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 First Order Approximation  to Three-Dimensional

Turbulent  Boundary  Layer and  Its Application

             to Model-Ship  Correlation

Ichlro TANAKA",  Member,Yoji  HIMENo",  Member

(From J.S.N.A. faPan, Vol,13S, Pec, J975)

                               Summary

   Three-dimensional turbulent boundary layer equations  are  expanded  according  to the
ordinary  perturbation methed  with  the flat plate fiow as  the  zeroth  order  solution.  The
momentum  thickness,  the  local skin  friction coeMcient  and  the  cross  flew angle  at  the wall

including the first order  term  effects  are  compared  with  the measured  values  on  a  ship

model  in acceptable  agreement.  As  applications  of  this first order  solution,  am  approximate

formula  to the  frictional iorm factor KF  is obtained  and  the  scale  effect  of  the  velocity

and  vorticlty  distribution in the boundary layer ever  ship  hulls is discussed.

1. Introduction

  To  develop the  first order  perturbation
theory  of  ship  boundarY layer problems  is
important and  useful  for understanding  the

viscous  resistance  of  ships  and  the  viscous

fiow arouncl  ship  forms. The  simplest  concept

along  this line is the Froude's idea of  the

corresponding  flat plate. But, followirig a  later
developrnent in the boundary layer theory, a

variety  of  treatments of  the  viscous  resistance

of  ships  have  been  carried  out  on  the basis
oi  this'theory, One  exarnple  would  be the
hypothesis oi  the  form  factor of  viscous  resist-

ance  and  the  approximate  theories based on  the
two-dimensionat  or  the axi-symmetrical  bound-
ary  layer equations  have been proposedii7U}.
Furthermore, recent  developments in the field
of  the three-dimensional boundary layer have
made  it possible to calculate  or  to measure

the properties of  the ship  bounclary layers.
Particularly, it is found that the cross  flow
angle  in the boundary layer plays an  important
role  in the discussion of  the stern  fiow problern,
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for this quantity would  be related  closely to
the  development  of  the stern  bilge vortices.

Up  to the present time, however,  we  have
had  neither  a  simple  approximate  forrnula nor
an  empirical  law  for the  cross  flow angle  as

well  as  the frictional resistance  on  the  basis
of  the three-dimensional turbulent  boundary
layer theory.

  The  aim  of  thls study  is to obtain  the  first
order  perturbation  solution  of  the  three-dime.n-

sional  boundary layer equations  taking the  flat

plate solution  as  the  basic term  (zeroth order)

of  the asymptotic  expansion.  As  the results

are  expressecl  in simple  forms, some  applica-

tions to the problem  of the frictional form
factor and  the model-ship  correlations  oi  the
velocity  profiles are  possible. These are  made

in the  aiter  part of  this paper.

2. First Order Perturbation Solution of

   Three-Dimensional Turbulent  Boundary

   Layer Equations

  In this chapter  the formulation of a general
integral rnethed  for solving  the three-dimen-

sional  turbulent  boundary layer equations  is
shown,  and  then  the procedure  for evaluating
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the zeroth  and  the first order  solutions  ac-

cording  to the regular  perturbation of  the
basic equations  is discussecl.

 Te  begin with,  we  take s as  the streamline

coordinate  on  the  body surface,  and  n  as  the

equi-potentiallinecoordinate.  Themomentum
integral equations  in s and  n  directions are

expressed  by eqs.  Cl) and  (2) respectively  as

follows:

il,T(U2eii) +  Uk;ilo?- +  oO.(U2ei2)+ 
U621S-

    -KleU2(o,,+o,i)-K,u2(e"-e,,)=!s･  (1)
                               p

 5:(u2e,,) +  sOs-(uZe,,)-2K, u2o,,

   -Kh  U2(en-On-6i)= L' (2)
                     p

where  U  represents  the  outer  edge  velocity

of  the  layer, T,  and  T.  the sand  n  components

of  the skin  friction stress  respectively,  and  p

the  density of  the  fiuid. We  take  u  and  v

as  the  velocity  components  in the  s and  n

directions, and  C as  the normal  to the hull

surface.  The  various  boundary  layer thick-

nesses  ai, b2, eiz and  so  on,  are  defined by:

  6, :=  I: (1- 
-"u-)dC

 , fi,=!: 
-
 
-u"
 
-dC

 ell -:I:  z(i- 
-u.)dc

 ,

                                   (3)
e,,-!: (i- Z)-b-dC ,

 em=i:  --"utdc,  e,,=i:  
-
 b2, dc

In eqs.  (1) and  (2), Kl  represents  the  eon-

vergence  rate  oi  the streamline  and  K}  the

geodesic  curvature  which  takes the following

form  in the  streamline  coodinates:

                  1 aU
              

Kh
 
=::u

 a. (4)

In integral methods  an  auxiliary  equation  and

a  skin  friction law  are  usually  needed.  For
simplicity  we  employ  here a  general iorm of

the auxiliary  equations  for two-dimensional

flow proposed  by Granyille`':

YQji HIMENo

       oddH, []-MS-  
ddg--NpTi,

 
'(s)

whereecan  be read  as  0n and  E  as  SVen.

The  coeMcients  M  and  N  are  the  functions

of  H, although  they are  still' weakly  dependent
on  Re  (=' Ue!v). As  M  takes almost  the same

value  for various  formulas, we  adopt  here the
following form  which  can  be derived from

the two-dimensional  energy  integral equation.

           M=H(lf-1)(3H-1)  (6)

On  the  other  hand  the  coeficient  Nmay  take

a  variety  of  forms and  values  as  is well

known. Considering that  it is suMcient  for

our  present purpose  to obtain  the  value  N

near  the  flat plate fiow condition,  and  also

that  the  various  formulas  show  similar  tend-

ency  in Rotta's diagramGi, we  can  assume  the

following expression  for N, taking  account

of  the  equilibrium  condition  AT=]0 for the flat

plate flow (H:=ll6) and  N->oo for the separat-

ing flow (H==Hk.p)-

                  H-Hh
             N=a                                   (7)
                  4ep-ll

The  coeficient a  can  be determined by the

experirnental  data for the equilibrium  fiow.

In the  present case, substituting  a Clauser's
data (H==1.48 for 6ilT,･`ipfds==2, whereP  is

the pressure) into eq.  (7) with  HL==1.3 and

Hkep--2.0, we  obtain  a==9.54.  The  value  N
thus  obtained  becomes  close  to the  value  ob-

tained  by Buri, Hudimoto or Head's formula

in Rotta's diagram.
  For  the  skin'frlction  law in s direction we

can  ernploy  Ludwieg-Tillmagn's formula:

 b-Tu-S,=ev(H)(Lle!v)-" 
,

 
a=o.123 × lo-o

 
67sH

 
,l

                   n--O.268  J

                                   (8)

The  velocity  profile is assumed  to obey  the
Mager's  model:

   g=(-ii-)", 
v=-u(1-

 S) tanP,1  (g)

   T.=Ts  tan  i3 J

'

NII-Electronic  



The Society of Naval Architects of Japan

NII-Electronic Library Service

The  Society  ofNaval  Architects  of  Japan

  First Orcler Approximation  to Three-Dimensional

where  h represents  the boundary layer thick-
ness  and  P the cross  flew angle  at  the wall.

Then  the thicknesses 02, ei2 and  e2i are  propor-

tional to tanP  and  e:2 to tan2P.

  Now  we  preceed to the perturbation expan-

sion  of  these equations.  We  can  assume  that
the  terrns  contalning  P, Kl, and  Kh, which

represent  the  three-dimensional  nature  of  the

boundary Iayer, are  of  small  order.  The  devia-
tion of  the  velocity  U  from  the  uniform  ve-

locity Uh, and  therefore  the  pressure gradient,
is also  small,  so  that  U  can  be expanded  in
the  form:

             U=  ca+U,+･･･ (10)

The  regular  asymptotic  expansion  of  the varl-

ables  e, H  and  the friction coeMcient  cr  may

be expressed  in the same  form as  above:

    
o==e,+e,+t-･,

 ll=Hh+M+･･->

    Cf==Cfo+cf,+･･･,  cf=2ptT/,  ) (11)

The  zeroth  order  equations  of  these  expan-

sions  applied  to the  basic equations  are:
             '

 ili/i"-=-g2tg, 
ddHth=o',

 cf,=2a(Hh)(u6e,iv)7n

                                   (12)

The  so]ution  of  this equation  represents  the

flat plate  flow:

ili Z02".=.scfi,ib'LS7='2i31.U.hat"+'ill:'u' b

'

 s/.}-"'`"'i'l

                                   (13)

We  can  further derive the  frictional resistance

coeMcient  Cff,･ analogous  to the  Prandtl's
formula:

  CFo ==2  
es-O-
 =  cf,(n+1)  =const.  × ( -Uv6. 

s.)const･

                                   (14)

 Now  let us  obtain  the  first order  perturba-
tlon  equations  considering  that  all of  the  terms

containing  fi, K,  Kb  and  the  pressure gradient
are  the first order  small  quantities. The  first
order  perturbation  terms  of  the expansion  of

the momentum  equation  (1) in sdirection  can

Turbulent  Boundary  Layer and  Its Application 3

be written  in the form:

                      OUI       2OOi                             20012

      
Uh

 
rsg'+qeo(ca+2)

 o, 
+Ub  

-o-.-
         '

                
-Ke,u,2=

 
Ci[162

 (ls)

Similarly eq.  (2) in n  direction is expanded

as

         OO21                          cfo

         
-og'+KLOo(Ho+1)==P

 2 
(16)

where  the  cross  momentum  thickriess e2i is
derived from  substituting  the velocity  profile

law into eq.  (3) as  follows:

                          -2

    
e,,

 
=fie-2(H)

 , 
A(H)=

 (H=1×

-H-
 ;2i (17)

The  first order  term  of  the thickness e2i ls
determined by replacing  H  and  0 by  Hli and
eo in the eq.  (17). The  auxiliary  equation

becomes,

                                N

e,ddH,1 =  -n4(.Eib)･ k -dd?--N'(Hb)HI  
C2'O

where,

    AJ(Hb)==o, N,(Hb)..dN
                     dH  H==ffo

The  skin  friction law  takes  the form:

  cf,=cf,I  
-O.678(ln

 10)Hi-n[Ii-n Zi

(18)

                                l (19)

 Although  these  first order  perturbation equa-
tions (15) to (19) are  linear, it is still dithcult
to obtain  an  exact･solution.  Therefore  we

try  here to find an  apprpximate  solution.

Considering the properties of  the, first order

solution,  we  can  obtain  a  solution  for the

cross  fiow angle  P from eqs.  (16) and  (17)
using  the  initial condition  P==O at  the starting

point  s=O:

 p=Ciiti6,(+Hihi･bJl ,- !l KLe,"ids, cy,==i:i(2i/iilbgb)

                                  (20)

In eq.  (20) we  can  express  ee by a  function
of  cf,,  and  further replace  cf, by CF,, i.e. the
mean  value  of  cf,.  Then  we  have
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   p=cr2･g}.I, il Kscrids
   ai=tllb(H6+i)

   a2==l-(H6-1)(H6+1)(Hb+2)(n+1)ai
      2

If we  assume  that Hh=1.3,
crz=1.63.  When  the initial value  is 

'

P==Po at  s=so,

P,(s,!s)"i to eq.  (20) and  change  the

of  the integral to s :so.

  Next  we  consider  Hl, the deviation
value  of  the shape  factor H  from Hh,
is affectecl  mainly  by the pressure
as  is seen  in eq.(18).
history as  in the  two-dimensional

have  a  solution  for Hl:

TANAKA,

･(21)

                       then  ai  ==1.50  and

                              glven  as

            we  must  add  the clamping term
                            lower limit

                                of the

                                which

                              gradient,
                 Neglecting the  upstream

                              case,  we

          ee 1dUi                             M(ca)M=a3(Hh)of,
 uh ds 

,

 
cr3=-2dMHli)la'H'h7

                                  (22)

It is obvious  that  we  can  solve  eq.  (18) exactly,
but we  could  obtain  a  similar  expression  to

eq. (22) through  expanding  the exact  solution

and  neglecting  the higher order  terms  of  the
derivatives of  Ul. For  simplicity,  we  adopt

here the  expression  (22). The  value  of  the

coeMcient  cr3 is about  -O.166  for Hh=  1,3.
  On  the  other  hand, the  momentum  thickness

      
lpp;2.0m.

 
B=!O.283m.

 
d=O.ilern,

 
CB=O.675

Yoji HIMENO

is influenced by the upstream  condition.  From
eqs.  (15), (19) and  (22) we  can  derive the ex-

pression for ei assuming  that the effect  of  a!On
is negligible  in the average:

-Z:-cr,-l-
 il -k-ds+cr,(Hh) l !I er,?ds

    +  
is
 !: Kisds

cr4=-siJ+n'i  , crs=-Hb-2-O.339(ln  lo)cr,(,uli)
                           '

                                  (23)                 '

and  also  for cr, from  eqs.  (19), (22) and  (23).
 Thus  we  have  obtained  all the first order

perturbation solutions  of  the  boundary layer

quantities. In this solution  the  terms  of  the

increase of  the outer  edge  velocity,  the  pres-
sure  gradient, the streamline  convergence  and

the curvature  appear  explicitly,  so  that we

can  easily  acquire  a  clear  understanding  on

their effects.  Particularly, it may  be of  in-
terest that the  quantities ei, M  and  cf, are

not  affected  by the  streamline  curvature  Kh,

but, on  the  contrary,  the  cross  flow angle  P
is determined mainly  by KL.

  Now  some  comparisons  of  these  solutions

with  the  experimental  results  are  made.  For

the  experimental  data, we  quote  here the re-

sults of the model  test of  SSPA  cargo  ship

form  carried  out  by  Larsson7'. Fig. 1 shows
          '

                        6
                 R.=5.31xlO

Fgi. 1 Body  plan  and  streamlinesof  SSPAcargo  ship  model  given  by Larsson

NII-Electronic  
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the  body plan, the particulars of  the model,

thestreamlineandReynoldsnumber.  Larsson

gave  the  distributions of  pressure (Fig. 2),

the convergence  K  (Fig. 3) and  the  curvature

Kh  (Fig. 4) along  streamlines.  Using  these

values,  we  can  calculate  the  solution  by the

present method  with  the condition  that the

starting  point is at  SS8, and  zeroth  order  solu-

tions 0e and  cf, are  derived from Schoenherr's
formula for the  fiat plate, using  llh==1.3.
Figs. 5 to 7 show  the distributions of  e, cf

and  P along  the  streamlines  Nos. 3, 5 and  7

respectively,  including the  results  of  Larsson's

calculations  in which  the assumption  of  small

cross  fiow and  the entrainrnent  rate  equation

are  used.  In these figures some  infiuences
of using  the  flat plate value  at  the initial
station  appear  on  e and  cf, while  the  negative

convergence  rate  of  No.  5 streamline  causes

a  decrease in 0. 0n  the whole,  however; we

can  conclude  that the agreement  between the

present solutions  and  the  measured  values  is
fairly good  and  it is expected  that  the  dis-
crepancy  between  them  will  decrease with

the  use  of  an  appropriate  initial condition.

cmm

o.s

Fig. 7 Boundary
      streamllne

 1,e 2xlL  l.s  2.0

midshtp  
PP

 Ap

layer solutions  along  No. 7

3. Frictional Form  Factor

 As  an  application  of  the first order  ap-

proximate  solution, we  can  consider  a  simple

formula  for the  frictional form  factorf' Klil,

which  is a  part of  the form  factor KL  Sasajima

et al.S) proposed  a  theoretical formula for Kk

about  seventeen  years ago:

          K}T ==  
-"
 ! U2a,Uh2 da (24)

where  S denotes the  wetted  suriace  area  and

da is surface  area  element,  and  the integral
is taken  over  the  whole  wetted  area  of  the

hull. The  value  of  K)  of  eq.  (24) has been

considered  to be reasonable  or  sometimes

slightly  high. Here, we  compare  the  value

with  the one  deduced from the first order

approximate  solution.

 The  frictional resistance  coeMcient  CF can

be expanded  up  to the first order  srnall  terrns

in the form,

     CF =  
ps2q'

 7  !! 'sdsdn
       Ei k- ii (cf,+cfp(i+2Sl)dsdn (2s)

where  we  can  consider  that  s  and'n  axes  lie

approximately  in the longitudinal and  the

girthwise directions respectively.  Eq. (25) can
be writteri  in the  form,

    Kl, ..  
cFc-.fF-,

 
=

 cis-  ! ! c,,-2u-ha dsdn
        + c.i,s ! ! cf,dsdn  =- Kb,+  Kb, (26)

When  integrating the  first term,  we  can  re-

place  cf, in the  integrand by CF,, the  mean

valtte  of  cf,, so  that  we  obtain  the  same  ex-

pression  as  eq.  (24):

  K),i-l  !I a.en-Jdsdui" !I U2a,"2dsd.
                                  (27)

K}i, represents  only  the  infiuence of  the  ve-

locity incremen't over  the  hull.

  The  second  term  Kle,, including the  effect
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of  variation  of  cf, becornes negative  after  in-
tegrating eq.  (19) over  the hull. Here we

assume  that  the  integratioll of  Ui along  n

axis  is replaced  by  the girthwise mean  value

and  that  the  girth length b(s) at  any  station

can  be expanded  as  follows:

Turbulent  Boundary  Layer  and  Its Application 7

Table  1 Analysis  oE  frictional form factor of

       models

       
..... /

ship  name

         b(s)= bo +bi(s)+  ･ ･ ･

where

         b,=t  Ii b(s)ds= i ,

and  L  is the  shlp  Iength. Then  the

gence Kl  becomes  approximately

         Kl=LL!J gb.#--L .4. b,
               b ds                       bo                          ds

We  can  finally obtain  the expression

in the  form

Klp,-o･2ogKh,+O'`s53 I! U2age1
     +o.164(IIIi,),z.mo･g6a!(b-i

(28)

conver-

cfiRn

 × 10-6

I<Fi, present cal.

KF2, present  cal.

1+Kp,presentcal.

1+Kir,  exact  cal,

1 +  Kip, experiment
1+K,  experiment

   
'-""1

L. Ashton

 O.685

 4.53-O.OOI-O.122

 O.878

 1.058
 1.006

 1.071

Ser.60IM.O,gE ii Mi67

 O.700

 1.30

 O.040-O.070

 O.970

 1.056

 1.097

(29)

for Kb,

                            ln(i)dsdn

                             )in(£)ds
                                   (30)

The  third  term  represents  the girthwise av-

erage  of  the velocity  yariation  at  the stern.

The  numerical  coeMcients  are  calculated  for
H6=1.3. (The effect  of  the Value of  Hh will

be discussed in the next  chapter.)  Thus  we

can  calculate  the  value  of  K)  through  eqs.

(26), (27) and  (30), once  the  pressure distribu-

tion on  the hull and  the  girth length variation

are  given. It may  occur  that the value  of

Ul at  the  stern  becemes  singular  in potential
fiow. In this case  it is necessary  to estimate

the value  by  extrapolating  the  upstream  values

to that station,  or  to exclude  the stern  region

in the  numerical  integration of  eq.  (30).
  Now  we  proceed to the comparison  of  the  cal-

culated  results  with  the  experimental  values.

The  used  ship  forms are  the Lucy Ashton of

BSRAS', a  parent form  of  Todd  Series 60 with

CB=O.70iO), a  tanker form M684i'} in Moor's
study  andatanker  fo[m  M167  of  SR98  in
Japani2'. The  inviscid verocity  en  the hull
was  calculated  by means  of  Hess and  Smith's
method.  Table 1 shows  the values  of  K17

:･

 O.800

 6.63

 O.064-O.050

 1.014

 1.065
 1.018

 1.362

 O.802

 3.08

 O.080-O.070

 1.elo

 1.073

 1.320

calculated  by the present theory  and  the  ex-

perimental  values  of  K)  for the  Lucy Ashton
and  the Moor's tanker form measured  by

Joubert and  MathesonZ3''i`] in a  wind  tunnel.
The  values  of  Kirom  resistance  tests are  also

giyen  in the table. Here all values  are  based
on  the Schoenherr's line, and  the term  

"exact

cal."  means  the values  calculated  by means

of an  exact  integral method  deve]oped recently
by  the  authorst5'.  

-

  The  values  of  Kiff of  the present first order
theory are  smaller  than  the values  of  Kk, in
all cases,  being almost  zero  or  negative.  This
sltuation  will  not  change  if theviscous  modi-

fication is applied  to the  potential flow velocity

distribution at  the stern.  The  experimental

value  of  the  tanker  ferm  M684  agrees  well

with  the values  by the present theory while

the experimental  value  of  the Lucy Ashton
is.very small  compared  with  the  present cal-
culation,  Furthermore,  considering  the  fact

that, in an  experiment  conducted  at  Osaka
University'6', the  frictional resistance  coef-

ficient obtained  through  subtracting  the pres-
sure  resistance  coeMcient  from  the  total re-

sistance  coerncient  was  smal]er  than  the

Schoenherr's line, and  also  that Namlmatsu
et al.i7] obtained  similar  results,  we  may  safe]y

conclude  that  Kb  is very  small  eyen  in tanker
forms  and  the  values  of  the  first order  theory

is probably reasonable.

  On  the other  hand, the values  of  the 
"exact

calculation"  are  nearly  the same  in all cases
although  slight  increase with  CB is noticed.
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To  inquire into the validity  of  these values

we  have  to discuss the distribution ef  the skin

friction but the  detailed discussion will  be
left to another  paper  by  authorsi5).  Here  we

only  point out  that the author's  exact  selution
                                -t
shows  slightly  higher values  of the skin  fric-
tion  than  the  measured  ones  at  the stern  by

a  few  percent in the  value  of  1+K  which  is

probably caused  by the  auxiliary  equation  used

in the 
"exact

 method".  In the  present theory

we  use  a  different forrn of  the  auxiliary  equa-

tion, therefore  correspondency  between  two

methods  is not  necessarily  complete.

4. Scale Effect

  We  can  discuss the  scale  effects  of  the

boundary layer parameters  and  the viscous

flow at  the stern  considering  the  characterls-

tics of  the first order  perturbation  solution

obtained  above.  In the first place  it is con-

cluded  that'the  quantities fi, H; 0i!eo ancl

cfYcf,  are  not  affected  by the change  of the

ship  scale  4nd KIF is independent of Reynolds
nurnber  R.. This is clear  from  simple  in-

spection  into the nature  of  the  zeroth  order

solution,  i.e. Hh:=const. and  ,0o!Locc.f,ocCp,,

shown  in eqs.  (12), (13) and  (14). These con-

clusions  are  probably true  provided that  the

variation  of  R.  is not  large. In the  ship

problem,  however, we  need  to consider  cor-

relation  problems  with  more  wicler  range  of

R., hence  we  can  not  assume  Hh=:const. any

more.  With the variation  of  R. from model

to ship, the  value  of  Hh changes  frem about

1.4 te 1.1. Therefore the  quantity such  as

H-1  in eq.  (17) sttffers from the direct in-.
fluence of  the variation  of  H6, while  H+2  in

the rnornentum  integral equation  does not  vary

rnuch.  To  exactly  discuss the scale  effect

including the  variation  of  H6, we  need  to

proceed to the second  order  solution,  but this
remains  to be solved.  Here we  consider  the

scale  effect  by investigating the change  caused

by the variation  of  ]Uli  within  the  first orcler

solution.

  At  the beginning let us  consider  the  cross

fiow angle  P. From  eq. (21), the coeMcient

a2  is affected  by Eh  variation,  but the  value

cri does not  change  much  with  R.. We  can

express  ai  and  cr2 as  functions of  Cp, with

the aid  of  Schoenherr's formula and  Ludwieg-

Tillmann's law as  shown  in Fig. 8, i.e.

      crii71+150CF,,  a2!:i535CF,  (31)

Hence  P is almost  proportional to CF,. In Fig.

9 we  show  the calculated  results  of  the girth-

wise  distribution of  P at  SSI!2 of  the model

M167  by the exact  integral methodi5).  In the
figure we  plot also  the estimated  curves  og  P
at  high R.  irom the value  at  a  low R. assum-

ing that fiocCp,. These curves  do not  differ

2.e
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much  from the exact  values,  although,  to be
more  exact,  we  notice  that PocCOp':--Ci.':.
Hence,  for practical purposes, we  can  consider

p oc  CFe'

  To  study  the effect  of  scale on  other  quanti-
tles, the auxiliary  equations  (5), (6) and  (7)
should  be valid  for all R.. Though  thecoef-

ficient M  in eq. (6) may  be independent  of

R., the scale  effect  of  the coeficent  Nin  eq.

(7) is diMcult to assess  because ef  the non-

uniqueness  of  its value  when  determined from
the  experimental  clata. Thus  the s¢ ale  effect

of  171 is unknown  for it contains  Mf(dlV7dHb).
The  scale effect of  cf,lcf, and  the part of  Klr
which  is influenced by pressure  gradient are
both unclear  because they contain  Hl. On
the  other  hand, ei!eo does not  depend  on  R.
variation.

  Next Iet us  dis¢ uss  the  velo ¢ ity profiles.

In s direction, we  have alreacly assumed  the

power  law in eq.  (9):

 
.1,,.(-S.)M,

 b.,Hi/;l-+,i),, .=H' Eii (,,)

Within the  first order  approximation  and  for

geometrica!ly similar  ship  forms, eoc aeoc CF,L,
and  also  fifLocVCff, since  (H-1)!ffocVZ£f[, (if
the logarithmic velocity  profile is assumed,  we

have alLocCep':5). The  parameter  nz, however,
clecreases with  R.  so  that the value  ef  "IU

increases at  the correspondlng  point of  CIO.
Therefore, taking  account  oi･beth  effects,  we

rnay  safe!y  consider  that fifLocCF, wlth  con-

stant  m  for both the  rnodel  and  the actual

ship  condition.  This result  is the  same  as

the  one  by  Sasajima  et al.iS' on  the  contrac-

tion law  for velocity  profile.

  For the crosswise  velocity  vlU,  the  similar

contraction  law  in the ratio  of  CFe holds for
the  corresponding  points between  the  rnodel

and  the  ship.  However  in this case  it should

be noted  that the value  of  the  velocity  vfU

will  also  decrease by the  ratio  of CF, because

Poc CF, as  shown  in the  preceeding paragraph.

  The  velocities  (u, v)  can  be transformed  into
(Vle, Illa, Vle), the  components  in the  directions
of  the body  coordinates  (x,y,2), where  x  is
in longitudinal direction, and  y and  z  lie in

Turbulent  Boundary  Layer  and  Its Applieatien9

the cross  sectional  plane of  the ship. Then
we  have

  vle ..  v(g)  cos  (n, x)+u(g)  cos  (s, x) (33)

Because the  first term  can  be neglected,  we

have

            K  iru(i' )cos (s, x) (34)

Thus  the contraction  law  for L  is the same

for u. This is approximately  supported  by
the  experirnental  data of  SRI07i9] and  by
Namimatsu  and  others20].

 Next, in y  and  z directions we  have

L==v(-S-) cos  (n, y)+u(  S ) cos(s,  y)

L=v(-S-) cos  (n, a) +u(-S-) cos  (s, 2)
(35)

where  the figst and  the second  terms  are  of  the
same  order  and  can  not  be neglected.  Further
the scale  effects of  the  velocities  u  and  v  are

different from  each  other,  so  that we  can  not

contract  sirnultaneously  both values  ef  Vb and

IL in the same  ratio  in C direction. Noting
that u  remains  at  the  outer  edge  of the bound-
ary  layer whlle  v vanishes  there,  we  can

separate  the  velocity  compQnents  into two

parts: one  is the part of  Vle (or V}) which

remains  at  the  outer  edge  of  the  layer and
is proportional to u  distribution. This part
obeys  the  same  contraction  law as  u.  The
other  part  is the rest  which  corresponds  to
v  component.  Namimatsu  et al.20) measured

the flow angles  L/Vle(=PH) and  VleIV}(= Pv)
as  shown  in Fig. 10. In this case,  the devia-
tions from the edge  values  may  be regarded

as  the distribution of  vlu,  hence the contrac-
tion in the  ratio  of  Cff, both in the normal

direction to the hull and  in the value  of  vfu  is
necessary.  Fig. 10 contains  also  the estimated

values  by the Namimatsu's method  of con-

traction taking account  of  only  the  y  direc-
tion  (i.e. approximately  4 direction), which

seems  to show  the  existence  of  some  error

near  the  wall.  Hence it will  be realized  that

the  second  contraction  in v  is needed  for Pv,
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the cross  flow angle  in this case.  On  the

contrary,  for the value  of  Pff, which  cor-

responds  to the normal  flow angle  to the wall

in this case,  the present contraction  method

seems  not  to be valid.  This point should  be

stuclied  in detail iri the future. Here we  only

point out,  on  the  basis of  the  boundary layer
approximation,  that  the  streamwise  and  the

erosswise  velocities  obey  different laws  ior the

scale  effect.

  As  an  extension  of  the contraction  law of

the  velocity  profiles, we  can  discuss the scale

effect  of  the longitudinal (bilge) vQrtices  at

the stern  from the  standpoint  of  the bound-
ary  layer theory.  For this purpose  it will be
necessary  to provide an  evidence  that  it is

possible  to deal with  the bilge vortex  as  a

type of  the  cross  flow in the boundary layer,
but this is not  possible now.  Instead, we  only

point  out  the  fo]lowing two  facts. i) The  bilge
vortex  lies actually  inside the  boundary layer.
ii) The  boundary  layer approximation  has been

applied  successfully  to the analysis  of  the wing

tip vortex.  Anyway  we  can  express  the Ion-

gitudinal  vortex  flow by  the vortieity  o.,  the

axis  of  which  is in x  direction. From  eq.  (35)
we  have

..-AgZ  +Bk'  -A･  ueA(-S-)+BgA (f)
                                  (36)

where  the  first term  of  the right  hand side

represents  the  component  of  the cross  flow,
and  the second  term  the component  of  the

main  flow. The  coeficients  A  and  Bdepend

selely  on  the ship  form  and  the  locatlon, hence

they  are  not  affected  by the scale. Near  the

stern  the two  terrns in eq.  (36) become  oi  the
same  order  of  magnitude.  Considering that
61LocCF,  land fiocCF,, the  value  of  (v. grews
with  decreasing CF, on  account  of  the  second

term,  because Afl and  Elf2 have the same  sign

in the  case  when  the  bilge vortices  exist.

Further, the ratio  of  the  first term  to the

second  is not  uniform  in 
'the

 girth direction.
Besides, the  second  term  is influenced by  the

fiow angle  at  the  outer  edge  ef  the layer which
might  alter  between  the  model  and  the ship

clue to the effect  of  the displacement thickness.

Therefore the contraction  rate  of  the magni-

tude  of  the  vorticity  w.  can  not  be simply

decided even  within  the boundary layer approx-
imation, although  the shape  of  the  vorticity

contour  of  the  
'actual

 ship  can  be roughly

estimated  by the  simple  contraction  of  the

contour  in the  model  with  the  ratio  of  Cp,,
because the  shape  of  the  vorticity  contour  is
mainly  characterized  by the first term. Finally

let us  add  a  little discussion on  the circula-

tion r, which  is given by
       '
              '

        r=Itu.dsocUL.L(A'P+B')  
.
 (3D

where  ds is the elementary  area  and  the  area

of  integration ls assumed  to be proportional
to L6. The  first term  is due to the  cross  fiow

andP  is taken  as  the mean  value  in the  sec-

tional plane.  The  second  terrn is the  projected

part along  x  axis.  (This expression  is obtained

by assuming  that l" of the longitudinal vortex

'
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         '

is approximately  treated  by excluding  the re-

gions  near  the  wall  and  near  the edge  of  the
boundary layer.) Hence the value  of  r  fpr
the ship  seems  to be smaller,than  the value

for the model,  but we  can  not  conclude  this

quantitatively due to the  variation  of  the coef-

ficients A' and  B'. 
'

5. ConelugioRs

  The  first order  perturbation solution  is ob-

tained  through  the  expansion  of  the three-
dimensional boundary  layer equations  with

the  flat plate as  the zeroth  order  solution.

The  conclusions  are;

  i) The  first order  perturbation  solutions  for
the boundary layer parameters  agree  falrly
well  with  the experirnental  data.
  ii) The  frictional form factor K)" derived
from the first order  solutions  is considerably

small  as  compared  with  the existing  formula,
but the  present value  is rather  close  to the
experimental  one.

  iii) The  cross  flow angle  P is nearly  pro-
portional to the  frictional resistance  coerncient

CF, of  the  corresponding  flat plate. To  obtain

the  cross  fiow velocity  distribution in the

actual  ship  from the model,  not  only  the  con-

traction of  the distribution in the  direction ei

,the normal  to  the  hull but also that of  the
magnitude  of  the  cross  flow velocity  in the

ratio  of  Cp, are  required.

  iv) The  shape  of  the longitudinal vorticity
component  conteur  of  the  ship  can  be obtained
by simply  contracting  the contour  in the model

in the  ratio  of  the  values  of  CF, for the  ship

and  the  model,  although  the  scale  effect of

the  magnitude  of  the vorticlty  is complicated
because of the differethce of  the  contraction

laws  between  the  main  fiow and  the cross

fiow.
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