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Summary
This paper is concerned with the righting arm and capsizing of a ship in extreme quartering waves.

The effects of wave height, wave length and heading angles of ship to waves on the righting arm

are analytically investigated for a container ship. A time domain numerical simulation program

for motions and capsizing has been used to investigate motions in a variety of wave configulations.

Numerical simulations based on a mathematical model are carried out to find out the critical situation

leading up to capsizing of a container ship in extreme quartering waves. Various phisical mechanism

that could be responsible for capsize are pointed out by numerical experiments.

1. INTRODUCTION

- Stability against capsizing?®:24:2%:2%:3%:28) 5 extreme
seas is one of the most fundamental requirements for
the safety of ship at sea. At the same time it is
one of the most complicated phenomena to investi-
gate on the basis of analytical approach because the
phenomena are concerned with extreme motion both
of ship and waves. What is the dengerous situations
leading up to capsizing of ship in extreme seas? For
this problem, several investigators carried out model

'2) and pointed out capsize modes such as,

experiments
resonant rolling mode in beam wind and waves, pure
loss of stability at wave crest amidship!?, low cycle
resonance due to parametric excitation®, broaching-
to due to successive waves'®'*!® period bifurcation
of rolling®®, surfriding phenomena %, etc.

It is a big problem to investigate what is the essen-
tial indices or mechanism to bring a ship to capsize.
As well as known, the metacentric height GM, right-
ing arm GZ and its area are the traditional indices
which, as pointed out by Paulling®, vary with respect
to the relative position of ship to waves. These indices
are hydrostatic feature for stability. In order to make
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an analytical approach to the phenomena mentioned
above, it is necessary to consider the dynamics of mo-
tion and capsizing for stability. The purpouse of this
paper is to discuss the dynamics of motion by using a
mathematical model to describe the ship motion and
capsizing.

For a mathematical model to conduct numerical
simulations, it is necessary to summarize the outline
of ship motion, hydrostatic and hydrodynamic forces
on ship. The frequency of wave encounter is low in
following to quartering seas when a ship is running
at high speed. As a result, the ship motions will be
determined largely by the hydrostatic forces includ-
ing Froude-Krylov forces which may be computed for
the exact position of ship and waves, and the contri-
bution of hydrodynamic forces will be relatively not
so much. This enables us to retreat from the diffi-
culty and necessity of determining the hydrodynamic
forces with great accuracy taking into account the ge-
ometrical variation of the immersed hull during large
amplitude motions.

According to the considerations mentioned above,
we tried to drive a mathematical model taking into
account the linearized hydrodynamic forces and non-
linear hydrostatic forces which may be computed for
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the exact immersed hull. Using this mathematical

model, we conducted numerical experiments to ana~
lyze the ship motions and capsizing in extreme guar-

L

tering seas.

2. ANALYSIS OF HYDROSTATIC STABILITY.

ointed out by Paulling®, for waves of length

A

nearly equal to the ship length the righting arm GZ

@
o]

is increased at 3 wave trough near amidships and de-
creased ab & crest near amidships. The variation of
GZ in waves will affect the roll motion of the ship
and play an important role in exireme motion and
capsizing.

According to the coordinate system, the GZ*" tak-
ing into account the exact position of ship and waves

is given by

I ) .

W GZ »—pgj;’ {Yu( €08 ¢ — Zapy sin g A(x)ds
/L

¢
—pgsin Xj; (25(x) CO8 & -+ Yn(x) 8in &)

yel .
sin(k (2) sin x) (1)
wak 2 e~ k{la+d()}
 B(z) .
& sin y

xA(z)sink(fq + zcosy — ct)dz

where p is density of water, g acceleration of grav-
ity, ¢ phase speed of wave, ¢ time, B(z) ship breadth
at draft, A(z) submerged area, yp(;) and zp(,) are
gravity center of submerged area. The first term of
right side in Eq.(1) is stability of hydrostatic pressure
gradient pg and the second term is stability by lateral
force of heading angle v of ship to wave.

In order to analyze the relationships between the

GZ and the effect of following items:

Effects of wave length to ship length ratio
ML

Effects of wave height to length ratio /A
Effects of heading angle % of ship to wave
Dynamical stability for the relative posi-

tion of ship to wave

‘We used a container ship as shown in Fig.l. Fig.2
shows GZ curves of designed GM, J.G regulation at
C=1 and IMO A.562 at C=1'
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Fig.2  G7Z curves in still water

Effects of wave length to ship length ratio A/L
The righting arm GZ is remarkably reduced when

the crest of a wave is about amidships and increased
when the trough of & wave i about amidships. Such
variations of GZ in & wave are related to the relative
position of ship to waves and the wave length to ship
length ratio. Fig.3 shows the variation of GZ with
respect to the relative position &5/ of ship to waves
and the wave length to ship length ratic A/L. In
this figure, £5/X is equal to 0 at the trough, 0.25 at
the up slope, 0.5 at the crest and 0.75 at the down
siope amidships. The variation is smaller for larger
wave length at constant wave height. The maximum
variation comes in the same length as ship.

Effects of wave height to length ratio H/A
Fig.4 indicates the variations of GZ with respect to

the wave height at constant wave length equal to the
ship length. The variation is proportional to the wave
height.
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GZ(m) Effects of heading angle ¢ of ship to wave
an=s-07 ¥ig.5 indicates the variations of GZ with respect
AL=a N o to the heading angle x. The effect of heading angles
Séﬁ%%ﬁr _’ % on the GZ can be significant and the GZ in beam sea
C 0N A e condition is about the same as that in still water. But
LN GM=0.91(m) the GZ is smaller for smaller heading angles and the
- g:g(;;(i)) smallest one is that in a following sea.
~ &:/A=0.25
) 0.7 Dynamical stability for the relative position
W of ship to waves
. GZ(m) "The righting arm GZ vary with the relative posi-
’ A/L=§ . o 7 tion of ship to waves, heading angles, wave height and
'[ i; t:f\ M length. Accordingly t.hé dynamical st.a.bility vary with
AN - | e v the parameters mentioned above. Figs.6 and 7 show
-60° 0 60 -§0° 0 . 60 the variation of dynamic stability with respect to the
f o “GM= 091("‘) GM=0.91(m) relative position of ship to waves. In this case, the
; - z =0(deg). | | . x»—O(deg) . et g - L
! H=5. 23(m) : , H $.23(m) - dynamical stability is the area of GZ at the vanishing
Ll _0-570/‘\:05' f _0570/1=0-75 angles of stability for A/L = 1.0 and A/L = 1.5.
M. W o
e O w p A E=W GZ(¢)do (2)
0
Fig.3  Variation of stability curves due to The dynamic stability takes the smallest one near

the ratio of wave length to ship length wave crest and the largest one near wave trough. And

then the dynamical stability is seen to be closely re-
lated to the capsize of ship in extreme following and
quartering seas.
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Fig.4  Variation of stability curves due Fig.5  Variation of stability curves due to

the ratio of wave height to length heading angle of ship to waves
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Fig.6  Variation of stability curves due to the relative position of ship to waves

F(wave) /E(still)

2=0(deg) - ‘  x=30(deg) z=60(deg)
3 [\ GM=0. 91(m), .k IIS(M)/ =0.91(m), A= 115( ) GM=0.91(m), A= 115(m)
N UH/A=1/22° N CH/A=1/22 J/ H/A=1/22" " —
2\ “H/A=1/40 H/A=1/40 H/A=1/40 /’

Y H/A=1/80 \ H/A=1/80 N\ H/A=1/80 4

0 0.2 0.4 0.6 0.8&/) 0 0.2 0.4 0.6 0.85,/A 0 0.2 0.4 0.6 0.85&/A
Fig.7  Variation of stability curves due to the relative position of ship to waves
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3. A MATHEMATICAL MODEL FOR NUMERI-
CAL EXPERIMENTS

We used the equations of motion with respect to a
new coordinate system called Horizontal body axes'**®)
which have rotation about 2’ axis and no rotation
about 2’ and y’ axes but a ship is able to rotate about
#' and y axes as shown in Fig.8. The use of Horizon-
tal body axes are reasonably simple and convenient

for representing manoeuvring motion with large roll

angles in horizontal plane and seakeeping motion with
large roll angles in vertical plane, because horizontal ¥ &a Wzow
and vertical forces on ship automatically include the ¢ zw
effects' of large heel and roll an.gles. Accorc.img to this . 7a /ZQ\:A SN oy -
coordinate system, the equations of motion are de- e T~y 7
rived in the following forms. L\j&[ \_/
zow),
’ z.W
¢

Fig.8  Coordinate systems
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Translational Motions And Forces

(m+mg)U — (m+my)V¢ + X, sz;
+mgz +m, (0
= T(1—1)~ R+ X}, (Co, 6,0, 9)
—(1 —tz)Fysiné
(m+my)V + YoV + myzey) + (m+my)Uy
—~Y¢' @D - myzG¢§
= Y2 (C6,6,0,%) + Yo r (9, i)
—(1+ ay)Fycosé
(m+m.)o+ 2 (o~ 26 + 2,6
+746 — myz(;éz
= Zpx (C6, 6.0, 9) + Zop (Cw, Cu)
+my (3)

Rotational Motions And Moments

—mszU’t/) —myzeV

(T + Tow)0 3
— (Yo V — Y4 )zo
= p.x,(CGj¢,9,¢)+(1+aH)hRFN cos §
(Iyy + Jy)0 + M6 — Myb — M lo = M, (o
+maz26U + (Ing + Juz )b %
= M, (Ce 8,0,%) + Mp r. (S, Cu)
(L + 12200 + (N, +myzoU) + myzgV
ANV~ (Log + Joa)0 ¢ — myzoUd
= Niw(C6,6,0,9) + Np r (th, i)
+(1+an)lpFycosé 4)

where m is the mass of ship, m,, my and m, the
added mass with respect to the z, y and z axes direc-
tions, Iy, Iy, and I,, the moments of inertia about
z, y and z axes, Jy;, Jyy and J,, the added mo-
ments of inertia, ¢ and zg the displacement of added
mass center with respect to the origin of the coordi-
nate system fixed in the center of gravity of the ship,
U, V and W the velocities along the ', 3 and 2/
axes, and 43, 6 and 1,/) the angular velocities about
the x’, T the thrust of propeller, ¢
the thrust deduction, and R ship resistance, Zi
Ziy Zy Ze, My, My, MCG and Méc the hydro-

P M . o " M 4 22)
dynamic coeflicients for seakeeping motion”, Xyy

7 / -
y and z’ axes,

)
Yv,Y;, Ny and ,N;” are the hydrodynamic deriva-
tives for manoeuvring motion, K the damping co-
efficient of rolling®, t, correction factor of resis-
tance due to steering, a,, coefficient of interaction

of rudder normal force on side force, ay coefficient

13

of interaction of rudder force on yaw moment, g
horizontal distance between rudder and C.G. of the
ship, Fy normal force on rudder®, Xf ., Yk
and Zp. - Froude-Krylov forces?), Kp g, Mg g and
N i Froude-Krylov moments*® | Yp p . Zp p and

Mp r , Npr the diffraction forces and moments? .

Hydrodynamic Coefficients for Seakeeping

and Manoeuvring Motions

Zéc; = /j;Nz(J'f
Z; = f m,(z)z dz
L
Z = N.(z)x da + (m, — m,)U
2y = U / N (z)dx
My = [ eyt da (5)
My = U/ N.(z)z dx
JL
MCG = Mple
MéG e / N.(z) dz + (m, — m,)U
L
I{& = zae(Ix;c + sz-)[l -+ 08(]_ — e—lOFn)]
1 7 /2d B
Yo o= geldU| 3 <L>+1‘4CBZ]
1 2d
N, = 2pL du ( L)
1 29 (6)
P o T
Y, = QpLdUh(L”
= el

where N, () is the wave damping coefficient of Lewis
form section®?, m,(2) the added mass of Lewis form
section, 7, B and d the ship length, breadth and draft,

C's the block coefficient of ship.

Rudder Force
1 .
Fy = —Q-pARfaU,‘isin Qp )

where Ap is the rudder area, Ur and ap effective
inflow velocity and angle to rudder, f, normal force

coeflicient of rudder force, § rudder angle.

Froude-Krylov Forces and Moments

Npx(Ca.0.0,0) = —pgcos x
/ F(x)A(x)sink(€g + zcos x — ct)dr
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/.F}”.K(g(;)®1 97 Q/) = pPyg s1n X

X / F(a)A(x)sin k(éq + zcos x — ct)dr
L

.
75 k(6 9,0,v) = —pg i A(z)dz
/L

Is
—pg jpﬂ FzyA(z)cosk(€g + x cos x — ct)dx
L
Kpx(Ca,0,0,4) =
P9 f(ya(x) cos (é — ZB(x) s1n qﬁ)A(’(‘)d;{*
JL
P

= pg sin y jj (ZB(x) COS G + Yn(x) 8ID O)
JL
< F(x)A(z)sin k(g -+ wcos x — ct)de
f

Mg x((a,¢,0,4) = pg jj wA(x)dx
L

+pg if rF(2)A(z) cos k{é¢ + x cos x — ci)da
JL
arl d ~ :
IV_i‘"_K(éGl ¢v 91 Q/)) - }Og S0 X
- .
X j zF(z)A(z)sink(Ee + zcos x — ct)dz (8)
L
where A(z) is the instantaneously immersed area of
ship section, &g the relative position of ship to waves,
x the heading angle of ship to wave, ¢ the phase veloc-
ity of waves, yp(., and zg(, the center of buoyancy,
{w and 7, are the velocities of orbital motion with
respect to y and z axes, (,, a sinusoidal wave at any

time and at the position z,y, and z written as

(;w =

—(g -+ x0 4+ acosk|fq + xcosy (©)
—(ycos ¢ — zsin ¢)sin x — ci] )
and F(z) coefficient of pressure gradient of waves given

as

., Bz
sin(k -~\2~9§->- sin x )

B(xz)

PN

F(z) = ak ¢~ Fla+d(=)} (10)

i
®

sin x

Diffraction Forces and Moments

Yh p (M, hw) = gsinx / my (@) f'(x) sin k(€s
“+a cos x — ct)di "
esin y f Ny(2)F(x) cos k(s
A co:s; — ¢t)dx
21, ¢ (i Cw)
==y /L m, () F(x) cos k(E; + x cos x — ct)dx
+c /i N, (z)F(x)sink(&s + x cos x — ct)dx
Mp  (Gu-Cu)
=4 /] m () F(x)x cos k(€. + = cos y — ct)de

—c / N () F(z)zsink({; + x cos x — ct)dz
JL

NL o (M, The) = gsinx i;r my{x)F(z)zsin k(&
Jr
“+a cos x — ct)de

-

. f
+esiny | Ny(z)F(z)z cos k{Es
JL

sz cosy — ct)da

4. NUMERICAL EXPERIMENTS

In order to find out the critical metacentric height
and waves leading up to extreme motion and capsizing
of the container ship mentioned in the previous sec-
tion by solving the equations of coupled six degrees of
freedom, numerical experiments were conducted. For
the computation, a standard numerical procedure is
employed to integrate the equations of motion leading

to a step—by—step approximation of ship motion.

Effects of Wave to Ship Length Ratio

At first , numerical experiments in time domain

were conducted for the ship running at the heading
angles of 0, 30 and 60 degrees to waves. Fig.9 is the.
examples of the time histories of yawing, pitching and
rolling in case of GM=0.8(m) and ship—wave velocity
ratio //c=0.7. Fig.10 stands for the results of nu-
merical experiment of the critical GM leading up to
capsize against wave—ship length ratio A/L.

It is an interesting point whether the critical GM
is larger or smaller than the GM=0.92m designed to
satisfy the weather criteria A562. The ship is safe in
the critical GM smaller than designed GM. The ship
will be unsafe in the range of waves A/L = 1.25 to
1.5 having the heading angle equal to zero and in the
waves of A/L = 1.25 to 1.75 having the heading angles

equal to 30 degrees.

Effects of Wave Height to Length Ratio

Fig.11 indicates the result of numerical experiments
to find out the critical GM with respect to the wave
height to length ratio H/X. The ship will be unsafe
in the wave height larger than H/X = 1/20.

Effects of Heading Angles of Ship to Wave

Fig.12 shows the results of numerical experiments

to find out the critical GM with respect to the heading
angles of ship to waves of A/L = 1.0 and 1.5. The

ship will be safe for any heading angles in the wave
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Fig.12 Critical metacentric height leading up to capsize versus heading angle of a ship to
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Fig.13 Time histories of ship motion in following and quartering waves of A/L=1
of A/L = 1.0 but unsafe for the heading angles from The capsize is seen to be related to pure loss of
zero to 50 degrees in the wave of A/L = 1.5. stability when a crest moves amidships at the speed
nearly equal to the ship for a sufficient length of time
Effects of Ship to Wave Velocity Ratio to capsize. The wave length would be of about the

Finally, numerical experiments in time domain were  same length as the ship.
conducted for the ship running at the lower and higher
speeds. Fig.13 are the examples of the time histo- 5. CONCLUSIONS
ries of yawing, pitching and rolling. The ship will be
safe in the case of U/c = 0.2 but unsafe in the case
of U/¢ = 0.8 for the heading angles of zero and 60
degrees. Fig.14 indicates the results of numerical ex-
periment to find out the critical GM with respect to
Ule.

This paper provides an analytical approach to ship
motion and capsizing in extreme quartering seas. The
problem is divided into the effects of waves on the
hydrostatics of sway motion. First, the hydrostatic
indices, GM, GZ and E are evaluated up to taking
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Fig.14  Critical metacentric height leading up to capsize versus U/c

into account the effects of the relative position of ship
to waves, the heading angles, wave height and length.
Next,

sis of Froude—Krylov forces taking into account the

2 mathematical model is proposed on the ba-
instantaneocus free surface at each time instani and
linearized hydrodynamic forces on ship hull. Finally,
using the mathematical model, a lot of numerical ex-
periments are conducted in order to find out the ex-
treme wave and ship motion leading up to capsizing.
The results of numerical experiments are presented
and discussed for the critical metacentric height with
respect to the several parameters.

Some of the main findings are the imporiance of the
critical GM leading up to capsize in extreme quarter-
ing seas. The critical GM seams to be larger than the
GM designed to satisfy the criteria A562 in beam sea
and wind. It will be a considerable problem for the
safety of ship at sea how to determine a reasonable

GM and how to operate a ship in extreme quartering
seas. The critical GM is related to the reduction of GZ
at wave crest amidships and the reduction is largely
dependent on the Hare configuration, fres boad of 2
ship and the size of waves. So that it is an important
implication to consider the dangerous wave size on the
basis of the risk analysis.
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