedures  for numer-
ical wave  generation.  She et alU  generated mono-
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chromatic  waves  using  a  paddle rnoving  with  an  angu-

lar speed  given  by  a  cosine  function, A similar  proce-
dttre with  piston  type  wave  maker  was  used  by
Hinatsu2). Ohyaina et  a13) used  a  wave  generator  cem-

posed of  a  series of  vertically  aligned  point sources  in
the computational  domain.  Park  et al`} applied  two

different cemputational  methods  for numerical  wave

generation and  discussed on  the accuracy  of  numerical

wave  making  techniques. In our  study,  we  have appried
some  functions for ve]ocity  components  and  wave  ele-

vation  at  the inflow boundary  of  the  coinputational

domain  to generate waves  numerica]ly.

  The  next  important and  probably  the most  dificult
part of  this  kind of  study  is the treatment of  open

boundary. Many  researchers  tried to treat open  bound-
ary  in numerical  eornputations  app]ying  different
methods.  In our  previous  papeff) we  have  briefly discus･
sed  several  researchers'  procedures of open  boundary
treatments and  we  proposed  a  new  technique fer the
treatment of  open  boundary  in numerical  wave  tanks.
The  same  method  is also  applied  in this study  for open
boundary treatrnent, which  consists  of  a've]ocity  reduc-

tion technique  and  application  of  Semmerfeld radiation
conclition  (SRC).
  First and  second  order  finite difference approxima-

tions are  used  in the  numerical  slmulations  of  this study
to generate  progressive waves  in a  three dimensional
wave  tank. Some  segmented  numerical  wave  makers

are  set at  the  inflow boundary  of the tank which  is
considered  as  the  wave  generating end.  Two  dimen-
siona}  waves  propagating along  the longitudinal axis

and  ob]ique  waves,  that  is, wuves  propagating  at

different angles  with  longitudinal axis  are  generated at
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this end  and  sent  towards  the right  end  of  the tank

which  is considered  as  the  open  or  radiation  boundary.

A  ve]ocity  reduction  technique is applied  to reduce  the

vertieal  velocity  within  a  zone  called  velocity  reduction

zone  (VRZ} adjacent  to the open  beundary, In order  to

radiate  the waves  through the open  boundary and  to

control  the  fluid motion  there,  Sommerfeld radiation

condition  (SRC) is applied  on  that reduced  waves.

  Three different sizes  of  the  meshes  are  used  in both
first and  second  order  computations.  The  results

obtained  from these two  methods  are  compared  with

each  other  which  shows  the superiority  of  the  second

order  approximaLions  over  the first order  rnethod.

        2. MathematicalFermulatien

  2.1 Governing  equatio"s

  The  governing  equations  for a three dimensional
incompressible and  inviscid fluid flow in terms  of  Car-

tesian  co-ordinates  (x, y, 2) are:

  The  mass  continuity  equation,

    Ote         av             Ow
                -=O  (1)
    ax 

+
 oy 

+
 ag

and  the Euler's equations  of  motion,

   gf-+.-tt･U-+.-tbe･-+-tv-ade･!`-=-iaip,- (2)
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where,

    u  : velocity  component  in x-direction,

    v  : ve]ocity  component  in gy-direction,

    w  : velocity  cornponent  in z-direction,

    p  : density of  water,

    P : pressure,

    g  : acceleration  due to gravity.
  2. 2 Finite difference expressions

          rix Ay

     . .{ p.v.,E,tk+}ttu,:J"･ 
lt-
 }) ... o

and  the  equations  of  motion  are  approximated

servative  feTms by

   ur･ .#l ,,,, ==-  tt r- , s,,,, +At(  bl-liI---(pr･ ,,,lt 
--
 pr- + i,ik)

(3)

(4)

  The  finite difference approximations  of the governing
equations  are  macle  on  the basis of a staggered  mesh

system  with  constant  grid  spacings  nx, "y, Az  in longi

tuclinal, lateral and  vertical  directions respectively. Fig, 1

shows  a  typical  three dimensional finite difference cell

(i, i, k), The  evaluating  posltions of  the velocity  compo-

nents  u,  v  and  tv  are  shown  at  the centers  of  three faces

and  pressure  P is located at  the center  of  the  cell.  The
superscript  n  used  in the finite difference expressions

designates time instant t(tt=n･rit, where,  rlt is time
incrernent) at  which  the  quantities  are  evaluatecl.

  The  first order  finite difference approximation  of  the

continuity  equation  is written  as

   .(US+tS,J.h-U.irltt{,,f.}.+.!t:,{i,1+'i-,A"tl"･..'･!,,･,h)

(5)as

 con-

  
  

Fig.1 Positions of  the variables  in a  typical finite
      difference cel!  (i, 1', k)
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   w,nv+,L..s==zv:-j,,.,s+,{ftl-pz;i-E-(p:.;h-pr"k+i)+g

                                      '
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 ]l,,,,..s.-- [-O-DW,V ]l.,,.t
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 (s)

where,  the square  brackets represent  the  first order

finite difference approximations  of  the  terms  inside
them. The  donor cell differencing method  is used  for the
advective  terms  ef the equations  of  rnotion  in the first
order  computation  and  the procedure of  second  order

approximation  is discussed in the next  section.

  2.3 Numerical  a]gorithm

  In the  numerical  cornputation  procedure the  eqlla-

tions  are  solved  by means  of  a  time marching  method.

The  so]utien  process starts with  a given set  of  initial

conditions  and  the  variables  u,  v, w  and  P are  computed

iteratively to  satisfy  the boundary conditions  at each

time step. In the first order  computation,  the velocity

components  u"'S,  v"'i  and  w"'i  at  time level n+l  are

estimated  for all  cells  in the fluid domain from  equa-

tions  (6), (7) and  (8) using  fuH upstream  (donor
cell)  difference expressions  for the  advective  ternis,

However,  zt"'L,  v""t  and  w""i  obtained  from  these

equations  do not  necessarily  satisfy  the  continuity  equa-

tion. Then  the iterative adjustment  of  the  pressure in

each  cell  is done to satisfy  the continuity  equation  at
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 time  level n+1.

   Obtaining better resolutions  for some  problems  some-

 time becomes  diMcult with  simple  first order  finite
 difference approximations.  In order  to increase the

 accuracy  of  the computation  we,  therefore, have

 introduced second  order  finite difference approxima-

 tions Jn  the  present simulation  for velocity  components

 and  the surface  elevation  function. The procedure  of the
second  order  computation  varies  slightly  ft"om the gen-
eral first order  algorithm  described above.  Following
the modified  MacCorrnack methode]  the sequence  of  this
computatien  can  be described as  follows:

  First, an  estimate  for F""  is computed  using  first
order  accurate  full upstream  approximation  and  the
result  is called  as  F. The  expression  can  be written  as

   J7==Fn+dt{th･tream} (9)
where,  f  denotes the  terms  included in the curly

brackets ({ }) of  the equations  (6), (7), (8) and  F
designates the variables  u,  v, w  etc. Next, F  is comput･
ed  from  the same  expression  (Eq.9) considering  fu}l
downstream approximation,  but using  F  values  in place
of  F", i, e,

   F==F+At{flto'winstreant} (10)
Then the second  order  accu-r.ate value  for F""  is given
by the average  of  Fn  and  ii` as

   Fn+i-:e(Fn+fi)

      =F"+tZlt[f:ibstream+XftJtalnstreata]  (ll)

  This  procedure is used  not  only  for tt, v, w  calctila-

tions but also  for the calculation  of  free surface  eleva-

tion.

         3. BoundaryConditions

  The  three  dimensional wave  tanlc used  in this study  is
shown  in Fig.2. LL･ is the length of  the  effective  or

worl{ing  zone  of  the  tank and  LR  is the  length of

s-elocity  reduction  zone.  Six boundaries of  the tank  are
treated  applying  the following condjtions.

 3.1 Wave  generating  condition

 The  left encl of  the tank (SliiiAEHD) is considered  as
the wave  generating end  and  the equations  used  for
wave  generation are:

H

Fig. 2 Definition sketch  of the 3D  numerical  wave  tank

   Velocity components,

    u  
==

 ato  cos  fi 
sCiOnttatr,))

 $in(hx  cos  fi

       t' ke sjn  19 
-

 wt)

                                   (J2)

    v ==  aw  sin B 'sC'//,//hb'((mhe,} sin<  kx cos  B

      +by  sinBny'a)t)  
'

                                  (13)

   tt, ==  
-ato

 
sSiin-hh((ttt,)')-

 cos(hr  cos  B+lv sin  B- a,t)

                                  (14)
and  the free surface  elevation,

   e==asin(ha  cos  B+  ky sin  fl -- a,t) (15)
where,

    a  : amplitude  of  the wave,

    to : angular  frequency,

    k:wave  number,

   ho:still water  depth,
    B : wave  propagation  angle,  measured  from x-axis
      on  x-y  plane.
As  o is measured  from  sti}1  water  ]evel, the free surface
height h, therefore, becomes
   h==ho+o (16)
where  h is measured  from  the bottom  of  the  tank.

  3.2 Open  bounaarycondition

  The  right  end  of  the tank  (S2=-BFGC, Fig.2) is

considered  as the open  boundary. A  zone  (LH) adjacent
to this end  is used  tor the reduction  of vertical  velocity

w  exponentially  by
   evr`=w･exp(TcxrRtLn)  (17)
where,  a  is a  nondimensional  constant.  w  is calculated
from  the governing  equations  and  then  it is multiplied

by the above  exponential  function to reduce  the  ampli-

tude of  the wave.  Thus  the reduced  velocity  zv.  inside
VRZ  is obtained.

 After the reduction  of  vertical  velocity,  Sommerfeld
radiation  condition

   
Oadi,
 +ckb  -=o  os)

is applied  at the right  end  of  the tank. "rhere, ip is any
variable  and  c  is the phase  velocity  or  celerity  of  the
waves  given by

   c---Rtanh(2?thoLa)/cosB  ag)

where,  A is wave  length. 1'he finite difference approxi-

mation  of  Eq, 18 used  here is

   ..ip.t.tlCuO)=z-e::g,agg:)).
         at

   .F . 
g5!(tw) 

-ze,5,.i(la`-f
 
-
 0

    
-O

 (20)
where,  IA4 represents  the boundary point  of  the  finite

grid system  in c-direction  and  iM-1  is the point just
before nv. n  is the  current  tirne step  and  n+1  is the
next  one.
 3.3 Other  boundaries
 Lateral boundaries of  the tank (S3 =-ABCD  and  S4  =-
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EFGH,  Fig. 2) are

rnethods,  One method

cyclic  beundary  for

used.

   [h, u,  v, w,  P]atsu!
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treated by two different optional

  i$ the imposition of  periodic or

which  the following equations  are

                   [h, u,  v, w,  P]at s4  (21)
These eonditions  are  imposed after computing  the new

velocities  using  equations  (6), (7), (8) and  after

each  pressure  iteration.
  The  other  one  is free-slip condition  where  velocities

normal  to the walls  are  taken  as zero  and  tangential

velocities  have no  normal  gradients.  In mathematical

ferm, these conditions  can  be written  as,

    v-O  (22)
    Ou
       ===O  (23)
    ay

    Ow
    

-oy
 
=O

 (24)

Bottom  of  the tank  (S5iiABFE) is also  treated  as  a

free-slip rigid wall  and  the conditions  used  there  are,

    w-O  (25)
    nu
       =-･:O  (26)
    ez
    av
    a, 

=`O

 , (27)
                                         '
  3.4 Free  surface  coRdition

  The  lecation of  the  free surface  is evaluated  by  usiug

free surface  elevation  function ny(x, y, t), whose  value  is

updatecl  in every  time  step  of  calculation  for each  cell

by the free surface  kinematic condition

    
e,o,
 +.st.,  gz -･-  .  (2s)

  The atmospheric  pressure  is set  at the free surface.

          4. AssessmentTechniques

  Two  assessrnent  techniques,  which  were  used  in our

previous paper5;  are  also  used  here for the evaluation of
the performance  of  the  nurnerical  tanlc. Those are  as

fol]ows:

 4.1 Computatienofenergy
  Kinetic energy  in a fluid region  is calculated  from

   Ek==p.Lfg.Cr,(lh[t(bl2+vz+w2)]de,ly,t.
                                         (29)
inside the effective  zone  of  the tank. Where, xi,  x2  are

two  planes parallel to y-axis and  gri, y2 are  two  planes

parallel te a'-axis, Here the distance between yi and  y2
is taken as  the width  of  the tank (Bt, Fig. 2) and  kinetic
energy  is calculated  within  one  wave  length span  in

x-direction,

 4. 2 Repeatability of  waye  profile

  In this scheme  the wave  profiles are  plotted at

different positions  inside the  effective  zone  of  the tank

and  compared  with  each  other.  For regular  waves  the

wave  profiles should  repeat  any  where  in the tank

except  inside the velocity  reduction  zone.  If the profiles
appear  identlcally we  can  understand  that the

computational  domairi is free from  disturbarice.

Architec!tfi.g!-!gpgp,ntMQue-fJ  V1174

         5. Results of  the Computation

  Before  aiscussing the results of  the numerical  wave

generation of  this study,  it is necessaty  to discuss about
the oplimization  of  the parameters  used  in the velocity

recluction  technique.  After severa]  numerical  experi-

ments  and  parameter  studies  in our  two  dimensional
computation5)  we  have  already  found out  the  optirnum

ranges  of  a  and  the  length of  velocity  reduction  zone  for
expected  performance  of  the open  boundary. We  defined
the parameter K], as  the ratio  of  the  length of  VRZ  to

wave  length, Choosing  a  suitable  set  of  these  parame-
ters frorn that re$ults  (e.g., KIT==4,a=O.15  etc,),  we'

have applied  thern in the present computation.

  5. 1 Comparison  ef  the generated  waves

  We  have used  both  first and  second  order  finite

difference approxinnations  in the  simulation  of  this

study  to generate  waves  numerically,  Table  1 shows  the

conditions  of  the computations  for .different mesh  sizes.

Three  mesh  sizes  are  used  for both first and  second

erder  computations  having  12itr, 24Ax  and  48Ax  per
wave  length. Time  increments and  wave  pararneters  (i.
e,  wave  height Hw,  wave  period  T  etc,)  were  kept
constant  for all the cases  with  B=:O. Wave  profiles are

plotted for three different positions inside the-effective
zone  of  the tank. First point is taken one  wave  length

apart  from the wave  generating end,  Second  one  is 3n

apart  from the first and  the third  one  is also  3A apart

forrn the seconcl.  Fig.3 shows the eomparisen  of the
waves  produced  by  using  rather  coarse  meshes  (Arax ==

12), Utilization of  the full upstream  {donor cell)

differencing method  in first order  computation  creates

severe  numerical  damping  as  shown  in Fig.3(a,). In
this  case,  wave  amp]itude  decreases gradually  as  it

proceeds ferward. It is also  clear  from this figure that,
the  crests  and  troughs  of the  third wave  (chain line,
v==7A)  are  shifted  right  side. It means  that, not  only  the

characterjstics  of the waves  change  rapidly  but nuineri-
cal  phase error  also  occurs  in this case.
  Fig, 3(b)  is for the same  conditions  as  in Fig. 3(a)
but second  order  approximations  are  used  here.

Table1  Conditions of  the  cornputations

Method A/Ax At{sec.)

FirstOrder

CDonercell

ditferencing)

122448 O.O125O.O125O.O12S

SecoTidOrder

{Modified

MacCor-ack)

122448 O.O125O.O125O.O125
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Remarkable improvement of  the  resu!ts  can  be seen  in
this figure. Wave  profiles of the three pesitions are

almost  the same,  which  n)eans  that the severe  numerical

damping  in the case  of Fig.3{a)
But this computation  is not  also

phase error  (it will  be more  clear

is not  occurring  here.

free from numerical

if we  compare  Fig. 3
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(b) with  Fig.4(b)).

  Fig. 4 is the comparison  for 2ldx ==24. Although the
results  of  first order  computation  <Fig. 4( a  )) are  slight-

ly improved compared  to that ef  Fig.3(a),  the  nurneri-

cal  damping is still strong  and  the wayes  are  deformed

with  the advancement  of  time. On the ether  hand,

satisfactory  restilts  are  obtained  for the  same  cell  size

but using  second  order  appraximations.  As the numeri-

cal damping is negligibly  srnall here, the wave  profiles
are  almost  identical in this case  (Fig.4(b)),
  Results of  the third case  of  computation,  i, e, aZ(fx t==

48, are  shown  in Fig. 5. Use  of  finer meshes  improves  the

results  noticeably  in the  first order  computation,  but the
nurr)ericaf  darnping is stirl out  of acceptable  range  (Fig.
5(a)).  The  results  of  the second  order  cornputation  of

this case  (Fig. 5(b))  are  almost  similar  to that of  Fig.

4(b).

  If we  compare  the  Figures 3(a),  4(a)  and  5(a), it

will  be  ctear  that, results  can  be improved  up  to a

certain  extent  with  more  finer rneshes  using  first order

full upstream  (doner cell)  approximatiops,  but the
results  wi]1  not  be reliable  in any  case.  On the other

hand, comparing  the Figure$ 3(b),  4(b)  and  5(b), we
can  easily  understand  that  the  second  order  approxima-

tions  can  give satisfactory  results  with  sudicient  accu-

racy.  Of  coumse  finer meshes  can  itnprove the results  in
th{s case  also,  but Atdfx ==24 may  be  a suitable  choice  for

practical use.

  Fig.6 shows  one  typical generation of  two  dimen-
sional  waves  propagating  at zero  angle  with  x-axis  for
wave  steepness  HwLa=1115  with  S3 and  S4 as free-slip

bounclaries. For  B:4'O, S3  and  S4  are  tested with  peri-
odic  option  and  simi]ar  results  are  obtained  as  for
free-slip conditions.  That  means,  for axial  propagation

of  wave$  lateral boundaries are  independent of  the

conditions,  free-slip or  periodic.  But for oblique  waves

<i, e,  O<fi<90"),  these boundaries have  important
influence on  the tank perforrnance. For this case,  lateral
boundaries must  have to be set  as periodic ones

maintaining  the  re]ation

         mA

    
B`=si.n  (M=:=1;2,3,'") (30)

among  the tank width,  wave  length and  wave  propaga-

tion angle.  Then two  dimensional oblique  waves  can

also  be generated in this numerica]  wave  tank.

  Inconsistency of  the periodicity of  the lateral bound-
aries  may  occur  for the first wave,  when  it reaches  to

these boundaries (S3, S4) obliquely  with  maximum

amplitude.  A  linear tiine increment of  the  arnplitude  is

imposed to avoid  this problem. Thus,  after  the  passing
of smaller  waves  first, when  the  system  becomes  steady,

the Iateral boundarles can  perform  well  as periodic

ones.  Fig.7 shows  an  instant of  such  kind of wave

generation with  e=30e and  HwLa==1115. From  this
figtire we  can  see  that waves  are  coming  from the
corner  AD  (Fig. 2) of  the  tank  at an  angle  B==30" with
x-axis  and  propagating  ebliquely  through the tank.
Waves  are  coming  at the lateral boundaries (S3, S4)
and  gradually proceeding forward, S3 and  S4 are  re-

peating  the  phenomena  of each  ether  periodically.  This
lcind of  oblique  waves  may  be useful  particularly  for the
rnodel  test when  the  ship  medel  proceeds  through

Fig. 6 Wayes,  propagating  alonglongitudinalaxis  of  the tank  (Hrvza=1115, B:=OO)

Fig.7 A  typical  instantof oblique  wave  generation(JI,.Ll==Yls,B=3oa)
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Fig. 8An  example  of 3D waves,  generated by continuous  reflections  from the lateral boundaries

oblique  waves  and  the  waves  hit the  model  at  the angle

B. This  experiment  can  easily  be performed  in the
numerical  tank  even  if the  tank  dirnensions are  small.

  For the  generation  of  three  dimensional waves,  lat-

eral  boundaries are  treated  by  free-slip option  and

allowed  to reflect  the  waves  coming  obliquely  to them.
The  first wave  approaches  the  far latera! boundary of
the tank (S4) and  reflects  from  there  and  then the
reflected  wave  approaches  the  other  lateral bounclary

(S3) from where  it reflects  again.  Thus, the continuous
reflections  of  the waves  from two  lateral boundaries
create  the  superimposition  of  waves  which  produces
three  dimensional waves,  A  typical example  of  this kincl

of  wave  generation is shown  in Fig. 8.

               6. Cenclusion

  Using  first and  second  order  finite difference approxi･

mations  in the computations,  waves  are  generated
numericaHy  in this study.  Three  sizes  of  meshes  are

used  in the  computations  to see  the effect  of  the fineness

of the grids on  the numerical  simulations.  It is seen  that
coarser  meshes  create  severe  numerical  dainping and

the waves  deform  rapidly  when  first order  full upstream

<doner cell) approximations  are  used  in the computa-
tion. The  s"periority  of  second  order  computation  over

first order  method  is clearly  shown  by comparing  the
obtained  results  in this study.  In our  present  system  we

collld  generate  two  dimensional axial  (i, e, the direetion
of  wave  propagation is parallel to longitudinal axis  of

the tank)  or  oblique  waves  numerically,  For oblique

wave  generation, there is a relation  among  tank  width,

wave  length and  its propagation  angle  which  govenis
the operation  of  lateral periodic boundarjes. Three
dimensional waves  could  also  be  generated in this

numerical  tank  by  continuous  reflections  of  the waves
from  the lateral boundaries,
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