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                                    Summary

  
The

 previous  plate buckling desigri formula proposed  by the authors  is advanced  by  taking into
account

 the real  rotational  restraint  effect  of  supporting  members  at  edges.  For this purpose, a series
of the theoretical plate buckling analysis  is performed  with  variation  in the aspect  ratio  and  the
torsional rigidity  of  the supporting  members  at edges.  Based  on  the  computed  results,  an  approximate

plaSe  bucklin4 desig.n .formula 
is formulated. Verification examples  of  288 cases  varying  the aspect

ratio,
 the torstonal rigidity  and  the loading ratio  between longitudinal and  transverse compression  are

demonstrated by comparing  the approximate  solutions  with  the exact  and  FE  results.

1. I"troduction

  Ship structures  are  essentially  an  assembly  of  plates,
and  evaluation  oE the plate buckling strength  is one  of

special  tasks which  we  must  perforrn in the  structural

design of chips. For practical design, a simplified  plate
buckling design formula  is necessary.  Cln$sification

societies  have  proposed  their  own  design guides,  but we
are  still confronted  with  a  great number  of  questions
due  to loading cendition,  boundary  condition,  etc,

  Almost all  current  plate buckling design formulas
have been  derived under  t.he assumption  that the  edges

are  simply  supported  or  clamped,  which  corresponds  to
zero  or  infinite rotational  restraints  at  plate  edges,

respectively.  In real  ship  platings, however.  the  edges

are  supported  by  supporting  members  of  which  the
rotational  restraints  are  neither  zero  nor  infinite, and

thus  such  ideal edge  conditions  never  occur.

  Lundquist and  Stowelli' investigated the  effect of  the
edge  condition  on  the buckling strength  of  rectangu]ar

plate under  uniaxial  compression,  in which  the support
along  the  unloaded  edges  is intermediate between sim-
ply supported  and  clamped.  Also Bleich2}, Timoshenko

and  GereS) and  Hughes`} introduced the cases  in which
one  of  both  edges  is elastically  restrained  and  the other
simply  supported  or  clamped.  Design tab]es or  charts

are  provided. However,  works  for eva]uating  the buclc-
ling strength  ef  plates in which  both edges  are  elastic-
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 ally  restrained  andlor  combined  loading is applied  are

not  found, Also it would  be  highly desirable for the

desigrier to have an  explicit  formula, instead of  design
charts  or  design tables.

  In the previous studies5'"},  a  new  and  accurate  buck-
ling design fonnula for ship  platings  subjected  to in-

plane combined  loading and  lateral pressure  is

proposed. The effect  of  welding  residual  stress  is also
involved. For a  plate in which  the  buckling occurs  in the
elasto-plastic  range,  a  new  expression  for the plasticity
correction  is derived based on  the numerical  FE  solu-

tions. In this formula, however,  the plate  edges  are  still

assumed  to be simply  supp6rted  or  clampecl.

  In this paper, the prevjous design formula is advanced
by taking  into account  the effect  of  the  real  edge  condi-

tion. For  this purpose, an  elastic  buckling condition  for
a  rectangular  plate elastically  restrained  at  edges  is
derived as  a  characteristic  value  problem, A  series  of

the buckling analysis  is performecl  with  variation  in
the aspect  ratio  and  the torsional rigidity  of  the support-

ing members  at edges.  Based  on  the  computed  results,

an  approximate  plate  buckling design formula is for-
mulated  in terms  of  aspect  ratio  and  torsional  rigidity.

The accuracy  of  the formula is verified  by comparing

with  the exact  and  FE  solutions.

2. Buckling Problem  of  a  Plate Elastically

   Restrained at  Edges

  2.I Basic Ass"mptions  ･

  In ship  platings,  supporting  members  are  attached

both at  shorter  and  ionger edges.  As  mentioned,  the  real

condition  of  support  at plate  edges  is neither  simply

supported  nor  clamped.  It is very  difiicu]t to  obtain  the

theoretical buckling strength  of  a  plate  under  the  above

-mentioned
 support  condition,  In this regard,  some
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 626assumptions

 are  made  :

 gt!ssgg!pt!!t on  1!

supporting  members

the plate are  the same,

rigidity  at  the

at

 uA-EEggmijt gon 2: The

mernbers  attached  in

that the relative

protected.

 AssulpRtion.3: Ptate

keep straight  until the
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            Geometric and  material  properties of

               attached  in the same  direction of

                  and  thus  the bendingltorsional

          longer or  shorter  edges  is also  the same

the corresponding  directien,

                 bending  rigidity  of  supporting

                ship  platings  is large enough  so

            lateral deformation  at  plate edges  is

edges  and  supporting  members

inception of plate  buckling.

  2.2 Plate Buckling Problem As  a  Charaeteristic

     
'
 Value Problem

  In this study,  the longer edge  of  the prate  is always
taken  as  x  direction such  that the aspect  ratio  of the

plate  is alway$  equal  to or greater than 1.0. The  funda-

mental  differential equation  for the deflection w  of  a  flat

plate subjecterl  to iniplane combined  loading is derived

under  the  assumption  that  the  deflectoin w  is sriiall

cornpared  with  the  thickness  t of  the plateai,
    D(W.=txt+2tv,xxlly+tv,yysty)

     +t(OxW,xx+abW,yy+2ltyW.Ty)=O  (1)
where

 at,  ol=axial  stresses  in x,  y direction
   thy=shear  stress

    D=Et3/12(1-v2)

   .E ==  Young's  modulus

    v=Poisson's  ratio

  Solution zv of  Eq. ( 1 ) indicates the deflected form  of

the  plate uncler  the  corresponding  applied  load, whieh

represents  equilibrium  but unstable  position. The  buck-

ling strength  is defined by the load at a bifu rcation  point
where  beside the  plane equilibrium  form  w=O,  a

defiected but unstable  form  of equilibrium  occurs.

  To  solve  Eq.(I), the edge  condition  which  is
obtained  from  the  conditions  of support  of  the  plate
should  be prescribed. Under the assumptions  indicated

in the previuus section,  the following edge  conditions

are  considered  :

    w==O  at all edges  (2.a)
   nL=mr  at shorter  edges  (2･b)

   My  =:  my  at longer edges  (2.c)
whereMt,

 may=bending moment  of  plate part at  shorter,  len-

       ger edges

  mt,  my=torsional  mement  of  supporting  member  at

         shorter,  longer edges

  The  bending moments  of  plate part  are  expressed  by2)

   an=-D(w,x=+vzv,yy> (3.a)
   fl4L,=:7D(w.gy+vw,u) (3.b)
where  since  the edges  are  as$umed  to remain  straight,

w,yy  at  shorter  edge  and  w,=x  at longer eclge must  be
zero.

  Also the torsional mements  of  supporting  member  are

expressed  by2i

    mx=EAw,yygyx-GIstv,sut  (4.a)
    Myz'El'}.W,rt=ryr(lftW,uy  (4･b)
wherels,

 IL =torsion  constants  of  supporting  member  at shor-

      ter, longer edges

     =113X(bi  tP-) for one  p]ate

    ==1!62(bE  tP-) for a  continuously  stiffened  plate

  bi, ti--breadth,  thickness  of  web  or  flunge of the

       corresponding  supporting  member

A, n. =flexural-torsional  constants  of  supporting  mem･

      bers at shorter,  longer edges
  When  a  continuously  stiffened  plate  is considered,  the

supporting  member  will  contribute  to resi$t the

rotational  deformation  of two  adjacent  plates along  the

plate edge.  In this regard,  A  and  Jt. should  talce a half
amount  of  the whole  torsion constant.  Also the values
A  and  d  are  usually  very  small,  and  for practical
applieations  k==  I'Z=O may  be used2}.
  It is very  diMcult to $olve  Eq. ( 1 > directly for a  plate
elastically  restrained  at both shorter  and  longer edges.

In the following, therefore,  a  rectangular  plate. one

edge  simply  supported  and  the  other  elastically

restrained  is at first considered,

  The general so]ution  of the differential equation  ( 1 )
may  be  expressed  by
    w==Ciwt(cvi,x,y)+Qw2(ai,x,y)

       +C3  tvs( de, x, y)+C4w4(a2,  x, y) (5)
whereC,-v

 C# =:=constants  to be determined

  cri,th==transcendental  functions of  the  buckling
strength

  Substitution of  the  solution  (5) into the  boundary

conditions  (2) yields a  set  of ;inear homogeneous

equations,  namely

An Ai2 Ais A]g

A!i An A23 A2a
,lii As2 ,133  A34
a41 A42 Alj: A"

CiC2CsCa

;o {6)

where  A= transcendental function of  the parameter  ai

  For arbitrary  value$  of  A, Eq.(6}  has solutions

different from zero  only  if the  determinant  A  vanishes,

that  is,

       211 Alz A13 Al,

       hi tl22  A23 ,luA

    n-  -o  (7)
       a#:           k,               A33                   A3,

       ,l"  il,2 k3 ,l"

  Expanding the condition  (7> 'furnishes an  equation

for the parameter  ai, and  solving  this equation  the

buckling strength  will  be obtained.

3. Derivation of  a  New  Plate Buckling Design

    Formula  in One  Load  Component

  3. 1 Bckling  Strength of  a Rectangular Plate in
       Longitudinal  Compression  at

  < 1 ) Elastieally Restrained at the Longer Edges and
Sirnply Supported at the Shorter Edges
 The  bttckling of  a  plate subjected  to only  longituclinal
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 coinpression  along  the  xhorter edges,  that is, cxu and  Tbey

 in Eq.(1) vanish,  is considered.  The  rotation  at the

 loacled, shorter  edges  occurs  freely but the unloaded,

 longer edges  are  elastically  restrained  by supporting

 members.  As a result,  the bending  moment  Mx  and  the

 torsional moment  m=  at the shorter  edges  must  be zero,

  At  first, when  the coordinate  is taken  as  in Fig. 1, the
 deflection w  of  the  plate which  satisfies the differential

 equation  of  Eq. ( 1 ) and  the  condition  of simple  support

 at  the shorter  edges  (i. e. w=;'O,  M}=m.  ==O at  x=uO  and

 a)  is assumed:

    w=L'  Y(y)  sin(mnv!a)  (8)
where  Y(y) indicates a  function of  y  and  m  represents

 the  niimber  of  half-waves in x  direction.

  Substituting Eq, (8) into Eq. (1) and  considering  tfy

 
==m

 cvu ±O, we  obtain  the  ordinary  differential equation  of
the  fourth order,  replacing  ar by arcrt :

    Zvysy-2(m7rla)2Zyy+(m,rla)`(1-stii)Y=O (9)
where

   pt. =-  Bim - Vi51F,
    fl =-.  a!b

   hti=" dicri1lrE

    aE  = n2D!b2t

  on.ri="elastic buckling  stress  undEr  the present load-
       ing and  edge  conditions

  The  general  solution  of the above  differential equa-
tion is

    Y(y) ==  Ci cosh  thy+G  sinh  aiy

          
'F'acos

 cay+Ca  sin  alagr (10)
where

   aL,2=mftla.(Itx] ± 1)U2

C]n-C4=constants

  Considering the deflection w  at  the  buckling load is a
symmetric  function of y, only  the first and  third term in
the general  solution  (10) remain.  Thus

    zv=(Ci  cosh  aLy+  Ch cos  ala.v) sin (mir tr!Zi) (11)
  Unknown  constants  Ci and  C3 are  determined from
the conditions  of support  and  moment  equilibrium  at

the longer edges,  as  indicated in Eq, (2.c), that  is,
   w=O  and  Mb-=my  at y=.'± b!2 (12)

yi

os-

a R

b

R sx

          S : simply  supported

          R : rotationally  restrained

Fig, 1 Coordinate  of  a  plate, elastically  restrained  at

      the longer edges  and  simply  suppored  at the
      shorter  edges

                                          (14)

                                       buckling

                        Fig. 2 inclicates the comput-

                                        and  the

        rigidity  of  the supporting  member  at  the  lon-
ger edges,  in which  the shorter  edges  are  simply  support-

ed.  It is observed  that the buckling coefficient  is affected
by the torsional tigidity g, but the  effect  of  the aspect
ratio  may  be neglected  for practical use.

  It will  be very  convenient  for applications  if the
buckling coeMcient  can  be estimated  by  an  explicit

formula. It is known  that  the nermalized  torsional
rigidity  of  most  supporting  members  in the actua]  ship

pJatings  is less than  about  5.0S ).

  In this regard,  we  aim  to express  the  buckling
coedicient  by the algebr'aic formula  in the practical
range  of  the  torsional rigidity  gL. Based  on  the theoreti-
cal results  obtained  by  the series analysjs  using  Eq.(14),
the  buckling  coeMcient  lexi can  be formulated as  

a

function of  the  torsional  rigidity  k, name]y

    kxi==O.396S-1,974tt

        +3.565k+4.0  for e.Og  g.s2.0
      ==6･951LO.8811(k-o.4)  for 2.o< gzs 2o.o 

(15)

      
=T-7.025

 for k-co
  The  accuracy  of  this approximate  formulation is
checked  by the dotted lines in Fig.2 and  it is observed

  Substitution of  Eq. (11> into Eq, (12>, considering  zu,tx

 
;'O

 and  A,= O at y-;  ± b/2, yields

    [III AA;:](cC;]-=o a3)

where

   Ait='cosh(a]b!2)

   A,2-cus(a2bf2)

   Axi 
='`' af cosh(ad  bf2) +  g.b(mrrla)Uai sinh  (a] b/2)

   A22==rdicos(ttab/2)-kb(mn7Zi)ethsin(a2b12)
    k ==  Cllr,!bD

  The condition  ef  detenninant A==O  yields fina]ly the

exact  buckling condition.

   A;AltA,2-A,,Azl=O

  By solving  the above  equation,  the
coerncient  k#i will  be found.

ed  results  with  variation  in the aspect  ratio

torsional

 F.Etl

'ttttt

Z
,

..-

tt..tGjL
ttilt

bDm.t2a.o

'- 'e,s
m-'.mnt-GJLhD[

o

l t.

Jfi-

'
L-･APrexilate

T `"TTTT''1--T

O123g5678
Fl.tl- T･-91011

o/b

Fig,2 Buclding coeMcient  lexi of  a  plate in longitudi-

      nal  compression,  elastically  restrained  at the

      longer edges  and  simply  supported  at  the  shor-

      ter edges
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that the simplified  formula provides  an  accurate  solu-

tion. Accordingly, the elastic buckling stress  in this case
can  be predicted  by
   c[lecri=ini'OE  (16)
  ( 2 ) Elastically Restrainecl at the Shorter Edges and

Sitnply Supported  at  the Longer Edges

  In this case,  the  rotation  at the longer edges  occurs

freely. As  a result,  the  bending  moment  My  and  the

torsional  moment  mg  at  the  longer edge$  must  be zero.
The  coordinate  ef  the plate is taken  as  in Fig3. The
deflection w  of  the plate which  satisfies  the differential

equation  of  Eq. ( 1 ) and  the condition  of simple  support

at  the ]onger edges  (L e. w=  O, Mo=  my=O  at  y=O  and

b) is assumed  :

   w-X(x)  sin  (nrryfb) (17)
where  X(x)  indicates a  function of  x  and  n  represents

the  number  of  half-waves in y direction.

  Substituting Eq, (l7) into Eq.(.1) and  considering  av

=  lty== O, we  obtain  the ordinary  differential equation  of

the fourth order,  replacing  ox by oxcr2:

   Xxxxx-2(nnlb)Z(1-"i!),Xxm+(nz!b)`X=O (18)
where

   "x2=ua1/Mn

   k=z ='=7  (irer210E

  arcr2J=elastic buckling stress  under  the  present !oad-

       ing and  edge  conditions

  The  geperal solution  of  the above  differential equa-

tion is
  X(x)=' CL cos  a]x+Q  sin  a:x

        +C3  cos  tv2x+  C4 sin  tlex  (19)
where

   ai,2=nff!V'2'b･[".21(pi2-2):i2]

Cl'wC4=constants

  The  deflected shape  in x  direction after  buckling will

be dependent on  the  aspect  ratio,  and  two  patterns  are

expected  : one  symmetric  and  the  other  antisymmetric,

In this regard,  the general solution  will  become  as

follows:

R

y

s

b as

R

x

o

S : simply  supportecl

R : rotationally  restrained

Fig.3 Coordinate of  a  plate, elastically  restrained  at

      the shorter  edges  and  simply  supported  at  the

      longer edges

   [Ax A22](c:);O

where

  Aiim-cos(aiaf2)

  Ai2=cos(alaaX2)

  A2i= ae  cos  (ai a/2)  +  tsa(nzra)i ai sin  (ai a12)
  A!2 ==  af cos  (a2a/2) +  tsa(nfr7b)2 en  sin (dia12)
   ts ==:  GXIIaD
 The  condition  of  determinant A==
exact  buckling condition.
   A=AllA!2-At2Am==O

  <ii) Antisymmetric  Pattern

  ( i ) Symmetric Pattern
 ln this case, the first and  third term in the general
solution  remain,  namely

   X(x)=  C, cos  aix+Cli  ces  cv2x  (20)
 The  constants  Ci and  Cb will  be determined from the

bounday condition:
   tv=O  and  ua=mi  at x= ± a/2  (21)
 Substitution of  Eq. (20) into Eq. (21), considering  w,xy

=-O  and  1-s =O  at  x=: ± a/2,  yields

                                      (22)

O yields  finally the

(23)

 In this case,  the  second  and  fourth terrn in the general
solution  remain,  namely

   X(x)  ==  Cl sin  aix+asin  cax  (24)
 The  constants  C2 and  C4 will be determined from  the

boundary conditions  (21), Substitution ef Eq. (24) into
Eq. (21), considering  tv,yy=O  and  1-s--O at  x=:Lfa/2,

yields

   [A. 
A,,]{C2

 (25)

where

  A"==sin(a,a12)

  Ai2-sin(alaa12)

  A2i k=  di sin  (ai a12)  -  g･a(nfi/b)Zevi ces  (ai a12)
  An=='･disin(aba!2)-ge･a(nnfb)2do'cos(a2a12)

    k m'  CIIs/aD

 The  condition  of  deterrninant A===O
exact  buckling condition.

   d=ALIA.-1!,,A,,:=O

  By solving  Eq. (23) or  (26),
le-･u wi]1  be feund. Fig. 4

with  vuriation  in the  aspect  ratio  and  the

rigidity tk. Based  on  the theoretical results, it

possible to formulate the  buclding coethcient

algebraic  expression  in the practical range  of

sional  rigidity  gS:

yields finalry the

                   (26)
     the buckling coeMcient

indicates the  computed  results

                 torsiona]

                   is also
                   by an

                  the  tor-

   kxt=P2ge+q2ts･F-hes+s2ts+t2

where

   p!==-1,OIOB"+12.s27B3-s2.553B2

      +67.072B-27.585

     =o.o47fi4-e.ss6s3+2.s76B2

      
--4.410B+L748

     --O.O17fi2+O.099ff-e.150

     =-o.o

     -=o.o

   q2=-O.881Sa-10,8slB3+41.6ssn2

      
-43.150B+14.615

(27)

for O.O g  ts<O.4

forforforforo.4gts<o.s

O.sgk<2.o

2.0stsS20.0

ts ='=- oo

for o.eg  gb<o,4
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 pt
 xX5.0

4.0

3.0

1''

.o

.o

.o

.o

o

o

o

' 6Js/fiD=20,O

-

GJs/aD=a.l

.mt

1'

'
Gss/an=e.lGJstaD=o.o

l"r'-
O.O1.02.05.0i4.05,O6,O

"M

s.o7.06.0s.o4.0s.a2.01.0

  
o･eo.o

                    GJs/aD

Fig.5 Accuracy  of the approxirnate  formula  of  buck-

      ling coeMcient  kx2

tt

'

-----J't
----Trt-o!b= ±1,O

t-' ra/b=1.5

-7--7--.t-----tt- ' ttt---
'-7-'vul'--L7N--m-tttL--7-ttab=alb--s.ot

=-rrr.mtt..--.tT-".-J-m--

'''
- t- ''

--Eact
--="proxlma-.Tt'e'-t

T'1''.o
s.o

'10.0
IS,O 20.0 25.0r

a/b

I? 
'i
 g. 4Buckling  coeMcient  k.2 of  a  plate in ]ongitudi-

nal  compression,  elastically  restrained  at the
shorter  edges  and  simply  supported  at  the  lon-

ger edges

     
=--O.]23B4+1.549B3-6.788i9Z

       +11.299B-3,662  for

     
=,e.138fiU-O.793i?+1.17]

 for

     
=.'O.O

 for
     

==O.e
 for

    ,le==-O.190fl4+2.093fl3-5,891B2

       
-2.096e+1.792

     =O.114fi--1.412B3+5.933fl2

       
-8.638B+O.224

 for

     =-O.457fi2+2.571S-3.712  for
     =:O.O

 for

     ==:O.O  for

   s,=O.O04B4--O.O07B3-O.243B2

       +O.630/?+3.617

     
----e.021B4+O.184B3-O.126B2

       
-2,625S+6.457

 for

     -O.822B"--4.516B+6.304  for

     
=-

 
-O.1

 06B+O.1  76 for

     
=-t-O.O

 for
   t2=4.0  for
     

=-=-O.OOIS4+O.033e3-o.241fl2

      +O.6S4B+3.539  for

     ==--O.148B2+O,596e+3.847  for
     

==-1.822fi+7,85e
 for

     
=io.o41fi4･-o.6o2S9+3.3e3B2

      
-8,176B+I2.144

  In the  above  equation,

be applied.
  i ) If 4.0<[B<74.5 and  CShO.2 then
  ii) If B>4.5 and  gle>O.1 then gk
  iii) If B>2.2 and  gli20.4 then ts

o.4gts<o,s

o,sg k. < 2.o

2.egges20.o
ts=oo

for o,os ts<o.4

O.4Kts<O.8

o.sgk<2.o

2.0K CsK20.0
ts=oo

for O.Ogts<O.4

o.4gts<o.s

O.8Sk<2.0

2.eKtss2o.o

k L-  ooO.OK

 ts<OA

o.4gk<o.s

o.s<- ts<ze
2.ostss2o.e

for ts ==,- oo

the following condition  should

 ts=::O.2,
e.1,O.4,

  iv) If B>1.5 and  IY>1,4 then  gS=1,4,
   v)  If 8.0gtsS20.0  then  ts･=8.0,
  vi)  If l925,e  then B=:5.0
  The  accuracy  ef  the approximate  formula is checked

 by  the  dotted lines in Fig. 5. Accordingly, the elastic

 buckling stress in this case  can  be  predictecl by

    a,ccr2=krz'aE  (28)
  (3) Both  Edges  Elastically Restrained

  It is very  diMcurt to obtain  analytical  solution  of

buck]ing strength  of  a  plate elastically  restrained  at

both edges. It is considered  that the  edge  condition  of

 this case  is the  combined  one  of  the  previous two

conditions,  that is,one  edge  simply  supported  and  the

 other  elastically  restrained.  In this regard,  we  assume

the  following combination  for estimating  the buckling
strength  of  both edges  elastically  restrained  plates,
namely

    atE=k.･aE  (2g)
where

   aiE=elastic  buckling stress  in the longitudinal coin-

       presslon

   fex=hr]+h.t2mkm

   kro=buckling  coeMcient  of  a  plate simply  supported

       at  ail  edges  in longitudinal compression(=-4.0)

  3.2 Buckling Strength  of  a  Rectangular  Plate in
      Transyerse Compression  ay

  ( 1 ) Elastically Restrained at the Longer Edges  and

Simply Supported at the Shorter Edges

  The  buckling of  a  plate  under  transverse  compression

is considered,  in which  the  rotation  at the unloaded

edges  (the shorter  edges)  occurs  freely but the loaded
edges  <the longer edges)  are  elastically  restrained  by
supporting  meinbers,  Since only  tr'ansverse compression

oy  is applied  along  the longer edges, oz  and  tbly in Eq.

( 1 ) vanish.  Also  since  the conditions  of simple  support

at  the  unloaded  edges  (or the shorter  edges)  are  consid-

ered,  the  deflection w  and  the bending mornent  Mx  at
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    [A,, A,,]Ic,]-O
where

   Aii:=cos(aibf2)

   Ai2;cos(alab!2)

   Am=  di cos  (at b12) +  km2n2bla2aisin (th b12)
   A2z 

==
 di cos  (cele b/2>+ "mZ"2bla2de sin  (ct2 bf2)

    g-- or,joD
  The  cendition  o

exact  buckling condition,

   AnAza-AizA2]=O

  By  solving  the above  eq"ation,  the
coethcient  kyi will  be found. Fig.6 in
ed  results  with  variation  in the aspect  ratio
torsional  rigiclity.  It is observed  that the

the unloaded  edges  must  be zero.

  At first, when  the coordinate  is taken  as  in Fig, 1, the
defiection w  of the plate which  satisfies the differential
equation  of  Eq. (1) and  the condition  of  simple  support

at  the shorter  edges  (i. e. w=e,  Mx =="  mx=O  at x==O  and

a)  is assumecl,  namely

    w=  Y(y)sin (mn= /a) (30)
where  Y(y) indicates a  function of  y  and  m  represents

the number  of  half-waves  in x  direction.

  Substituting Eq, (30) into Eq. ( 1 ) and  considering  ax

=
 fty=e,  we  obtain  the ordinary  differential equation  of

the fourth order,  replacing  op by (Sbcri:

    Yyyyy-2(mn!a):(1-pZi)Yvy+(mzlde)`Y=O (31)
where

   l,., --  B/in - VZIgl'1-t
   kyt ="  ObcrLlaE

  oycri==':'elastic  buckling stress  under  the present load-
       ing and  edge conditiens

  The  general  solution  of  Eq.(31) is
    Y(y)=  Ci cos  aiy+  C2 sin  aty

         +Cb  cos  aley+a  sin  thy  (32)
where

  ai,2=:mn7V2a･(uyiTvay  )
C]"-C4='='constants to be determinded

  Considering the  defiection w  at  the  bucklilng load ls a
symmetric  function of  y, only  the first and  third term  in
Eq.(32) remain,  namely

    Y(y) ==  Ci cos  aiy+  C: cos  ewy (33)
  Unknown  constants  Ci and  Ci are  determined from
the conditions  of  support  and  mornent  equilibrium  at

the longer edges,  as given in Eq. (2), that is,
   tv=e  and  nL 

=[my
 at  y=  ± b!2 C34)

 Substitution of  Eqs, (3.b) and  (4.b) into Eq. (34),
considering  w,xt==O  and  I'1 =L'O  at  y==± b12, yields

                                      (35)

f determinant  A=::O yields finally the

{36)
                                    buckling

                            dicates the  comput-

                                     and  the

                                     buckling
coeMcient  is affected  by  both aspect  ratio and  torsional
rigidity.

  We  aim  to express  the  buckling coeMcient  by the
algebraic  formula  in the practical range  of  the  torsional
rigidity,  Based en  the theoretical results, the buckling
coeMcient  kyi can  be formulated in terms of  aspect  ratio
and  torsional rigidity, namely

   k.v,=Pi4+qigl+ri  {37)

hi!tgg!fi.guapgptfJ  .Yol.174

7,O6.05,O4.0-.Y

 ].o2.01.eo,o

Fig,6

tt

tttttt
;1o.o

asLtbD=cov'.20.o-[-./
=4.o' Tt.--=soo,e tttt=z.o

tt=LO-=mao.o

..'-..''-

"-tut

' ny-t

O.O  O.1 O.2 O.3 O,4 O.5 O.fi O.7  O.8  O,9  1.0
                 b!o

Buckling  coeMcient  kyi of  a  p]ate in transverse
compression,  elastically restrained  at  the  longer
edges  and  simply  supported  at  the shorter  edges

where

   Pi=='1.322ev`-1.919a"+O.021aZ
      +O.032(I

     ==rmO.463a`+1.023a3-O.649a2

     +O.073a

     ==o.o

     ==o.o

   qi=-O.l79a`-3.098bl+5.648di

      -O.199a

     =5.432a`-11.324aS+6.189a2

      
-O.068a

     ='-1.047a"+2.624a3-2.215di

      + e.646a

     ...o.o

   ri==O.994a"+O.Ollnf+1,991di

      +o.oo3a+1.o

     x--3.131a`+4.753bl+3.587aZ

      
-O.433a+LO

     ==20.111a`L43.697a3

      +30.941a2-1.836a+1.0

    ==0.751ad-O.047a3+2,053cif2

      -O.O15ev+4.0

   ev-1he  ==  bki

for O,OS gzs2.0

for 2.0< gL K8.0
for 8.0< gzK20.U
for it =L-  oo

for o.osgs2.o

for 2.0< gzK8.0

for 8.0<&K20.0
for tZ==co

for O.Os g.s2.o

for 2.0< ftK8.0

for 8.0< gz(20,O

for ft= oo

  The  accuracy  of  the  approximate  formu]a is checked
by  the  dotted lines in Fig.7. Accordingly, the  elastic

buclcling stress  in this case  can  be predicted by
   cisfert==:kyi'OE  (38)
  { 2 ) Elastically Restrained at the Shorter Edges  and

Simply Supported at the Longer Edges

  In this case, the rotation  at  the loaded edges (the
longer edges)  occurs  freely but the  unloaded  edges  (the
shorter  edges)  are  e]astically restrained  by supporting
members,  The  deflection w  and  the bending moment  My
at the loaded edges  must  be  zero.  The  coordinate  of  the

plate  is taken as  in Fig, 3,

 The  cleflection w  of  the plate which  satisfies  the

differential equation  of  Eq.(1)  and  the condition  of

simple  support  at the )onger edges  (i.e. wL-O,  ua=my
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Fig.7 Accuracy  of  the approximate  formula of  buck･

      ling coeMcient  kyi

   [.llzL A22]{C,}70

where

  Ait=cosh(tha/2)

  Am==cos(tha12)

  AzL=  af cosh  (ai a12)  t  CSn2nUaXb2ai sinh  (ai Zi12)
  A22= 

"m
 di cos  (aba/2)- tsn2 rr2aXbta2 sin  (aiza12)

   ts=GtslaD
 The  condition  of  determinant rf==O

 =O
 at  "u 

L-O
 and  b) is assumed,  namely

    w-X(x)sin(nnz,Xb)  (39)
 where  X(x) indicates a  funtion of  x  and  n  represents

 the number  of  half-waves  in y direction.

  Substituting Eq. (39) into Eq. ( 1 ) and  considering  at

 
=

 [be ==O,  we  obtain  the  ordinary  differential equation  of

the fourth order,  replacing  au by obor2 :

  Xxr.T-2(nnjb)2Xme+(nnjb)`(]-"g,)X-O (4o)
where

   k"2=`-CFkevr2laE

   py2==VE}1!n

  obct2=elastic  buckling stress  under  the  preseTit load-
       ing and  edge  conditions

  The general solution  of  the above  differential equa-

tion  {40) {s
    X(x)=Ct  eosh  dix+Q  sinh  a)x

          +C3  cos  alxtC4  sin  culax (41)
where

   a],2L-n7r7b-Vl"ilil. ±T
C,-s-a='constants

  The  defiected shape  in y direction after  buckling  will

be symmetric  and  thus by  removing  the terms  represent-

ing antisymmetric  deflections, the following twe  terms
remaln.

   X(x)=  C] cosh  crix+Cl  cos  thx  (42)
  The  constants  Ci and  Cs wi]1  be determined from the
following boundary condition.

   w=O  and  Mi==m.  at x= ± a!2  (43)
 Substitution of  Eqs. (3.a> and  (4.a) inte Eq. <43),
consider{ng  w,yy=O  and  1'li==e at x=L" ± a!2,  yields

                                      (44)

yields fina}ly the

  8.0

  7.0

  6,O

  5.0c.Y.4.eY

 3.0

 20

 t.o

 o,o
   o.o o.

Fig. 8

...

' GJslab=oe-t=10.0.'=2.0

tt
==O,5TLLa

tt.

t. tt

-O,2=o.o

'

.T- -t-t.

'

' 'i

1O.2  O.3  O,4

Buckling coethcient  k

compresion,  elastically  restrained  at  the  shorter

edges  and  simply  suppoited  at  the longer edges

o.s o.6 o.7  o.e o,g 1.o
b/au2

 of a  plate  in transverse

exact  buckling condition.
  A,,A,,-A,,A,,=.-O (4s)
  By solving  the  above  equation,  the buckling
coeMcient  hy2 will  be found. Fig. 8 indicates the comput-
ed  results  with  variation  in the  aspect  ratio  and  the

torsional rigidity.  Based on  the  theoretical  results,  it is

also  possibLe  to formulate the buckling coeMcient  by  an

algebraic  expression  in the  practical range  of  the  tor-
sional  rigidity,  narnely

   k.2=P2ge-F-o2ts+h

where

   th=O.543a`-1.297a3
      

-1-O.192a2-e.O16a
 for O,eStss2.0

     ==-O.347a`-FO.403a3

      
-O.147aZ+O.O16a

 for 2.e<tsK6.0

     
=o.o

 for 6.o< tss2o.o
     

==e.O
 for ts==oo

   qt=-1.094a`+4.401crS

      
-O.751a:+O.e68a

 for O,OStsS2D

     =±2.139a'-l.761di

     +O.419a!-e.e30a  for 2,O<ekK6,O

     ==nvO,199a`+O.308a3

      
-O.118a2+e.O13a

 for 6.0<tss20.e

     
=O.O  for ts;co

   h=O,994aa+O.Olldi

      +1.991di+O.O03a+LO  for O,OSkf{2.0
    =='-'2.031a`+5,765tf

      +e.870di+O.102a+LO  for 2.0< tsS6.0
    --O.289d+7.so7a3

      
-].029a2+O.398a+1.0

 for 6,O< tsS20.0
    ="t' 

L6.278
 a"  +17.135cvS

      
--5.026a2+O.860a+1.e

 for ts--co

(46)

  The  accuracy  of  the  approximate  formula  is checked
by the dotted lines in Fig.9. Accordingly, the  elastic

buckling stress  in this case  can  be predicted by
   OYcr2="ley2'aE (47)
  (3)Both Edges  E!astically Restra{ned
 IJsing the similar  way  deseribed before, we  assume
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Fig. 10 Object stiffened  plate panel

the  following combination  for estimating  the buckling
coeMcient  of  a plate elastically  restrained  at  both
edges,  namely

    oyE=ky･aE  (48)
where

   qyE=elastic  buckling stress  in the  transverse  com-

       presslon

    ley==leyi+ky!Tkyo

   kyo:`'buckling coeMcient  for a  plate simply  support-

       ed  at  all  edges  in transverse compression  (=-
       (bla)4+2(bla)2+1.0)

4. A  New  Plate Buclding Design Formula  in
    Combined Loads

  In this  study,  the effect of  the  rotational  restraints  on

the shear  buckling which  will  remain  for a  further
research  is not  considered.  A]so  jt is assumecl  that the
buckling interaction between  combined  loadings is the
same  with  the one  c}escribed  in the  previous papersSri6).
Therefore, the  final expression  of the plate  buckling
design formula  accounting  for the rotational  restraint

effects  of supporting  members  at  edges  becomes

   Arm7(aa.`.;.ttma..-)cr'+(coprb.L.F.OR'Y.)"2-vaSO (49)
where

   ija==safety factor against  the buckling, may  be
       taken  as  1.0

 [tt, ay==applied  compressive  stress  in x,  y direction
arcr, opcr=critica] buckling stress  for axial  compression

       in x,  y  direction, Eq. (29) and  Eq.(48) will  be

       corrected  by the plasticity correction  factor
Orer, orey#"effective  compressive  residual  stress

  Rs===1.0L(dtc.)"'
  Rsv;'[-'1.0-(ofthr)e`
  r=: applied  edge  shear  stress

   rb.t=critical  buclding stress  for eclge  shear,  correct-

       ed  by the  plasticity correction  factor

thrs-ca=!'coerncients5)'6)

 All parameters  used  in the above  equation  are  de-

 scribed  in the previous papers5･6). In the application  of

 the above  foTmula, the  ]onger edge  is taken as  x  direc-

 tion  such  that the aspect  ratio  is a!ways  equal  to or

 greater  than I.e, Also it sihould be  noted  that when  the

 plate buckling of  a  continuously  stiffened  plate  panel  is
considered,  a half amount  of  the  torsional rigidity  for
the supporting  member  should  be applied,

    5. Verification Examples  and  Discussions

  In order  to check  the  accuracy  of  the proposed  for-
mula,  verification  exarnples  comparing  the approxi-

mate  solutions  with  the  exact  and  FE  results  are  demon-
strated.  The plate buck]ing of a  continuously  stiffened

plate panel subjected  to uniaxial  compression  or  biaxial
compression,  shown  in Fig. 1O is considered.  Considering
the  symmetric  pattern of  the deflection, the  port{on
along  the  center  line of  the adjacent  plates is taken  as  

'

the  extent  of FE  modelling  (see Fig. 10). ,

  288 cases  with  variation  in the aspect  ratio  of  plate,
the torsional  rigidity  of  supporting  member  and  the
loading ratio  between ]ongitudinal and  transverse'com-
    .pression

 are  anaiyzed.  The  exact  solution  is obtained  by
solving  the exact  buckling condition  directly for plates,
all edges simply  supported  or one  edge  simply  support-

ed!the  other  elastically  restrained,  and  the finite-ele-
ment  solution  is calculated  for all edge  conditions

through the eigenvatue  analysis  using  the MSCINAS-
TRAN  finite-element code'].

  Fig. 11 shows  an  example  of  the finite-e]ement model,
in which  16 rectangular  plate  elements  are  employed  for
the  p]ate  part  in the  shorter  direction, and  for medelling
the supporting  member  the  beam  elements  with  only

torsional  rigidity are  used.  The  boundary condition  is
also  given in Fig. 11. Fig. 12 compares  the elastic buck･
ling stress between the  exact,  numerical  and  present
solution,  with  variation  in the  aspect  ratio  and  the
tursional  rigidity  of  supporting  members.  It is observed
that the  results  obtained  by  the present approximate
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formula  agree  very  wetl  with  the  exact  and  FE  solu-

tions. In particular,  it is clear  that  the  present combina-

tion for estimating  the buckling strength  of  a  plate
elastically  restrained  at  both edges  furnishes the accu-
rate  solution.

            6. Concluding Remarks

  In this  study,  a  practical buckling design fonmula for

ship  platings providing  an  accurate  solution  is derived
by taking  into account  the torsjonal rigidity  effect for
supporting  members  so  that we  will  be  able  to treat the

real  plate edge  condition  in the  structural  design of

ships.

  From  the present study,  the following conclusions  can

be drawn:

  1) The  edge  condition  of  the  real  ship  platings is

neither  simply  supported  nor  clamped,  and  the condi-

tion  may  be intermediate between  two  extreme  condi-

tions, depending on  the rigidity  of  supporting  members

at plate edges.

  2) Whenthebendingrigidityofsupportingmembers
is assumed  to be Iarge enoLrgh,  the  real  plate eclge

condition  of  ship  platings can  be expressed  as a  functien
of  the torsional rigidity  of  supporting  members,

  3) When  the  torsional  rigidity  of supporting  mem-

bers at  edges  is zero,  the  edge condition  corresponds  t.o
simply  supported.  With increase in the torsional rigidity
of  supporting  members,  the plate buckling strength

ificreases. As  the tor$ional rigidity approaches  infinite,
the  edge  conditien  becomes clamped.
  4) The  present buclcling design formu}a which  has
been  derived based on  the theoretical solutien  provides
accurate  results  with  eMciency.  In particular, it is clear

that the present combination  fer estimating  the buck-
ling strength  of  a  plate elastieally  restrained  at both
edges  is valid  and  fumishes  the accurate  solution.
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