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Catesian coordinates  of the  point of

observation

Cartesian coodinates  of  sigularity

polntFree-stream
 velocity

Fluid density
Perturbation velocity  potential
Fluid pressure
Vapour  pressure
Cavitation number  a:=-ZPcf(pV2)

Angle of  attack  (clockwise rotation

taken as  negative)

Half chord  !ength
Half cavity  length
Half cavity  width

Upper  and  lower  2-ordinates  ef the

foil-cavity region
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z'. : Upper z-ordinate  of  the  foil

CD : Drag  coeMcient

CL : Lift coerncient

CM  : Moment  coefficient  about  the rear

       end  of  cavity  for fully cavitated  fiow

       and  the middle  point of  the chord

       for partially cavitated  fiow (clock-
       wise  moment  taken as  negative)

        L=V(l,-l,)!(l,t-l,) ,

        l=Av/ (t2'-li)f(l2-l2') ,

        e=(x-xo')lco ,

        C=(x-xo)!c ,

       xo'=(li'+l2')!2,

       xo=(ti+l2)12･  
･

                                 ,
  The  boundary-values of tv and  P in ap-

proaching the x-axis  from the upper  or  lower

half-plane are  denoted by  tv+,p+  or  tv-,P-

respectively.
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Lineralized Theory of Cavity Flow

             Introduction

 Present report  is concerned  with  the. prpb-

lem of steady  plane flew of  a                             cavltatmg

?,y.d.',oJo.ii･.w,gthk:..thg,fla,ve.,e,o,f.,tee,/jns,agiz,e,d.
velopment  of  a  theory  which  connects  

th.e

gap  between  the  theories of  partiallY                                  cavl-

                      fiows.tated and  fully cavitated

  When  we  treat a  cavity  fiow as  perfect

fluid flow, hypothetical images are  needed  for

various  cavitation  nurnbers.  In this theory,

the  idea of  relaxing  the closure  condition  of

a  cavity  is introduced. If the measured

ga.ziti.'ke,ng,th,,a?,ig,oS,thcs.d,.?s.3,gg."a.m.2t?.r;
 lift. The theory is semiempirical  and  con-

 tains  constants  or  functions to be determined

 
bYitelstedneSl;.reabeiPteorigebetnal:'

 anaiyticai  predig-

 tion for cavity  fiow of  a hydrofoil, and  it

      be possible, if experirnents  
are

 per-

 Po?ged systematically.  It is hoped that the

?j,efi;gt,.a.n,assme.?g;,,s,he,d,.:?g,;,,lig,h,2,?,".
 tion on  a  hydrofoil best fitted for cavity  

fiow

 in characteristics.

 1. Velocity Potential

   A  hydrofoil is placed  in the uniform  
fiow

 of a  perfect fiuid fi11ing an  infinite                                  space.

 The  stream  velocity  is taken  to be V. A

  sketch  of  the cavitating  hydrofoil is shown

  in Fig. 1. In linearized theory,  the analysis

                     z
     

     

     
     x

   
   

      r"-r--r'J----2C--'-r'

                Fig, 1.

is simplified  by fulfi11ing the  surface

ary  conditien  on  the x-axis  rather

an  approxirnate  neighboring  shRpe･

  So, the velocity  potential is given

t
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  ¢(x, 2)=  2;v!12,atan- 
X-,X'

 dx' 
'

         
+
 tt !i2,

'

 ., ,r 
gd9fi
 
in
 
{(x-x')'

 
+z2}

 
d

(

Xi

 li)
  In these approximations,  we  will  require

  that the  velocity  never  differs too much

  from the free-stream velocity  and  that the

  slope  of the body must  be small.  Therefore,

                            higher  we  may  neglect  squares  and                                  powers

  of  srnall  quantities. Subsequently, we  obtain

  the linearized relation  between the velocity

  potential and  the fiuid pressure

              ip -=vZ9t--p/p  a2)

  from Euler's equation  of motion.

  2. Boundary Condition

    If the median  plane of  the hydrofoil make.s

   a negative  angle  a  with  the free-stream di-

   rectien,  the cavity  should  extend  along  
a

   portion of the  upper  side  of  x-axis, The

       that the cavity  extends  along  all por-

   :iaoSnes of the suction  side  is termed  fully

   cavitated  flow. So the case  that the cavity

   extends  along  a part of  the suction  side  o.f

   the hydrofoil may  be called  partialiy cavi-

   tated flow.
     The  linearized boundary conditlon  may  be

   stated  as  follows:

     The  velocity  vector  on  the hydrofoil sur-

   iace is parallel to the  surface.  That is

 bound-
than  on

by

          ILM+ef9=V'`li%-'

          }i-m-,g/t-v-d,lili'-
 The  pressure  in the  cavity

be a  constant,  Pc. That  is

     ILII},-pv!Z9/I'=pc for

  The  condition  at  infinity is

             a¢
                   ==o.

              ex                X-ee

(2.1)

is assumed  to

l,t<x<l,' .(2.2)

(2,3)
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   (1.1) satsfies  the above  condition  (2.3).
     In order  to hold a  smooth  juncture be-

   tween  the  cavity  wall  and  the hydrofoil sur-

   face, the cavity  should  be formed so  that

   the following relationship  is fulfiIled.

                :tlr 
..,,,

 
-6･

 

'

 (2.4)

     The  condition  of  smooth  fiow at  the trail-

   ing edge  is

              (P+-P-)I..,,==O. (2,5)

     The  author  adopts  a  partly  open,  Iinea-

   rized  cavity  model  which  was  introduced by

   A. G. Fabula [1]i). That is

                  6[==t,r::=62. (2.6)

   The  open  width  62 is determined empirically.

     To  solve  the mixed  boundary value  prob-
   lem, we  must  treat two  integral equations

   simultaneously.  The  key of  the method  is

   to convert  the two  equations  into one  equa-

   tion by  elirninating  an  unknown  function

   among  two  unknown  functions.

   3. Integral Equation

     In this section,  we  will  derive an  integral

   equation  for the solution  of  the boundary-

    value  problem  given in the  above  section.

     Usirig (1,1) and  (1,2), we  have the follow-

    lng  expresslons

           , adi
      w+=::  1im -
          2-+to  Og
                      A

         =-  2.ivSli.-O., 
dx'+:tst (3.i)

           , oe
       w-=  1im -
           x--o  az
                      A

         =-  2.ivSji x-ipx,  
dx'-glxl (3,2)

           . oo

       P+=3-iE},-pVnd
              A

         
=--ElidiL-

 
P.V

 ifli
'

.,,,,
 
d.Pld.X,'dx'

 (3,3)

 1) Numbers  between  square  brackets refer  to the

literature risted at  the end  of  the  paper,

HANAOKA

                oo

     P-=J-irp,-pVr.
          A

       =E2Q--JPxVfl;[i

'

.,,,,-dx9LdxX,'dX''
 C3'4)

   If we  put

       (z+-z-)!2 =2,  (z++z-)!2=2 (3.5)
              A -
       P--P. =p,  P-+P.==p, (3.6)

 we  get the  equations

       V2/÷= - 2Tlv sli .-ip" ., dx' (3'7)

        d2 dg
       

V7.=-dx-
 (3-8)

       AA

      P=pip (3.9)

      P'-- 
-
 
2P.V

 fl; li .. ,,, rdx9!dxX,' dX' (3'10)

 frem (2.1) and  (3.1)-(3,4).

   If we  write

        2'=(z+'-z-)!2, 2:=2'+6,  (3.11)

 we  have from (3.8)

           
Tdd9i= v  

ddZ-i
 +  v  

dd.b
 . (3.12)

   We  also  put

          i/-
=

2(,Z;
'

o+
 
Z-)!2

 
=

 
2"

 
+

 
a"

 l (3.i3)

  for the convenience  of  following analysis.

   For the  case  of the fully cavitated  fiow,

  (3.13) becomes

              2'=:z-=z'+crx , (3.14)

  as  we  may  put 7==O.

   (i) Fully cavitated  flow (li=li', i2<l2')
   If we  write

         p,= 
2P.,.,V2

 gii ddi xlx,dx'  (3-is)

        P*==P+pb=p`+2p,+p,, (3.16)

                         NII-Electronic  
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we  get

    p*=F2p.V2 gi, dd.6, Ele, 
de' (3･i7)

where

    E=(x-x,r)!c,, x,r=(l,t+l,,)/2.  (3.18)

  In order  to get the selution  of  the  bound-

ary  value  problem,  we  must  solve  two  
in

tegral equations  (3.7) and  (3.17) of  two  un-

known  functions S and  do"ldx' simultaneously.

Fortunately, the analytical  solution  of  the

integral equation  of  the same  type  with  (3.17)
is known  in the field of thin-airfoil theory.

  When  we  introduce the juncture condition

(2.4), lt ls wrltten

   2ev2 i/=;VIIille Sl,Vl-+6el E'-*e 
dg''

                                  (3.19)

 If we  insert the above  result  in (3.2) in the

 place of  dg!dx, two  lntegral equatigns  (3.7)
 and  (4.17) are  converted  into an  mtegral

 equation  of  b. The  clear  expression  
will

 
be

 shown  in the following section.

   (ii) Partially cavitated  fiow (li=li', l2'<l2)

                                   flow,   In the case  of  the  partially cavitated

 it is rather  convenient  to the  analysis  t.o

 derive an  integral equation  of  d61dx than  P,

 because b is not  continuous  at  the rear  end

 of  the cayity.

   When  we  introduce Kutta's condition  (2.5),
 the  solution  ef  the integral equation  (3.7) is

 given by

   -$-2VS'iX,  gi2,Vf,'fi} /z"{df; ,.,

                                   (3.20)
                                      A

   Inserting (3.20) in (3.3) in the place  of ip,

  we  get

    pPe2 =-iVS'i:  S[IV:i-;} /z'-!df,' 
d.･
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         -  .iv  fll i2, 
rd.9Ld.X,'

 dx' (3.2i)

  As  p+=pc for li<x<l2', (3.21) is wntten  m

  the  form

   Z-S==  -iSil
'

 
@.6!d:l

 dx'

          ';VS'  
--

 
Xii

 S il
'

 V'i,'ii il- 
-{li6L'--.r-1-

 d.r

                                    (3.22)

  where

       Z=iVS'iX,,  SiiV:'f.tl 
dik!d.x,'d.,

          +iEIIi2,ft!ttttdx･ (3,23)

   (3.22) is an  integral equation  of d6/dx.

   4. Cayity Shape

    Substituting (3.15) in (3.19), we  get  the ex-

   pression of  the  cavity  shape.  To perform

   the integrations, we  use  Poincar6-Bertrand's

   formula  {2],

      fZ ,lt,, SZ -¢ikfi 
tiLd,,

    =  -.!ip(t,, t,)+ !Il :dt, ll] Z ,, -¢,(l,･,i,i li,, dt ,

                            a<tD<b  (4.1)

   and  an  integral formula

         Ii-,Vii'.f', slg, .,F.},+,,Etde'

          tTJX+1/{co(e+X)VX+1}
        =l  for x"<ll  or  l2'<x" (4,2)

          KO  for li<x"<l2',

    where  X=(xo-x")lco.

     Subsequently,  it is written  in the form

2pv2(  ddxO' + 
dik')=2pv@9--iv1+  g'1-

 g'gL,v!-e'Apdx 1+.fi' g-c'de'
 +  2pc VIIIIIIfle
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                         .2p.V2Vl!lIIi;
'+!ii,lS.21

 .l.,  i2ii:ldx'
                                              for li'<x<l2'. (4.3)
                                                                    A

When  li==ti' and  l2<l2', the thircl term  of  of  dg!dx, the  integral equation  ofP  iswritten

the right-hand  side  is equal  to zero.  dewn  as  follows:

  When  we  insert (4.3> in (3,2) in the  place

          w'=-  2.}vSli  
.i.･dx'i.}v

 V[lili6 SL,Vlifl ,-"",･ 
dE'

              --3-vVl'-l---ili!-Vl!?III:
'+!i;,l

 S.21 .l.,Vi:II:l  dx･･ (4-4)

This equatien  is fit for solving  the problem downward  are  to be omitted  
such

 
that

?XethaeboSUeiisYecCtaioVniYated 
flOW

 
aS
 
MentiOned

 
in
 

XfKit'egarnadti:2k14X.k)
 with  respect  to x  from ii

                                        to x,  we  get the expression  of  6(x) as  fol-
  We  can  also  get the lower boundary  z-  of

the cavity  by  integrating (4.4) with  respect  lows:

to x. In such  a case  the second  term  and

          ,-c.)+-,,(x).=2,(h,)+!g'-{l  :lt>i:S2COS

 V(F) Ii-,Vl'+flidEt
                         -  4iOv, IL,ln 

i-"'E'+ilt,i--ei2ViFE'2pdet+-;vco,

                         × {cos-i (-s- Jl .g2 }+ 
cosr;(

 
-e)

 [ ! il
'

 + !l:,l
                         .  I:;ix.l g.zld.r--ll-[Iiil+!li,]
                         × tan-i(V  ii,1i:l tan 

/g9tSIi;=stS

 
i(-6))

 ddx2', dx'. (4.s)

 When  li<l2', the integral between the range  the same  type as  the  integral equation  of a

 l2' and  l2 in the  last two  terrns  of  (4.5) is thin  airfoil.  So we  readily  get the solutions

                                         by applying  the results  of  the  thin airfoil
 to omitted.  We  can  calculate  the upper  .

 boundary  of  the cavity  by using  (4.5) and  theory  to the integral                                                             equatlons.

 the  relation  z+=z-+2E'+2i.  (i) Fully cavitated  flow (li=li',t2<l2')
                                                                from e to x,  we                                           Changing the yariable

 5. The Solutions of  the Integral Equations get without  dificulty, from (4.4)

   We  can  convert  the integral equations  m

                                                    A

             
d,Z.-

 -gV,f,iS'  -J}I,SDv-?  Siiv (.･.h)/(h･..t)P-vcx-k)f(i2･-x)

                             × Cl!'-x)v(i,1,-.x.rml,) dX'･ (5,1)
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the above  equation

 (1+ :- )Lf2 ==  s!  Cx-li)!(l2'-x) ,

 A(S)={dz-!dx-aL(1+:')!4}(l2'-x),

       A

 P(E)==P･(l2'-x)!(pV2)

a  Hydrofoil of Arbitrary  Shape

L=V(l,-l,)1(l,,-l,)

t2'-x  8!L2

(1+E)2+4!L2

61

co
(5.2)

we  have

      A(E)..-i  fl]L, 
.P.
 
(ti?

 dE･ .

This is the integral equation  of

type as  the thin airfoil theory. If

duce the trailing edge  condition

solution  is written  in the form
        A

       p･(l,,- c)

  
P(E)=:

 pY2

    (5.3)

the  same

we  lntro-

(2.5), the

     ::=tVli"l-  fl;L,Vill'.l 
-".
£
E.')

 dg･

                                  
(.5.4)

 We  can  evaluate  the lift distribution P on

the hydrofoil by (5.4), if the relation  be-

tween  the cavity  length and  the cavitation

number  is dietermined.

  (ii) Partially cavitated  flow (lt==li', l!'<l2)

  Putting  in (3.22)

ny2-(1+e)= (x-l,)(l,-x)

B(e)

d(e)--

=V(l,-x)(x-l,)

V(t,-x)(x-l,)

    '

-(Z-a/2)!2,

･doldx,

I=V(l,,-l,)!(l,-l,t)

l2-x 8fl2

c (1+e)2+41I:
(5.5)

we  have

       B(e)--ifl;L  ,"(-ei), de' . (s.6)

This  is also  the same  type  as  the thin  air-

foil theory.  When  we  introduce the junc-
ture condition  C2.4), the  solution  is written

  d(e)-iVllZ  SL,Vl-.gl ,BrC%} 
de･.

                                  (5,7)

We  can  evaluate  the  cavity  thickness  by

(5.7), if the  relation  between the cavity

length and  the  cavitation  number  is deter-

rnined,  Substituting the  solution  (5.7) in d2!dx
                                  A

in (3.20), we  get the lift distribution p on

the  hydrofoil.

6. CIosure Condition-I

  Referring (5.4) and  (5,7), we  see  that the

hydrofoil characteristics  depend only  upon

the relation  between the cavity  Iength and

the cavitation  number  which  is determined
by the  closure  condition,  except  for the foil-

shape.

  Experience seerns  to indicate that satis-

factory results  will  not  be expected  from

only  one  kind of  cavity  models  in the  whole

range  of  cavitation  number.  Therefore, it

would  be  better that  we  pick up  the  cavity

model  or  the closure  condition  which  con-

tains  sorne  empirical  parameters. A  partly

open  cavity  model  of  which  closure  condition

is given  by (2.6) seems  to be suitable  for

this purpose.
  For the  case  of  the fully cavitated  flow,

the  condition  is written  down  in the  form

      2,C.O , IL, Vl-. 
E,l
 fide'- 

XC,'a.

 -- 6, (6.i)

by using  (4.5). Inserting (5.4) in (6.1) in the
         A - -
place of  P and  performing  the mtegration

by referring  the integral formula, we  have
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a=-2La-Ai'  (Vl+L2
         TC

+1)-16V'2J(1+L2)

  i 1+S
× !-, 1-ff

TL3VVI+L2+1

{(1+E)(Jl+L2-1)+2} dz"

(1+E)2+4!L2 dxdE.
(6.2)

 This  equation  (6,2) gives the relationship

between the cavity  length and  the cavitation

nurnber  for the  case  of  the fully cavitated
fiow.

 For  the  case  of  the  partially cavitated

fiow, the closure  condition  is written

 ,,..!ii
'

 ,d.e 
d.--[l･!L, ,,.g<,,e.' ,!,, 

de -

 Inserting (5.7) in (6.3) in the place A

performing  the  integration by referring
integral formulas, we  have

(6.3)

andthe

a2cTa(V  1+f2  -1) 2Vll
4(1+I2)

×IL,Vl'.e,
IiV1+I2

(1+e){(1+e)IVVI+I2-1  -2VJ  1+I2  +1}

{(1+e)2+4/l2}2
dee. (6.4)

The  equation  (6.4) gives the relationship  be-
tween  the cavity  length and  the cavitation

number  for the  case  of  the  partially cavi-

tated flow.

7. Drag

 The  drag coeMcient  may  be defined as

CD=DragPV2c

 1pV2c[-IliP-
 :Zi dx+Iii

This may  be converted  in

p+ 
dix"

 dx] .

        C7.1)

CD=1pV!c

1

s(

PV2csc

-Iiip-zzi

-Ii',P S.2
 dx+Ii],p. 

ddZ.'
 dx-2I:i,p.  dd.ti d.l

dx+IIi 
O'

 
i2'p-

 ddi 
dx-2p.62l (7.2)

where  the upper  range  of  the

l2' denotes l2 for l2<l2' and  l2'integral
 l2 or

for le<l2'.
  Inserting (3.7) in (7.2) in the place of

and  (3,10) in (7.2) in the place ofi  wed2!dxhave

CD=1pV2c[  2.pl v2 I
2pV2n t2 or  tiIti

t2 A

 pdx[llJ

d2 dxdx

!2 fi
       dx'
  x-x'tl

!l: 
Or

 
`2'

 
dx-21dxX,'

 dx'-2Pc621 ' (7.3)

 The  integrants of (7.3) being antisymmet-
ric  with  respect  to x  and  x',  the first and

second  terms  of right-hand  side  of  (7.3)
vanish,  if fi and  d21dx have not  singularities

in the range  li<x<l2 or  i2'.

  According  to the  thin airfoil  theory,

verified  that the first term  vanishes,  in

of  the fact that fi has a singularity

leading edge  in general. The  second

does not  vanish,  because d21dx has  a

!t ISsplteat

 atermslgu-
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larity at  the end  of the cavity.  The  im-

proper integral can  be perforrned  by  means

of the  similar  process to the thin airfoil

theory.

  When  we  write

       dti!dx=A,(e)IVI-E +A,(e) (7.4)

where  e:=(x-xo')lcD, xo'=(li'+lt')f2,  the final

expression  of  the drag  coeMcient  is written

Past a  Hydrofoii of  Arbitrary Shape 63

  in the  form

           CD=zAD!(1)ce/c+afi2fc (7.5)

  8. Hydrofoil Characteristics

    (i) Fully cavitated  flow

    When  we  perform the integration of  (5.4),
  remembering  (5.2), the  expression  fof the

  lift distribution is written  in the forrn

       is'e",:-Vl-+/"-.-;..,V,-2iv+Li
-

+'+vi[a{(i+Exvi+L2-i)-2}

                                   +S[Lcl+E)+  
2(Vl+LL2

 
-1)

 ]]
             'xL2(&/,:px) Vii-+/=: IL,Vl!W2Tml (i+E･)i2+41L2 E-ig, ZZ.",dE'･
Integrating (8,1) along  the  chord,  we  get the expression  for the lift coeMcient

 
CL

         cL =-i-!ii-JtVT,  dx=-  
rC"(

 i([ii++Llli 
-i)

 . (.. 
a2L

 )- i6coV./V.iiic+L,L2 
-i

                        ×!L,Vl!/\, 
(Vk+,kl.nyI,i.,ti,it4,l-2

 ZzidE.

(8.1)

(8.2)

 In awe

 getsimilar

 way  as  the calculation  of  CL,

for the moment  coeficient  about  therear

 end  of  the cavity  C-f

CM==2c2iv2 ! li '(l2'FX)dV=Jgat{3iisEEi- +Cil2)2c2 {(2+L2)(crL2-a+aL)+2a+L2)3i2(cr-aL)}

-  
6.`f,Ol

 IL, Vll/77 {a+E);+41L2}i

.[-vx7vzii,:Ezli
+L2tiit.)(,t,i!f,k2+i)(i+E)!-'}--LgYLI;iillill-ill.,)

× {V 1+L2  (V 1+L2  -1)+L2(2+V1+L2  (1+:- )f2}] 
ddZ.'

 d:- . (8.3)

 If we  change  the variable  x

using  the relation  (5.2), the  slope

per boundary of the foil-cavity

expressed  in the  similar  forrn to

   dz+ aL(1  +  :')

   dx-  4

into :' by
of  tbe uP-

 reglon  ls

(5.3)

        +.(htl-.) It, E+P/tt,'tl2d:-,. (s.4)

Inserting (5.4) in (5,3) and  (8.4) in the place

of  P(E) and  performing the  integrations,  we

get  for the slopes  of  the  upper  surface  and

the IQwer surface
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器一 僵1、47 》、＋ 。，
［V7t ＋ L2 − ・｛・… ＋ E… ｝

　　　十へ／へ／1十 L2 十1｛σ」L（1十 三「）！2− 2α ｝ユー←α

　　　　　　 800　　　 S − 1　1　　1十 E ’

　　　 1　　　　　 1

　　　・
。、

、

（膕 鋸 1．、

》、一。 ’

岬 、W 聲

　　　　　　　　　　　　　　　　　　　　　　　　　　　 for　 E ＞ 1

籌一一橿1，湯 、＋。、
［V7 ・＋ ・

・ 一・｛・… ＋・・一・ ｝

　　　＋ 441 ＋ム
・

＋ 1 ｛σL （1十5 ）12＋ 2α ｝］＋ α

　　　　　。、
、篝1＿ ，

》覊ll、雁 ；
，、＋ 81 ． 、1。・

− E ＋歩．・

璽 ゴ∫
・

dx ’

（8．5）

籌d5 ’ ・ （8・6）

dz＿！dx　is　known 　for　8〈 1
，
　because　3 〈 1　cor ・

responds 　to　x く 12．

　The 　cavity 　shape 　is　obtained 　by　integrat・

ing （8．5）and （8．6）with 　respect 　to　x ．

　Substracting（8．5）　frorn（8．6）　and 　dividing

it　by　2，
　we 　have

，

島 if”．、
》4
轟 琴

1

［・1・・）（4 ・一・＋》・ ＋・・

　　　・ ｛・ ・ ＋号・V ・＋・
・
＋ 1・｝

一・・》・一・ − 4 ・ ＋・・

　　　・ ｛
α （41

圭
五 2

＋ 1L

号｝］
一

。。
・農辷5ab．’Ei

　　　・1：雁 ；
、、＋舞 1。、 ｛霧

一覇 、
副 … 〉 ・・ ・…

　、40（1）which 　is　needed 　for　 the　calculation

of　 the　 drag
，
　 is　 deduced　 from （8．7）．　 Since

lim〜
／1一ξ ＝ 2V

’
2
’
1｛L（1十 E）｝ by （5・2），　 Ao（1）

描 lt、

　　　　　　A ・（1・一

黜
・一・盛

倆
A 。（1）＝一

V1 ＋ L2

2
。卓ll、

　　　　　　　　　　　　　一

無 。罷、畜 … 8・

　　　　　from （7．4）．　 When 　 x → 12t
，

1十S → 。 。
， 4 β一1

　　　　　十 へ／E 十 3 → 245 十 1
， V

’
5十 1 − ・ノE 十 3 → 0， （E

　　　　　十 5 ’

十2×5 − 5 ・

）→ （三十 1）
2and

　へ／E − 1→
〜
／E十 1．

　　　　　　Applying 　these　characteristics 　to （8．7），　 we

　　　　　get

（
　　σ 〜

／1＋五 2
＋1

α ＋
万　　L ）

》1圭詈；，、． E ，1．、1、瀞 2 　 　 ・・…

　Inserting（8．9）in（7．5）in　the　place　of　Ao（1），

we 　get　the　expression 　Qf　the　drag　coeficient ，

（ii）　Partially　cavitated 　flow

On 　using （3．20），
　we 　have

N 工工
一Eleotronio 　Library 　
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          cL== ,},  Iliadx==-3Iii
'VZi2'

 S.6 dx-2!L,V[l,i!Ii, :zi' dc

where  C=(x-xo)/c, xo=(li+t2)/2.

 Substituting (5.7) for dSXdx in (8.10), we  get

          c,= 
Tai(Sfcii.',',')-i'

 -2IL,Vl'-i  
dd`ii'
 dc-v7i28./i+J2

               
i

 Vl-e 
(1+e){(1+e)LII(\t;)f2++411I;}?VVI+I2-1}zae.

             xs

 For the moment

middle  point of  the

65

(8.10)

-, 1+e

 coethcient

chord  CM,

(8,11)

 about  the

from a  simi-lar

 way  as  the calculation

that

  d2,
    dC
  dx

     Zde+!L,V1-c2  
ddZ)'

 d4

of  Ct, it

--g,,  Iliridx+!t,v･i.,2
-2J!L,Vlig  E,i.+,ei,i･t2tle,l
 -  4vftvl21 +I,

 {IVJ 1+I2  +1  (2m3(2) 
-m3c3)

                           zalS

 +2V./  1+I2  
-1

 (2m3(i)-M3(2))}+ 16

 × Im2(2)(2m2(2)-nzi(G))+zilt'(m!(!)-in2"))(2ni2(i)-m2(2))l .

 we  can  deduce the  expression  for the cavity  shape

al2{(1+e)2+4fl2
            {2il(1)-il(2)
  16V  1-Oi

a+e)i+4!t2i 1-e' 1+e' Z  do,.
              1+et (1+e,)2+4fJ2 e-et

follows

CM=  2}]2 Itikip4dC

 By making  use  of  (5.7),

             dd.6

                 '  2rVi-e2  !r,V
 Ao(1) is written  in the  form

            da
              vt 1-e   Ao(1)=lim
         e-i  dx

       =Vi.2,,  /i-rp, ,d.i 
Vi-e  (s.i4)

since

  1-g' -r (2!I2Xl-ex3+e)f{(1 +e)2 +41I2} .

 Substituing (8.13) in (8.14), we  get the ex-

pression  of  Ao(1).

9. Calculating Method  of  the Characteristics

   of  the Hydrofoil of  Which  Shape is Ex-

(8.12)

(8.13)

   pressed by  Polynomials  in x

 We  can  find a  simple  method  for the cal-

culation  of  the hydrofoil charaeteristics,  if

the  hydrofoil shapes  are  expressed  by poly-
nomials  of  the form

 
ddZx*

 -- 
.EM.otn'(li-X)"=

 Ii"El.otn'(-3t7+1'4)"

                               (9.1)

    =.2M.,tn-[ate.t.p!)(,C+L24)!L,ln  (9.2)

or
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 dz* m

 dx 
[=

 ii!.oanCn

   =  
.

£

M.,

 a.(  
2,CO
 )"I2- (1+t71);il 4!L2

for the fully cavitated  fiow, where

2=  (1+L2!2)!(1+L2) and

         d2' m

         dx 
==
 iii.l-, 

tn'C"+a

         d2' 1 r

         dx  
=Vl-c2

 
.E...],

 
SnC"

Tatsuro

ln (g.3).

(9.4)

(9.5)

HANAoKA

or

         d2' r

         d. 
=:

 Iii.l-,onCn (g.6)

for the partially cavitated  flow.

 (i) Fully cavitated  flow.

 In$erting (9.2) in (6.2), (8,2), (8.3), (8.9) and

(8.1) in the place  of  dz"ldx and  performing

the integrations by using  the characteristic

functions shown  in the Appendix, we  have

and

a=  -2aL-!  
fi2
 (V1+Li -1)-V'2'(1+L2)VJ1+L2  -1

       TC

  × [('vl 1+L2  
-1)

 
.2".,

 tn( 
2cC"
 )"ln9?2+2 

.ZM=,
 tn( 

2cCO
 )"m£

22,]

 ,

CL=  -rc!L2 ･(V  1+L2  -1)(a-aL!2)-n(1+L2)VV  1+L2  -1  !(VJ2'L)

              .i.i,
 ( 2cCe )"mS2?,-2 

.zM=,
 t.( 

2cCO
 )"m,c:2,] ,   ×[(V1+L2 +1) Z  tn

CM=-18L`)･[(L2+2){a(LZ-1)+aL}+2(1+L2)3'2(a-aL)]

   -4T(1+L2)2!V[  2Lv-2 
V'V1+L!  

-1
 

.g.,t.(
 
2cCO
 )"mf,?,

   -  4Lv"2'VV  
1+L!  +1  

,ii.li,
 tn( 

2,CO
 )nml,22,

   -  
LEVv-i2'JLi

 .-il3/2 ,£.,t.( 
2,Co
 )n,ns?,

   ' 
L3VVlil6L.'x'2"(11

 +(VL21)+LZ 
+2)

 
.ZM.,t"(

 IISO )'iMS!22] '

Ao(1)=-VV  1+L2  -1  IJ 1+L! ･{a+a(V1+L2  +1)!(2L)}

     -vL-2  .zM.,tn(
 
2cCO
 )"JJzs?, ,

pPi
 , =  i,,2-C"xVlili- iM.,tn( 

2,CO
 )"in(r+)i(`-)+v'2-vii+L2 VIiiii-

    ×[VV  1+L2--1  {aL(1+=M)+a}!2+V:V7=fii7iillTl +L  +1  {aL14･(1+:')-a}] .

(9.7)

(9.8)

(9.9)

(9.10)

(911)

 We  can  get the  similar  expressions  of

dz-fdx and  di+!dx in a  similar  way  as  above.

 If m  is

presslonsnotarea

 small  integer,
not  suitable  forthetheabove

 ex-

numerical
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calculation.  The  expression  (9.3) is needed  eencient  is expressed  in the  form

for this case  and,  for exarnple,  the lift co-

CL=-zlL2･(V  1+L2 -1)(a-aL12)-n(1+L2)VV1+L2  
-1

 1(V7L)

   × 1(V 1+L2  +1) 
.EM]=,

 anSSI)2-2  
.2M.,
 anSSI)21

it>--i( 
2g"
 )icI11 ff4i.-L::'gi,l,C.O&0ii'}. [2- ,,.,.ZiS{)l .,f,7l"do  

･

67

where

       s

 It is hoped that the tables of S£{'.
constructed  in future.

(9.12)

(9.13)

will  be (ii) Partially cavitated  fiow

We  know  the integral formulas

where

i!L J  i-cq,',"((, -o  dC'= bn-i+bn-2q+ 
-

 
･

 
･

 
+b,cn-2+b,gn-i

i!t, c}1'4 
dC'=hn+hn-iC+'''+hic"r'+'Sil't 

ln
 
11-+E

b"=i!L,v;l'tc, dq-S{i+(-)n}-1-:'i3,'.5t. is'.(;t. l, 
i)

h.---1 {1-(-)n}.
   rt11

C9,14)

 lnserting (9.4) and  (9.5) or (9.6) in (3.23)
in the  place of  d2'/dx and  d7fdx, and  per-

forming the  integrations by using  (9.14), we

have

  Z-ve -aVS'  i: '  VS'iXi, 
.

£
M.,

 dnC"- 121l fn4"

                            (9.15)

or

  Z=  -  atVS'  
J-
 
Xi,
 -  Vl3' iii: 

.ZM.,
 dnc"- IE. 

i,

 gnq"

2.I(Vl+I2  +1)  4

 Vl+I2 -1  1t'7fi,7[r +ii-i'+

 I2V 1+I2

     --;-in 2'i: 
.2'.,o.c"

 (g.i6)

 where

         m m

     d, =  £  tj, bj-,-,+ 2  tjt bj.,

        
S'=rk+1

 
J'=k

     fic= Z  sjbj-k-i  (9.17)

        
JL-.k+1

     gic= £  ojhj-k,  gr=O･
         j-rk+1

  Inserting (9.15) or  C9,16) in (6.4) and  (8.1!)
 in the  place of  Z, we  

･have

1+J2
 

V.v
-t2'

IJ+VI;+-I12.ZM.,d"T:D)

      
'Sr

 f. 1-:i) {9.18)
      n=O

a=-

+V-2-(V  1+l2  -1)

or
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and

   2al(V1+I2  +1)
a=-
     V1+f2 -1

  CL=
        2(1+J2) 1+l2

     +v'2Jf;Il+l2  iM=,dn7;Se)+ 2v'2"Tf1+I2

  c,=  rtaJ(V  1+I2  
-1)

 -  ncr(V  1+I!  +1)

        2(1+l2)                     1+J2

     +J7vnii+it  
.2.,dn#e'+

 2v-2'rtf2i+i2

 71Sj)==Iv'v' 1+I2 -1  (2 7"gl1'i'- 7"IE{"")-2V-,,' 1+I2 +1  (27-Ul

 Lf,j)==IVV 1+f2 -1  (2L51i+i)-LEf.+2) )-2VV  1+I2 +1  (2LXI-L,

 MEj) ==  IVV  1+l2  +1  (2 Tgl{+i)- TE{+2))+2Vvt  1+I2  .1  (2T1

 LSJ')=::IJV 1+I2  +1 (2LS?'n'i' -LS･f'n"')+2VV  1+l2 '1  (2LSf'n'-L2

  Gn=gn+2frc'1n(2!I)'on

Tga-i  (-]k,-)'il {a .Cg.', 
C,:?f/J'

ii,}. [i- (i+,.:!i22+4fi2

Lstl-i(zi,-)'![' ,,,.(2i,C,O,?,lllj,,,,, 1i- ,,.,.g!i)2,.,!,

nal(V  1+I2  -1)

  Tatsuro HANAOKA

 4 b2 1+Ja

 T  c v'1+I2  -1

   I2V  1+f2
+V7(V

 1+I2 -1)

na(Jl+f2  +l)

or

where

and

  +t
-2i\i,i-+ii'te.,d.7:o)

  I ,£.o  Gn T:i) -2  
.

£

r=D

 onL £
i)l

   m-2x

 Z  t,v'(bn+bn+i)
   n=O

   r-1

   2  fneqi)
   n=O

   mff2x

 IEI tn'(bn+bn+i)
   n=O

   [ .Z'=, Gn i;Si) 
-2

 
.Z'=,
 onZf2)

          {?- TE{+i))

             
{fn'

 
i)
 )

          
Ji)-

 :fE{+]))

             
(tsi))

]kdO
] 
ic

 In (1+cos 0) dO .

)r
)

(9.19)

(9.20)

(9,21)

(9,22)

(9.23)

If we  introduce

by

 xf,i)=i(-]ill, )nI
ptlk) and  L(.'il

      T;f,ik) =

      L  r(,'i 
)
 =

mnCj)  and  a

r

functiondefined

 o {(1+cose)2+41I2}n

are  given by

 k
.

 i.,(-2)"icCpm<r'?p l
 J2.o(-2)"tecpxy.),

 j

(1+cos e)j ln (1+cos e) do

(9.24)

(9.25)

where  kCp  denotes the binomial coethcient.

 If le is not  small  (e.g.k>5), it is better to

perform  the integration of (9.23) by rneans

of  numerical  cornputation  than  to use  (9.25).
 If it is assumed  that the hydrofoil is a

flat plate and  then  02=O,  it follows from the

above  expressions  that

      c::Iff
2

:c
ct

,lc.(vl+L2.1)]
 (9'26)

for the fully cavitated  flow and
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ffcr6I:(re".k.il.-ili`.

2

iiVi'i2 ")}  }
                                 (9.27)

for the  partially cavitated  flow.

  Geurst [3], [4], [5] solved  the similar  pro-
blem using  the technique  of  conformal  map-

ping  and  he assumed  that the cavity  is
clesed.  His results  are  as  follows:
for the fully cavitated  flow

        -a==gtanZ  
N

            2 2

                  
-na

        c,=
            sin  rf2 ･(1+sin  r12)

where

         -g-=1+cosr.cos2L
         co 2 2

and  for the partially cavitated  flow

      -f---ll-tanS'li:l:lrm'i:  )
       cL=-xa(1+  

sinlrx2
 ) j

where

             L' ==cos2Z.

             c 2

  Since

       c l2-ll L2 
,,.cos2-2L

                            2       co l2'-ll 1+L2

and

              -r  1

             
Sin

 

'2-=
 vX  1+L2

for the fully cavitated  flow and

       Lt -  
l2"ll

 ..  
I2
 =ces2Z

        C 
-

 l2-li 1+I2                            2

and

              ･r  1
             sm  

-=
                    V1+IS                 2

J(9.28)

(9.29)
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 for the  partially cavitated  flow, (9,26) and

 (9.27) agree  with  (9,28) and  (9,29) respective-

 ly.

 10. Closure Condition-II

   Since flows with  cavities  of finite length

 ,do not  exist  in the frame of  inviscid fiow

 theory, several  flow models  have been pro-

  posed  in an  attempt  to represent  accurately

  the  physical flow. As  they have the same

  boundary conditions,  except  for the closure

  condition,  the  various  theeries produce  simi-

  lar results,  regardless  of  the model  used.

  However  experirnental  results  seem  to indi-
  cate  that the use  of a  sort  of  model  is not

  physically justifiable in the whole  range  of

  cavitation  number.  Especially, the flow model

  theories  seem  to break down  for cavity

  lengths near  to foil chords.  It rather  seems

  to be realistic  and  suitable  to aid  the de-

  signer  that we  develop the theory of  which

  closure  conditions  are  selected  as  a  function

  of the  cavitation  number  to agree  with  ex-

  perirnental data.

   In this paper, the author  proposes to select

  the  cavity  open  width  fi2 to agree  with  ex-

  perimental  data.

   For the case  of a flat plate, we  have

          a l

          o  

-
 2L-4/rt･(V 1+L2  -1)o""

                  V1+Li +1
                                   (10.1)
             2L(V  1+L2  +1)-4zL26*

     colc>1,  and

      cr-  Vl+f2 
-1

                                   (10,2)

                                    6*=

for

for-O'2

  If

and

a  

-
 2f(V  1+l2  +1)-4!n(1+I2)i'

co!c<1,  frorn (6.2) and  (6.4), where

/(ccr).
 we  put

  
'6'-fFi(cD!c)･i2+feFfCil.C)]

 ao.3)

 insert it in (10.1) and  (10.2), we  get

a J1+L2 +1

a  

"
 2L(V1+L:  +1)-LEF,{2+knl(1+L

     for co!c>1*)} (10.4)
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aa V1+I2 -1

21(V  1+I2+1)-(1+I2)F,{2+feFle/(1+L*)}for
 co!c<1 (10.5)

where

and

 So

k isrelia

A,we

F,(1)

]Fb  andhave

==1,  1;l,(1)=1,

L*=V(l,-l,)f[l,'-t,L

    k denote empirical

         a l

         a  colc=i  2-h

determined by contrasting

ble experimental  data.

factors.

(10.6)

(10.6)

with

11. Numerical Exarnples

 In Fig. 2 the lengths of  the cavities

measured  by  a  few researchers  are  plotted

as  a  function of al(ao-a),  in which'  au  is the

angle  of  attack  at  zero  lift. If Fi and  Fle

take  the values  indicated in Fig. 4 and  k

takes -8,  the equations  (10.4) and  (10.5)
agree  with  the experimental  results, and

then  lift･-a curve  agrees  with  experimental

information in outline  as  shown  in Fig. 3.
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ofi2 which  is evaluated  by using  the values  of

1;h and  fth indicated in Fig. 5 is shown  in

Fig. 4.

  As the wake  thickness will  correspond  to

instability of  cavitation,  the  estimation  of

wake  width  will  be important in real  prob-
lem of  cavitation.  The  evaluated  value  of

ofi2 will  be useful  for the estimation  of  the

wake  width  of  real  flow.

  When  the hydrofoils have  camber  and

thickness, we  rnay  write,  referring  to (9.7)

       i 4Co7t

5,

and  (9.18) or  (9,19),

 a=-2crL--f!'  i' (V1+L2  l-1)+2L"(L)
           -C

                     for colc>1

      2al(Vl+l2+1)  4 ofi2 1+I2

 
a=-

 V'1+I2-1 
MT7Vl+IsJ

       2g(I)I(J 1+I2 +1)
     +  vl+IE"-1  , 

for
 
cofc<1

'

(11.1)

-1

(11.2)
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We  can  evaluate"by  the rest  terms  of  the

first and  the second  terms  in the right-hand

side  of  (9.7) and  (9,18) or  (9.19). p  is a  func-
tion of L  or  I, and  also it tends to a finite
value,  when  ce!c-1,  because it is proved,
through  the recursions  formulas, that m £i)(L)

and  7LS,jk)(L) tend to 1/Lj+iig as  L-oo.

 If we  insert cr-"  in (10,1) and  (10.2) in the

place of  a,  we  can  carry  out  the evaluation

HANAoKA

 fora  hydrofoil lwith camber  and  thickness

 by the same  way  with  the case  of a flat

 plate.
   In Fig. 6 we  show  a result  of the evalua-

 tion with  respect  to a  hydrofoil expressed

 by the  equations

     2'/c=O.04{O.3Vl-C2  +O.7Cl-(2)3/2} ,

     2,lc=:O.04(1-c2).

cofc
 1,D

O,5

                  o o.es

                                    Fig.

In the  calculation  it is assumed  that  62--O.

This hydrofoil is sirnilar  to the profile which

was  tested  by  Meijer [6]. The  theoretical

results agree  with  experirnental  data in out-
line, except  for cavity  lengths near  to foil
chord.

  In order  to know  the  tendency  of  62, much

more  experiments  are  wanted.

12. 0ther Partially Cavitated Floyv (li<ti')

  In this section  we  treat  the cavity  flow

probiem that the cavitation  occurs  at an  in-
termediate position of  a  chord.  In these
cases  we  know  three kinds as  shown  in
Fig. 7 (a), (b), (c).
  We  omit  the  detail descriptions regarding

the  case  (c), because the problem  can  be

solved  by the  same  way  with  the fully cavi-

tated fiow, if we  regard  the Iength lili' as

the chord.

  In the following analysis,  it is assumed

O.10
-

 cYcrO.15

6.

titrt.CS II..bLE
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that the location of  the .separation point li'
is already  known.

  (a) l2'<l2
  If we  write

      (1÷s)172==V(l,,-l,)!(l,-l,,)  (12.1)

we  have, from  (5.6)

       B(e)--il; fl;i ,A 
(-ei

 
)-,
 de' a2.2)

since  d61dx==O fer -1<e<s.

  Introducing a new  variable  2 defined by

            (e-s')!so==2 (12.3)

where

       (1+s)/2=s' , (1-s)!2 =so  ,

we  have

       B(2)--iSL,  ,"-(211 dA' a2.4)

where

   B(2)iB(e=s,2+s*), AE!iA(e=s,R+s*).

As  the  equation  (12,4) is the same  type with

the equation  (5.6), the problem can  be  solved

by the same  way  with  the partially cavi-

              f=V(l,,-l,,)f(l,,-l,) ,

              B'(e)=112CZ'-a!2)Cx-l!),

we  get the integral equation  of dbfdx from

(12.6)

      B'(e)--t  fll L, g'.@,'? de'. a2.g)

This is the same  type  with  the equation

(5.6). So the problem can  be solved  by the

same  way  with  the  partially cavitated  flow

shewn  in the preceding  sections,

  In order  to  simplify  the calculation  of  the

case  that  the cavitation  occurs  from the  in-

termediate  point of  the chord,  tables  of  new

characteristic  functions must  be costructed.

  Past a  Hydrofoil of  Arbitrary Shape 73

   tated flow shown  in the preceding sections.

     (b) l,,>l,

     We  may  write  l2' for the  upper  range  of

   the integral equation  (3.7), because d2!dxsFO

   for the range  l2<x<i2'. The  solution  of  the

   integral equation  is written  in the form

     32 ==#VZi.lliil[,  Si2IVfis･, fz'!df,' ,., .

                                     (12.5)

   We  must  notice  that this solution  is applied

   for the range  li<x<l2'.
                                        A

     Inserting (12.5) in (3.3) in the place of  ip,
   we  have

     ,"i2 ==-iVisif,  g:i
'

 fi2･, gzk!d.x,･ ,.,

          
-.i.

 Sli
'

 
d.Pld.X,'

 dx'. a2.6)

    If we  write

      Z'-tg.  ,, Sii
'V:l--S･,

 
dS!!d.x,'

 d.･

          +.il;.gli
'

 
di-/dxX,'

 dxt (12･7)

    and

`'-9\8,:r.(Ll
-

,,W2::

iD

 ] a2.s)

  The  actual  location of  the  separation  point
depends  on  several  physical parameters.
However, in order  to predict the location,
we  may  adopt  the rather  simple  condition

that the pressure  must  be a  minimum  in the
foil-cavity-wake region.  As  the 

'rninimum

pressure generally occurs  at  the  leading
edge  in the linearized theory,  some  con-

trivance must  be done for the prediction of

the  separation  point. The  support  of  non-

linear theory  will  be required  for the weak

point ef  the linearized theory, after  all,
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Appendix．　 Characteristic　Functions
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