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A Component-type Mathematical Model of Hydrodynamic Forces in
Steering Motion Derived by Simplified Vortex Model

by Keiichi Karasuno, Member Kazuyoshi Maekawa, Member

Summary

One of the authors presented the component-type mathematical model of hydrodynamic forces in
steering motion on the basis of kinematic forces acting upon the both ends of the hull. The mathemati-
cal model can describe well the forces X, ¥ and N with large drift angles and tough turning motion.
The rotative coefficients in the model are estimated from the static coefficients at oblique motion. The
rotative coefficients thus derived are, however, somewhat different from the ones delivered from the
experimental data of turning motion. :

-In order to improve this point, the authors will now break up the hydrodynamic forces into the
following components, i. e., ideal flow force, viscous force, induced drag, cross flow drag, cross flow lift
and frictional resistance in the normal sense. Then a simplified vortex theory is called upon to evaluate
the ideal flow force, viscous lift and induced drag.

As the results, the present mathematical model can describe the hydrodynamic forces acting upon a
hull in turning/drifting motion with a fair accuracy. The model also provides a sensible insight on the

mechanism of hydrodynamic forces appearing in steering motion.
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Fig.1 Lateral force distribution and vortex model of a
flat plate in oblique motion (ideal flow)
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Fig. 2 Lateral force distribution and vortex model of a

flat plate in pure-turning motion (ideal flow)
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Fig.3 Vortex model of a flat plate in turning motion
(ideal flow)
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Fig.4 Modeling and vortex model of a ship in oblique
motion (ideal flow)
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Fig.5 Vortex model of a ship in pure-turning and
turning motion (ideal flow)
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L3,
4) FEEH
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- Fig.6 Vortex model of a flat plate in oblique motion
(viscous flow)
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+ Chra*(—miy+ Cia-cos B)?}-sin® B (13)
&Y, ELHUBH Dio/Lo(=Co/Ci=tan a; e 3L
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+ Chra*(—my+ Cia-cos B)%)
(Cir+Cla)

tan g= -tan A

(14)
L5,
5 347X, Y,N
HMERERTOERBRICE > THREE 2 B X & 2
BN B)RRUFIEFHT Q)RS FhZERT 5 &,
RHRTRAEI O 3 2771
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WEE 3 5 AT N R SRMERTR A A Z AR E S
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Fmar

(17
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me,r=1/2'P'Lpp'd'(_m;)
(2/3-257)u
=1/2-0*Lop+d-(my)
(213 xa"7) u
La,»=1/20* Lop+d+(—mj+ Cla-cos Ba)
(2/3 20 ) Ui+ (xa 7 )?

Lma T

2%,
3) TR

Kutta DI EEHRBE LTH L b LROBEZEEL
Tw3H, BERETEZ LRRBROBIELHEZEZ 51
oo T, MERTORM AL L S KIEQOENAREZE

LakIshon@itis#Ezonsd, s, REHOR
RiBHBN T, REEEE L UCHREDREOEGE» S Zh
Fhimrbsr%Ezons, LoL, MBEFREMGEE
55 OWREREER»IF SN2 HOT, BERETOMN
HRE—NOBRBIENTERPRE - T, BRET 2
Li3FE 2, o THREIOSE, WOH X Kutta D
BOANERERBLE L THER»ORETI2LEZLD
(Fig. 1,
IO, HHBEO®E IS, ik Kutta DEOEETH 2
SR RO S X
IS r=Tur
=1/2-Lpp~(Cir-cos B,)+(2/3-z,7)
e, r=1Ia,r
=1/2-Lpp*(Clarcos Ba)+(2/3-xa*7) (18)
Eixb,
4) FHEEHH
REE» S (1) ROEFHH s TERIREED (17)
ROFBHEAL CHFEHNN2EE LD S, MEETOD
FHEHZ, TAThORNICTFTT
Di,r=p0T% +I% r"Chs
=1/2-0+Lpp-d-(Lpp/2d)* Cors _
-(my+ Cisrcos Br)(Cis-cos By)
-(2/3-25-7)?
Dig,r=0Ta,+I'e,r Chia
=1/2-p*Lpp-d-(Lpp/2d)* Chra
-(—my~+ Ciarcos Ba)(Cia-cos Ba)
(2/3xa7)*
LET, I HEPRBo/R—GEFEENIZEC T
bDELT 5,
5 34X, Y,N
MEES X IR RMEORBIC/ERT 2816 &£
UsEfic s X, Y, N33

\xr

: _._._rff.&«) Loy
/‘"‘"‘ SSTESS
FIf,r

\

T

V+Xr

Fig.7 Vortex model of a flat plate in pure-turning and
turning motion (viscous flow)
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X=1/2-0-Lpp-d-(Cis+ Cia)
~cos Br-(2/3 s 7) (s 7)
*1/2‘P'Lpp‘d‘(Lpp/2d)
{Chrr+(miy+ Cis-cos Bs)- Cis
+ Chra*(—my+ Cia-cos ) Cia}
~cos? Br+(2/3- s 7)?
Y=-1/2-0"Lpp*d*(Cir— Cta)
ccos B+ (2/3-x7-7)u
—1/2-0+Lpp~d-(Lpp/2d)
{Chrr*(my+ Cir-cos Br)-Cis
— Chra*(—my+ Cia-cos Br)- Cia}
-cos Br+(2/3- s 7)?*+(—sin By)
N=-1/2-0-L3-d-my v-u
—1/2+p+Lsp-d-2+(Cis+ Cia)
cos Br(2/3 xs 7)) u
—1/2'P'L§2p'd'(Lpp/2d)
x5 { Cors +(my+ Cir-cos Br)+ Cir
+ Chra*(—mjy+ Cia-cos Bs)- Cla}
cos Br(2/3- x5 7)?-(—sin By)
LB,
Nl N e
sin Br=—xs 7/l F(zs-7r)?
cos Br=u/Vu?+(z;7)
THb,
4.1.3 R5MEFifETOLERE
4.1.1 ORHES) (u, v,0) & 4.1.2 O EEES (0,0, 7)
EDEREOLETETIW/EZEZNIT L W,
1) Kutta &H01E
MERICB I 2 MIMHHEE (vta-7) 0k > TET 21
[BlD Kutta O oz b, (6), (16)HK&D
Pvf:Pvf,0+va,r
=1/2+Lop*(Clr-cos ) (v+2/3-z7+7)
Tva=1va,0+ va.r
=1/2-Lpp*(Cls-cos Bs)-(v+2/3-xa7)  (20)
ERDZ0T, FiRME ECET A RER I, (7), U7
REIX(3), 20KLD

(19-1)

(19-2)

(19-3)

I'r=T~+1y
=1/2+Lpp-(my+ Cis-cos B)-(v+2/3-xs-7)
Fnp=Timy +0
=2 Loy (—m)(2/3-2,0 )
Tna=Iima+0
=1/2Lop-(my)+(2/3 x4 7)
Fe=Ta+ 1
=1/2+Lpp* (= my+ Cla-cos o) (v+2/3 24" 1)
(21
LB,
2) B

A ORI ET 2 H/ L, FRATROERD
FHEWZEET
Lf=1/2‘P'Lpp'd'(m'y+C!'J'COS Br)
(0+2/3- 2, 7) VP (v ¥z, )7
Lnr=1/20*Lpp-d-(—mj)
(2/3 x5 7)u
L,,,a:1/2-p~Lpp-d-(m;)
“(2/3 0 7)) u
La=1/2p+Lpp~d(—my+ Ciacos Ba)
(0+2/3- 20 7) VP (v F a7
L5,
3) WA

AR ERASE D SBOTHB RS D LT 2 E,4.1.2
THBN/AMREEN L 2 BRIE» S OB\EmEIEZ L, 4.1.1
TR TOBRRIBD 22BN THEBHET 2, —7F,
Kutta D@ BEEBRE U THREEY> > BEHIEE2KET 2
£#2% (Fig. 7.

D& ITHBED S b—EoBHH s h, SHLTOEE
FihDE & FEE T D Kutta D@ HE\E2RET 30T,
ZNHWHBDE S X

IF=1/2Ly
Amy-v+Cis-cos Br-(v+2/3- 25 7)}
Is=1/2-Lys
{—=myrv+Cla-cos Ba(v+2/3 24+ 7)} -+ (22)
L5,
4) FHmEHH
CHRRTHEHE L 22) RTRTHEBIC X - THYE
B TOFEHIEZ, ThZhoinAmcETe
Dig=p-I;-I7- Chuir
=1/2-pLpp-d - (Lpp/2d)* Chis
{(my+ Cirecos Br)-(v+2/3- 2 7))
{myv+Cirecos Br-(v+2/3- 25+ 7))
Diw=p013T3 Chia
=1/2-p*Lop-d-(Lpp/2d)* Cpra
A(=my+Cla-cos Ba)-(v+2/3-xa )}
A=my v+ Ciarcos Ba-(v+2/3 24" 7)}
kb,

Z>Z

cos Br=u/Vu+(v+z, 7)2
cos Ba:u/m

T, MAERREOE—FER I EEC 2 wET 3,
5 347X, Y,N

ATRD 2), ) O\ EFBJHNIOT T, 2hdick s X,
Y, N353/

X=1/2-p-L§,p-d--m’y_-r-v
+1/2:p*Lpp-d
{Cisocos B (v+2/3-2, 1) (v+ x5 7)
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+ Cia-cos Ba-(v+2/3 2a*¥) (v + 20" 7)}

“1/2'0'Lpp‘d'(Lpﬂ/2d)

[Chrr-(my+ Cir-cos Br)-(v+2/3-xs+7)

Amilye v+ Clrocos Br-(v+2/3xs7)}+cos By

+ Chra(—mly+ Cia-cos Ba)(v+2/3-xa"7)

{—my v+ Ciarcos Ba+(v+2/3 xa" 7))}

-c0S Ba] (23-1)
Y=—1/2-p-Lpp-d

A{Cis-cos By (v+2/3-xs°7)

+Ciarcos Ba-(v+2/3:2a" 1)} u

_I/Z'P'Lpp'd'(Lpp/Zd)

[ Chrr+(miy+ Cirrcos Br)(v+2/3-xs7)

{mjyrv+ Ciscos Br-(v+2/3-zs7)}

-(—sin /)

+ Chra*(—mly+ Cla-cos Ba) (v+2/3-xa-7)

A—=mly v+ Ciarcos Ba-(v+2/3 22 7)}

«(—sin Ba)] (23-2)
N=-1/2-p-L%-d -myv-u

—1/2-,0'L"},p-d

<z {Cisecos Br(v+2/3z2s7)

—Cia*c0S Ba*(v+2/32a" 1)} u

—1/2-p+ Lyp+d-(Lpp/2d)

x5 [ Chrr(miy+ Cisrcos Br)(v+2/3-x,7)

{my-v+Cisocos Br(v+2/3- 2, 7)}

«(—sin Br)

— Chra*(—my+ Ciecos Ba) (v +2/3-xa"7)

A=myr v+ Clacos Ba-(v+2/3-2a7)}

-(—sin £a)] (23-3)
raph, BAEFES, BB I UEENNCSELT
HRxhd,

PLES TR ELSIERT 2ROB N LFEENIC LS D
DTH?, BHEEZET AR OWTIERICIERS,
4.2 FHERETOREDBET IV ‘
WEEET AMETE, INETREFELTEHEDL
HOFROMIZ 3.2 THEZ LS TN LERT D iGEF
REOFR ML THEzZNIE L (Fig. 8, Z>T, #f
R HEA L UTE 2 2 MR EREOTR Tt
HOFHMMETHE 2 7z Kutta £HEEAMNT 2 REC i3 2
Ve B8 TIMEFREORRIZ 3.2 Tl X 5 1 BER
HEOBRBEOE > IZL TV T I, £o5T4.1.3 18R
TR EORET LD (2L, QREELRLLT, £h
CEERER TORBERENML S Z kb, Aib, #f
HPRE EOFEERE L TR (4)RDObOIMb 3.2 8,
Z ORFRAETRE D & OFLHIRIEE <

I=Tsp=T5=T%=0 (24)
TH 5,

5T 4.1.3 B LMEFOHEOFR & 2 DR
HDOFR & oh > 2HET R EbE 5 LRESEO T &2

F va
Ic @ )
///g FMr]*%K T ger

Is,r

FMM

1—‘Is,O

Fig.8 Vortex model of a ship in turning motion

(viscous flow)

b, 20 3ISHH X, Y, N gBEREHGEED, BEEH
(E Lv) BXUFEERN (RF D) 0 TRTE,

X=X+ Xi»+ Xbp: (25-1)
T ‘
Xi=1/2p-L3-d-my-r-v
X1v=1/2-0-Lpp-d
{Cis-cos Br-(v+2/3-2,-7)(v+xs7)
+Cla-cos Ba-(v+2/3xa7) (v + o 7)}
Xpi==1/2p*Lpp-d-(Lps/2d) »
[ Chrs-(my+ Cisrcos Br)-(v+2/3 25 7)
{my-v+ Cis-cos Br+(v+2/3-x2s+7)} cos Br
+ Chra*(—mily+ Cla-cos Ba)(v+2/3 Lo 7)
{~my v+ Cia-cos Ba-(v+2/3 20 7)}
-cos fa]
Y=Y+ Yo+ Yo (25-2)
zzc '
Yi=—1/2-0-L%-d-mev-u
Yio=—1/2-p*Lpp-d
{Cjrecos Br-(v+2/3-27-7)
+ Clarcos Be*(v+2/3 20 7)} u
YDi=_1/2'P'Lpﬂ'd'(LPp/2d)
[ Chur-(my+ Cisecos Br)-(v+2/3- 27+ 7)
{my-v+ Cis-cos Br-(v+2/3-2,-7)}
-(—sin 8r)
+ Chra*(—miy+ Cia-cos Ba)-(v+2/3 22" 7)
{—my v+ Cila-cos Ba-(v+2/3 24" 7)}
-(—sin B4)]
N=N;+ No+ Np: (25-3)
22T

Ni=1/2-p-L3%p+d-(me—mi) v-u
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Nip=—1/2-p-L%-d
~x25{Clis-cos Br-(v+2/3-xs7)
—Clavcos Ba(v+2/3 22 7)} 1t
Npi=—1/2-0-L%p-d-(Lps/2d)
25 [ Chrr(my+ Cis-cos Br)
“(v+2/3-z57)
{miyv+ Cirrcos Br-(v+2/3- 27 7)}
-(—sin fy)
~ Chra*(—my+ Cla*cos Ba)
(v+2/3-2a7)
{—miy v+ Cla-cos Ba*(v+2/3-xa"7)}
«(—sin Ba)]
it b,

5. BEEETNIZLIFREHEEETNL

4.2 TRLUIETT - %ﬁﬁﬁ%azgo“{ HEE TS DOt
W, N5 L ZFREEORR 2 REBBIC L 2HEILHY,
INSEMAL EEERBTOLONELND Z1LDIE,

X!

0.2

0.1

0.0(

-0.1

Fig.9 Analysed results of hydrodynamic forces
(X", Y and N) in oblique motion
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ICHIBREEE ST (XFr) THY
Xc=1/2-p-Lpp-d
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Xr=—1/2+0"Lop-d-Ch|u| - u
Xsr 1 RIEFHIEHE

Yc=—1/2-p-fCD-|v+x-r}-(v-&-‘x-r)'d‘dx

Nc=—1/2-,0-an-|11+:0-r|-(v+x-r)~x-a’-cz’x

(26)
TERTIENTE 3,
#-T, 3447 X, Y, N BRSSER €7V TRRT
&, (25), 26)RLDRDO¥EIZKL B,
X=X+ Xio+ Xp: +H(Xc+ Xr+ Xsr)
Y=Y+ Yo+ Yo +(Y0)
N=N;+ Nyy+ Np:+(N¢) 27
BB, KEFNZLS PCC? BRRE LR, MR

020
“Loep. ¥ ' ‘
0.1+ S 4 ’Lv -
,I %c X,F >L*'
0 0_"2/‘-- — - \‘A e e -
— i /./__M\ — .
> <Z ¢

Fig. 10 Estimated results of hydrodynamic forces
(X', Y and N') in pure-turning motion
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