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We present the gauge covariant second quantized field theory for free heterotic strings, which
is leading candidate for a unified theory of all known particles. Our action is invariant under the
semi-direct product of the super Virasoro and the Kac-Moody Es X Es or Spin(32)/Z, group. We
derive the covariant action by path integrals in the same way that Feynman originally derived the
Schrodinger equation. By adding an infinite number of auxiliary fields, we can also make the
action explicitly local.

We stress that our path integral methods can be generalized to the interacting case of splitting
strings. We expect that the complete interacting theory will be a non-linear realization of the
Virasoro and Kac-Moody algebras. Understanding the geometry behind such theories may event-
ually help in a non-perturbative formulation of the theory, in which 10 dimensional space-time is
dynamically broken down to our four dimensional universe.

§1. Introduction

The heterotic string of Gross, Harvey, Martinec and Rohm" is a promising candidate
for a finite theory which can unite gravity with the rest of the known particle interactions.
The heterotic string uses the observation that the 26 dimensional string model of Nambu-
Goto® can be reduced down to a 10 dimensional theory (which in turn can be combined to
form the superstring model of Green and Schwarz®) by compactifying the remaining 16
dimensions on the root lattice space of EsX Es or Spin(32)/Z.. The group Es X Es, in turn,
is sufficient to eliminate anomalies® and is large enough to accomodate symmetry break-

" ings which can yield a low energy theory compatible with all known particle interactions.”

Furthermore, the theory may be finite as well. Previously, supergravity® was the
most promising theory for uniting gravity with the known particle interactions. Unfortu-
nately, the O(8) supergravity action is too small to accomodate SU(3) X SU(2) X U (1)
and the theory also possesses a potential counterterm at the 7th loop level, so the theory
is unlikely to be finite.

By contrast, the closed superstring model is probably finite for purely topological
reasons. The ultraviolet divergences found in quantum gravity arise when we pinch the
propagators of the Feynman graphs and distort the topology. However, the closed string
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has an entirely new topological structure. Loop graphs defined for the closed string are
spheres with handles, which cannot be pinched in the same way to yield the usual infinities.
(Although the divergence structure of the bosonic string is known to all loop orders,” one
must still check these results for the superstring model.)

The theory, however, is only a first quantized one, i.e., we treat the location of the
string X, as a dynamical variable, rather than using a field functional ¢(X) which is
defined at the location of the string. There are several advantages to formulating the
gauge covariant second quantized field theory of strings:

(a) The theory can formally be shown to be unitary. In the first quantized theory, the
counting of diagrams is ill-defined. (In fact, the first quantized action has no interaction
terms at all; the interactions are introduced by summing over different topologies, which
must be added in by hand.) By contrast, all interaction terms are explicitly present in the
second quantized theory, so all weights are uniquely specified in a unitary theory.

(b) The theory can ultimately be used for non-perturbative calculations. For example,
geometries like Calabi-Yau are at present beyond the scope of string theories (these
geometries are obtained as solutions of the Einstein action, rather than as solutions of the
string action). Non-perturbative approaches may eventually solve the question of how a
10 dimensional universe breaks down to a four dimensional one, which, we feel, can only
be understood dynamically.

(¢c) The theory may explain the underlying geometry behind the string theory. (One
feels that, if Einstein had never written down general relativity, a field theorist would have
discovered the Einstein action perturbatively as an infinite power expansion of an interact-
ing spin two field. As a power series, however, the field theorist would completely miss
the black-hole solution, the Robertson-Walker universe, etc.,, which would only be dis-
covered by a geometer working with curvatures.) Presently, we are constructing the
covariant interactions for the theory, proceeding as field theorists, not as geometers, by
power expanding around free strings. Hopefully, we will be able to discover the underly-
ing geometry behind such a power expansion.

Years ago, we wrote down the field theory of interacting strings.¥ Unfortunately, the
theory was formulated in the light cone gauge” because we did not know how to eliminate
the ghosts of the theory covariantly. Since then, however, our understanding of the
gauges has been increased by the work of mathematicians, who have written down the
representations of Kac-Moody algebras.'® Using their results, we have been able to
formulate the gauge covariant field theory of bosonic strings' and superstrings.'?

We will employ the Kac-Moody construction in order to write down the field theory
of heterotic strings. There are a few new features of this second quantized theory which
are not manifest in the first quantized, light cone theory. First, we now have a non-trivial
coupling between the Virasoro algebra and the Kac-Moody algebra (in fact, the semi-
direct product of these two algebras). The union of the Virasoro algebra with the
Kac-Moody EsXEs algebra is crucial to the construction of the gauge covariant field
theory. Second, we find that the 10 dimensional supersymmetry of the Neveu-Schwarz-
Ramond model (which is obscure in the first quantized theory) is manifest in the second
quantized field theory (if certain matrices exist).

We want to stress the fact that this theory is gauge invariant. (If we explicitly break
this gauge invariance, then we would obtain a BRST'®-type theory.) This gauge invar-
iance may prove decisive in reformulating the model geometrically.
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~ Also, we note that we can always make this model local by adding an infinite number
of auxiliary fields. These fields simply soak up the non-local terms arising from the zeros
of the determinant of the Shapovalov matrix.

Lastly, we stress that we are using the language of path integrals because we wish
ultimately to write down the theory of interacting strings, which should be invariant under
a non-linear realization of the Virasoro and Kac-Moody algebra. This is currently under
investigation.

§ 2. Path integral derivation of covariant field theories

In our previous work, we showed how to use path integrals to write down the gauge
covariant second quantized field theory of Nambu-Goto and Green-Schwarz strings.

We will now quickly review this approach, which is based on the method used by
Feynman to extract the Schrédinger equation from the first quantized action mw?/2.'*
We will use the path integral formalism'® which has been generalized for strings.

First, we begin our discussion with the identity which establishes the link between the
first quantized and second quantized theories, which works both for propagators as well
as the interacting string:

Gij:fXXj.@Xexp[z’j:jdrfaﬂda.,f(X)]

i

= [9494'(X., 208" (X, rIex] i [L(HDX], (21

where -L(¢) is the second quantized action that we want to extract from the heterotic
string. This path integral expression represents the Green’s function for the propagation
of a string at “time” r,; and location X, to “time” z,. (When we generalize this expression
for gauge theories, we must be careful because we are manipulating quantities which
cannot be inverted.)

Second, we must rewrite the action in terms of the first order formalism (defined in
terms of X, and its canonical conjugate P.). This will allow us to make “time” slices
and then to calculate the propagation of the string from one “time” to the next slice:

Gu= [ 9xXDPexp|i [ dr [ doloX +1"Cal
- :E[ZQXkQPkexp[ifondde#(Xk”" f+1)17_n[5(cm,k)]

= [T <XP> D XD P Pl X115 T18 (Come). (2-2)

Notice that, because we are dealing with a gauge theory, the Hamiltonian is formally

equal to zero (actually, it is equal to a sum of first and second class Dirac constraints Cn).
The transition to quantum mechanics and to harmonic oscillators is now made by

noticing that we can convert a c-number expression into an operator expression:
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X0 = T1IX0= T exp{ = Xn?— iV2Xntn' +5-an" an' |05,
n=1 =1 2 2

IP>:n]iIIIPn>:nﬁlexp(—%Pn“r\/ﬁPnanT —%an*an*>l0>,

o«

PIX>=TI %exp(— iPuX)

Pexp(iPX) = — z'*é\%*exp (iPX) . (2-3)

Third, we now change the basic intermediate states of the theory. Instead of insert-
ing complete sets of string eigenstates at every “time” slice, we can equally insert
complete sets of string functionals at every slice:

1= fi$>9 p<lexn| - [ X0 (X)0(x) |,

[¢>=3(X0o)10>+ Au(Xo) ar"10> + gmalial 0>+,
(X)) =B XD,
Dp=Dp(Xo) DAu(Xo0) Dgun(Xo)-- . (2-4)

Dirac now tells us that we should apply the first class constraints directly onto the
basic eigenstates of the theory. These first class constraints are preserved as the string
evolves in “time”, so we can apply them at each slice:

{fonef"“dacmlst“m(P, X)}|¢>:0, n=1. (2+5)

This means, of course, that we must now project out the spurious states from the
theory using standard projection operator techniques. In this sense, the propagator of the
theory is generated by the delta functions over the first class constraints. The projection
operator P can be constructed in a variety of ways.'® Putting everything together, we
now integrate over the restricted Hilbert space given by P|¢>:

L($)=¢"P(id:—(Lo— o)) P . (2-6)

We have the option of eliminating the “time” derivative in the action by making a
Fourier transform. The “energy” corresponding to the “time” can then be absorbed in a
redefinition of the intercept, and in this way we simply retrieve the mass shell condition.
Although we can always eliminate the “time” derivative, we will find that the “time”
evolution of the string will be extremely valuable when we generalize our results to the
interacting case, where there are non-trivial complications due to counting problems.
(Notice that, properly speaking, our formalism is a “double time” theory. This is a
common feature of covariant string theories.)
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§ 3. The heterotic string

We will now apply these results directly to the heterotic string. Our notation will be
as follows: M will be a 26 dimensional index which contains a 10 dimensional index # and
a 16 dimensional index I. The two dimensional space will be represented by a flat index
a, while @ will represent the curved 2D index, ie., M =(x, I)=1to 26; p=1to0 10; I=1
to 16; a=1,2;a=1,2. All fermions will be 16 component real Majorana-Weyl spinors.
We take

0 11—

Y= —i0o, ')’1:01, 7700:_1, n=+1, QZ_:‘/'T')’O
and
e n®e’ =g%, e=le..

We begin by using the Neveu-Schwarz-Ramond model for the right-moving sector.
Later, we will generalize our results for the Green-Schwarz action in the right-moving
sector.

We begin our discussion by rewriting the first quantized action in the first order form,
where we have conjugate variables X, and P.. (This transition to the first order form
must be carefully checked, because in principle it is not at all obvious that the separation
into the left- and right-moving sectors will be preserved under a reparametrization.
Naively, in fact, we expect that a reparametrization will mix-up the left- and right-moving
sectors, so we will check this carefully when we go to the first order formalism.)

We begin with the action (with the NSR model'® in the right-moving sector):

I:I0+IT+£1’

Lo= ——%—eaaX"aﬁXygaﬂ ,
L= *%e8aX’8pX’g“B+/1"(e_“8aX’)2 ,

Ir: ———%eﬂb_ﬂyaeaaaoﬂ/’ﬂ —ie ga')’ﬂ?’agﬁﬂaﬂXﬂ +'§~ fa?’ﬂya‘/’# 5/5‘/'” + (Dﬂy+ e+aaa¢#, (3' 1)

where A7~ and @ are Lagrange multipliers which eliminate the left- and right-moving
sectors.

Notice that the action is invariant under local 2D SUSY, also local Lorentz invarian-
ce, local Weyl invariance, and local 2D reparametrization, but not under global Lorentz
transformations (because of the left- and right-moving separation).

In order to extract out the first and second class constraints, we will find it useful to
break local Weyl invariance by setting e=1 and local 2D Lorentz invariance by setting
61020.

With this particular parametrization of the metric (which still preserves 2D SUSY
and reparametrization invariance), we can write the metric as
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1 e _% _0
= ﬁ x//T : ga/?: . /‘tp (3.2)
0 Jx 1A

We will choose this particular parametrization because ¢ and A will conveniently become
the Lagrange multipliers for the first class constraints. ’

Because the original action was also invariant under 6= 7.6, we can choose 7*¢,=0.

With this choice of parametrization, the calculation is now entirely straightforward.
However, since the details are rather tedious, we will present the calculation in the
Appendix.

We complete the transition to the first order formalism by introducing the conjugate
variables P" and IlI.. Putting everything together, we find that our new action is equal
to

L=P¥Xys+1T"¢u+0(PYX yy— I+ §')
A

—7(PM2+X’M2+2HG3¢’)+2M E(Pos+X') up*
/1—"6202/1 7 71\ 2 _Z ¢—70_ — 00 .
+[1+2M__e_02](13 +X") +(17+ 2 T w(l 0 Ja)s . (3-3)

Notice that the Hamiltonian is formally equal to zero and that A, 0 and ¢ are the
Lagrange multipliers for the first class constraints. The second class constraints merely
tell us that we can set the left-(right-) moving parts to zero, i.e., P+ X*=0 and one of the
spinor components of the fermion is set to zero. These second class constraints can be
incorporated into our theory by making the transition from Poisson brackets to Dirac
brackets (which simply set equal to zero the left- or right-moving commutators that we
wish to eliminate).

We can now apply these first class constraints directly onto the bosonic field fun-
ctional |¢> and the fermionic field functional |¢):

P+ XM 4 2 [Tos)’ +2PYMX "M — 20T+ "> Z> =1, Z> =0,
(Pos+ X)) up”dn-11a| 6> = Gu12l > =0,
(Pos+ X') wp*>uld>=Ful¢>=0, n=>1. (3-4)

§4. Green-Schwarz action in the right-moving sector

In the previous section, we wrote down the heterotic string action (with the NSR
model in the right-moving sector) in the first order formalism. This allowed us to
calculate the first class constraints, which are essential in calculating the “time” evolution
of the string from one slice to the next slice.

We will now quantize the Green-Schwarz action in the right-moving sector, where 10D
SUSY is manifest. This has the advantage that instead of two field functionals |¢> and
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|¢>, we only have one field functional in the theory.

We start with the usual Green-Schwarz action, where §' and 6% are Majorana-Weyl
spinors in 10D with 16 real components. Notice that these two spinors are 2D scalars and
do not form 2D spinors in the two dimensional space spanned by the string. The action
has a term which will set the left-moving sector to zero:

L=—/—=9—00:Xu07"3500 + 05X u 07" 3200

+ 61 7"9.0} ézyﬂagezé 0 yud50" 027" 3:0°+ Ees%3.0",
I4=0.X"—i07"0:0;  II=0:X"—i07"3s0,
9=— I+ o)*+ I+ IT.) ([ 5+ ),

(1 0
.,o——(o_1>. ' (4-1)

The transition to the first order form is made by introducing the canonical fields P and
P,. After a fair amount of algebra,' we find

I:PpXﬂ'—pgé +”%(H02+H12)+0(H0H1)+Qa€a+ g€+18101 y

HOﬂEP#+i§7#80‘06; Hl#an‘Xﬂ_iéyﬂao‘ey
lepal_iélypno”+i§17ynlﬂ_0—-17#86010_17#’— 5e+°,
Q*=Po*—i0%y.Ily" — 0%y, 1" + 0%7.0,0 G2 v" . (4-2)

Once again, notice that the Hamiltonian of the system is equal to zero and that the

second class constraints simply remove the unwanted left-moving spinor from the theory.

The new feature of this first order action, however, is that the @ field contains both

first and second class constraints. Previously, when Green and Schwarz began the

covariant quantization of their action, it was found that all the commutators were

formally infinite.)” For example, if one starts with the term 87.617* in the action and

" then forms the canonical conjugate: Ps=8-L/86 = @y.IT", then we find the absurd result
that ‘ '

[0, 01~~~ (4-3)

where I1,.” is the Virasoro generator, which is set equal to zero.

Thus, a naive covariant quantization of the model leads to meaningless, infinite
results. The reason for this infinite result lies in the difficulty of separating the 16+16
components of € into 8+8 components without destroying Lorentz invariance in ten
dimensions. Because a 16 component spinor is the smallest representation of the Lorentz
group, then one must necessarily break Lorentz invariance when reducing out the 16+16
components in € down to 8+8 components. Indeed, this is precisely the way in which the
light cone formalism for the superstring was first introduced.'®

Recently, however, we found a way in which we can separate out the 8+8 first class
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constraints contained within @ without violating Lorentz invariance.'® The trick is to
notice that although (I7,+ I1:)*=0, we can show that [1.-II-#0. In this way, we can now
write down the correct separation of € into 848 first class and 8+8 second class con-

straints:
S'=Q'II._ ",
S?=Q us7",
T'=Q' . y",
T?=Q* . v", (4-4)

where S are first class and 7T are second class. :

Notice that we have eliminated all infinities from the model while retaining 10D
Lorentz invariance and 10D SUSY. The price we pay for this, however, is that we must
employ rather involved Dirac brackets to incorporate the effect of the second class
constraint generated by 7.

§ 5. Construction of the algebra

At this point, we have now reformulated the heterotic string in first order formalism
(for the NSR and the GS model in the right-moving sector). We have explicitly displayed
the first and second class constraints, and can show that the effect of the second class
constraints is simply to set equal to zero the left- (right-) moving sectors that we wish to
eliminate. Thus, reparametrization invariance is maintained although we have the
separation into left- and right- moving sectors. A

We will now proceed to construct the algebra of the system. (We will use the NSR
formalism, although our results can be generalized to the GS model in the right-moving
sector.) :

First, we wish to construct the field functionals |¢> and |¢>, which are simply eigen-
states of the operator Lo. If the right-moving states are formed by the bosonic vacuum
|0>sr and the fermionic vacuum |[0>rxr, while the left-moving states are labeled by |£>., then
the field functionals can be written as

|¢>:Z¢ik(xo)li>BR®|k>L ,
|¢>:Z¢jk(X0>I]’>FR®Ik>L . , (5.1)

In order to explicitly calculate the eigenstates of the string, let us first parametrize the
string as ' '

7 a i i Tnu o
Xu(G, Z'):X,a—f—P,uz‘—}——Z_”/‘e 2in(t 6)+_2_7U‘_e 2m(r+o'),
2 n+0 72 2 ntxo 7

; = 1
X (r+0) =X+ Pl (r+0) +—§—2—%—e-“"<f+“’ . (5-2)

(We will follow the notation of Ref. 1), where the indices are generalized to the covariant
case in an obvious way.) We find
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N

nzgl(a/fnan,u”i‘ b ni12bn-126t dfndn/t),

8

2
I

) 1(&fn&np+ﬁ£nﬁnl), (5'3)

N
It

where we have introduced the NSR creation/ annihilation operators 4 and 4.
Then the on-shell condition Lo—1=0 is given by

~ 16 X
%P#Z:N+N—1+%Z}1(P’)z. (5-4)

The Hilbert space is also constrained by the condition

~ 16
N=N-1+13(P)", (5+5)

which is simply a reflection of the fact that closed strings must be independent of where
we choose the origin of our ¢ parametrization.

Let us now begin a simple description of the Hilbert space of the covariant theory;
which is the product space of the right- and left-moving sectors. Before the projection
operator eliminates the spurious states of the theory, we find the right-moving states are
given by

bﬁl/2|O>BR; ¢|O>FR (5'6)
and the left-moving states are given by
a-odn,  a@lilod, [P (PHP=2> (5-7)

for p.>=0.

Notice that if the P* are defined on the root lattice of a 16 dimensional self-dual lattice,
then there are 480 states with (P/)?*=2. When combined with the 16 components of a’, we
find that we have 496 states in the left-moving sector generated by compactification on the
self-dual lattice, which form the adjoint representation of EsX Ej.

At the next level P?=38, the states become more complicated. In the right-moving
sector, we have

be32l0>8r,  b%120%112b21121008R,  @*10%112/0D8R

d4|0>erg,  ai|0>erd (5-8)
while in the left-moving sector we have

a0y, @t anoy, allo>, al.alioy,

anlPl (PH?=2>, |P!, (P)*=4>. | (5-9)

For the states generated by compactification, we have 16+16X(17/2)+16 X480
+480 X (1+27) =69,752 states, which in turn can be decomponed into EsX Es representa-
tions:'? : ‘
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(3875,1) +(1,3875) + (248,248) +(248,1) +(1,248) +2(1,1).

The states generated by compactification rapidly proliferate. . For example, at the
next level, just the compactified left-moving states can be written down as

als0y, al.al:o>, al.al.a%|o,
&'izlpl, (PI)2:2> , ﬁilﬁillpl, (P1)2:2>
aL|P!, (P)=4>, |P', (P)*=6>, (5-10)

which in turn form 16+16X16+816+480X16-+480X 16X (17/2) +16 X480 X (1+27) +480
X (1437) =2115008 states. These states, in turn, can be reduced down to:'®

(30380,1) +(1,30380) +(3875,248) +(248,3875) +2(248,248)

+(3875,1) +(1,3875) +3(248,1) +3(1,248) +2(1,1).

Obviously, we wish to find another way in which to show that these states can be
grouped into EsX Es representations. We will use the Kac-Moody construction to show
that we can regroup all these states into representations of the algebra to all levels in the
theory.

To begin a discussion of the Kac-Moody construction, let us first parametrize the open
string (for the sake of argument) as

iné
X(0)=X'+Po+ix 0 —
n+0 n

a'(6) = Chexp(iX(9)):, (5-11)
where C; defines a “twist”.>”

From these operators, we can now define three types of operators which generate a
closed algebra, the semi-direct product of the Virasoro algebra Diff(S,) with the Kac-
Moody algebra g. (We will follow the notation of Ref. 20). See also Ref. 19).)

Let e; be an orthonormal vector in the 16 dimensional root lattice space. For SU (%),
for example, we know that the roots can be represented by e,—e;. This allows us to
construct the following operators:

L, 0)=:ar*(0)a:(0): = —£X"(0),

J(a, 0)=:a,"(0)a:(0):, a=e;~er,

L(O) =5 ST U, 0):+2: (@, 0] (—a, 0):], (5:12)
where N'=(1+C,(G)/2)" and Cx(G) is the value of the quadratic Casimir operator for

the adjoint representation.
Then the algebra generated by this construction closes:

[J(,8),J(J,0)]=0,
[J(1,0), (e, 0)]=—2150—0)a] (a,d),
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[V (a, 6),](—e,0)]=226(0—0)ZaJ (I, )+21i5"(0—0),

[J(a, 0),](B,6)]=225(6—60)](a+B,0) if a+BEA;

=0 otherwise
[L(0), J(a,)]=](a, 0)8'(6—0), <G, (5-13)
[L(8), L(6)]=27i6(6—6)(L(8)+L(0))

—i%zm(a”’(ew')+5’(9—e’)), (5-14)

where c=n—1 for SU(#n); c=n+1/2 for SO2n+1); c=n2n+1)/(n-+2) for Sp(n);
c=n for SO(2#n) and E..
We can easily generalize these commutators for the case when e is not equal to a

simple difference of two e; vectors, e.g., Es is represented by the system of roots e;—e,
(I#]), and

1 q
i‘(*—IZIBI —er—ey— en),

L*xM*N=1—gq. (5-15)

Each commutator has an important meaning. The first few commutators, for exam-
ple, simply show that the J’s generate representations of EsX Es. Because the J's have
nice commutation properties with Lo, we can now show that the entire Hilbert space
spanned by these compactified states rearrange themselves into representations of Es X Es.

The last commutator between the Virasoro generator and the Kac-Moody generator
shows the nontrivial relationship between these:two systems, which was missing in the
light cone formulation of the model. _

At first, however, there seems to be a problem with this last commutator. If this
commutator were zero, then the Kac-Moody states would commute with the Virasoro
algebra (much like the DDF states) and thus we can create new real physical states by
simply multiplying real states with an arbitrary number of Kac-Moody operators.

However, the last commutator in (5-13) is »ot zero, which shows that the Kac-Moody
operators create spurvious states, which at first sight seems absurd.

The resolution to this seemingly bizarre result is because the true Virasoro generator
extracted from the original first class constraints (3:4) contains the sum of Virasoro
operators constructed out of the usual oscillators and the Kac-Moody oscillators. Thus,
one can easily show that the application of the sum of these two operators onto the states
of the theory produces real states which are obtained by re-shuffling the two sectors.
Thus, the ghost states of the theory contain Kac-Moody operators mixed along with the
usual oscillators, such that the total number of real states is the same as that given by the
light cone gauge theory. Thus, there is no contradiction to having ghost states contain
mixtures of Kac-Moody operators.

Notice also that the Kac-Moody algebra is a global two dimensional symmetry, not a
local one. The Kac-Moody operators do zot emerge as first class constraints of the
theory. (In fact, if the Kac-Moody algebra were a local one, then in principle we could
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use all of its 496 generators to kill ghosts, which is far too many generators.) We note,
however, that a new reformulation of the model may exist in which the Kac-Moody
algebra is a local one. (The Kac-Moody algebra, although it is a global 2D symmetry,
turns into a local Yang-Mills type symmetry once the interactions are turned on, which is
a remarkable feature of the model.) ,

In summary, we now have a general understanding of the importance of the semi-
direct product of the Virasoro algebra with the Kac-Moody algebra. It is now a straight-
forward task to construct the projection operator for the theory from the Shapovalov
matrix.?? The projection operator, like we found in Ref. 11), is constructed level by level
in an iterative process.

Using this projection operator, we can now write down the free field theory Lagrang-
ian for the second quantized heterotic string (with the NSR model in the right-moving
sector):

I((]S, ¢):¢TPB(Z.31_(L0”C?B))P¢+ &PF(Z.ar—(Fo_a/F))PF¢ . (516)

(Once again, we can reabsorb the “time” derivative if we wish by taking the Fourier
transform, which simply shifts the intercept of the trajectories to the values: @z—1, ar—0.
In this way, we retrieve the mass shell condition if we take the equations of motion for the
theory.) ‘ '

This action is manifestly invariant under (a) local 2D SUSY (generated by the G and
F gauges) (b) the Virasoro algebra (c) 2D global Kac-Moody algebra, but zot 10D SUSY.
In order to show 10D SUSY for the even G-parity sector of the theory, we can either use
the GS formulation of the right-moving sector (see §4) or we can use the observation that
there must exist matrices A and B which mix the fermionic and bosonic modes such that
the action is invariant under: '

0p=A¢,
0¢=DB¢ . (5-17)

§6. 10D SUSY

In principle, it should be possible to construct the matrices A and B to any level in the
Hilbert space. For example, take the massless level of the open N SR string. The action
has the 10D SUSY:

aAlJ ~ EYud ’
8¢~ oumF*e . (6-1)

This symmetry, in turn, can be represented explicitly as matrices A and B acting on the
field functionals:

S1é> ~ 8 (Anb*1120>8) = Al¢> = Al0De¢
= A= €b-124|0>8<0lc 7,
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Sl ~ 8 (4l0>e) = Blé> = B(Aub*112055)
=SpB= 37ﬂ|0>F<0iBbf/z€ . (6:2)

It is easy to show that these matrices A and B to lowest order generate the correct
10D SUSY in the presence of the projection operators (which absorb an unwanted term).

The generalization of this result to the next massive mode is also straightforward. In
fact, we can write the matrix A as follows:

A= E{b%32(ab uo+ b o) + 62126”1120 12( i ap+ A kri0)

+aﬁlbzllz(eapurp+f6yppu+gauppﬂ+hrpup) }|O>B<O|F(7nd1p+ n&llp)‘,b , (6'3)

B can always be written in terms of A such that the action is invariant. For higher levels,
however, the calculation becomes more tedious. Can we find A and B to all levels, which
would make 10D SUSY manifest in the NSR version of the heterotic string?

The answer is probably yes. For example, it has already been shown for the on-shell,
light cone formalism that matrices Xrs'® and Xgr exist which transform fermion states
into bosonic states and which satisfy:

X%,BFXS,FB + (YOXn,BF) b(Xm,FB }’o) ¢=3 ab3m+ 7,0 .

These operators are constructed out of the fermion-boson vertex function,?® which is
a non-trivial coupling between the bosonic and fermionic Hilbert spaces. If the above
relationship can be generalized to the off-shell case, then it should be possible to construct
the A and B matrices explicitly. _

There is some irony here. Originally, supersymmetry had its origins in the work of
Gervais and Sakita,?® who demonstrated 2D SUSY for the Neveu-Schwarz model. Later,
this was generalized to 4D SUSY,*” which gave rise to the current interest in supersym-
metry. However, it was only much later®® that it was realized that the NSR model itself
in the even G-parity sector possessed 10D SUSY as well as 2D SUSY.

Now, with the second quantized action, both 10D and 2D SUSY are manifestly obvious
(depending on the existence of the A and B matrices).

One may still object to our action, however, on the grounds that it is not local.
However, by introducing an infinite number of auxiliary fields, we can soak up all
unwanted non-local terms and obtain an explicitly local action. In particular, we notice
that the non-local terms correspond to the zeros of the determinant of the Shapovalov
matrix.?” Kac,'” however, has explicitly calculated all these zeros, so it is now possible
to introduce an infinite number of auxiliary fields which can absorb the non-local terms
and convert them into harmless local ones. For details of this construction, for the
bosonic case, see Ref. 26), where the result for all orders is given in terms of the zeros of
the determinant of the Shapovalov matrix. (At least for the lower levels, it can be shown
that this series of auxiliary fields reproduces the result of Ref. 27).) Since our results are
perfectly general, it should also be possible to construct the fully local version of our
heterotic string field theory by simply introducing auxiliary fields which soak up the
unwanted non-local terms introduced by the zeros of the (heterotic) Shapovalov deter-
minant.
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§7. Conclusion

In this paper, we have presented the second quantized field theory of free covariant
heterotic strings. We have been careful to preserve the original gauge symmetries of the
first quantized theory. The second quantized action is therefore a genuine gauge theory
defined for both 2D and 10D SUSY as well as a non-trivial union of the Virasoro and
Kac-Moody algebras.

The action is expressed in terms of the projection operator P, which selects out only
real states. The novel feature of the real states of this theory is that they are non-trivial
mixtures of Kac-Moody and ordinary oscillators, because of the last commutator in
(5-13). Thus, Kac-Moody operators can create ghost states, but the total number of real
states is equal to the number given by the light-cone theory.

Furthermore, the projection operator P is non-local, but we know all the location of
its poles. Thus, by suitably introducing an infinite number of auxiliary fields, it is a
‘simple matter to render the theory explicitly local.?®

Throughout this paper, we have been careful to express all our results in terms of the
path integral method. The reason for this is because the path integral method can be
generalized to include interacting strings as well as free strings. The path integral
method creates a vertex function of splitting strings which should be part of a non-linear
realization of the Virasoro algebra.

This nonlinear realization of the Virasoro algebra, in turn, may give us a clue as to
how to reformulate the model geometrically. A geometrical formulation of the model
may play a key role in understanding how 10 dimensions can break dynamically down to
4 dimensions. Since the model’s amazing properties will be lost if we introduce explicit
breaking mechanisms, it is our philosophy that the model’s symmetries must break
dynamically. This dynamical symmetry breaking may become transparent if the model
has a geometric reformulation.
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Appendix

In this appendix, we will fill in the details of how to make the transition from the
second to the first order formalism.

We begin by calculating the precise relationship between the metric and the tangent
space

2e-%e."=—1/A,

e lettelet=—p/A,
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2e le,=A—0/A. ' (A-1)

Solving, we find

r=tA+o; Ex=Fito. (A-2)
Now let us introduce yet another Lagrange multiplier into the theory

A (e 0. X")%> —i—d’znh//i“ 0le_%0.X". (A-3)

Given this reduction, we can now write the complete action as

L= X+ X (oX s+ A 0608 —2iAEag ™ Pud )+ 5 X (£~ 2)

+[—-}1—o”+ o'V A e i/l+p)X”]+|:—7i</77°eo°<ﬁ +a77+e+°¢‘]

+[_%Jyaealal¢+@')’+e+lal¢]%Zié:agalﬂl'ﬂXm'*' [ ot a9 ). (A-4)

We have used the fact that v.{s=7s&a.

There are several troublesome terms in the above expression. Notice that the last
term in the brackets is quadratic in the Lagrange multiplier, which is unacceptable. We
will find, however, that this unwanted term vanishes if we carefully reduce out the spinor
components of the Lagrange multiplier. Given 7*{,=0, we find

&\ [(=A—0) &}
( 0 >:< Y §12>. | (A-5)
goz (+/1—p) éx
With this decomposition of the 2-componént spinor, we can reduce out the term in the
bracket,
EubnEpdg = B9 £247[20" +2(0°— 29 g™+ 29" (—20)]. (A-6)

(This unwanted term will be cancelled later.)
Now let us introduce the canonical conjugates P and /7 :

L=—TAPY 4 PH[X o A A ' 08+ 0PY X 14— 2AEag 98 sl A XM

+[ oo ee VT + 0N AT e At 0) X = ad o

+11¢ +[n+—2@¢‘y‘e-°—@y+e+°]ﬂ8”+[~%Jr“ea131¢+@7*e+181¢]

+ [2i§.agao¢pPXul’"Ziéjagmﬁb#X/ﬂ]“l” [2/1 g_agﬂoﬁb'u 5ﬂgﬂo¢ﬂ+ 5{1‘/’# §:ﬂ¢”gaﬂ]-(A'7)

Notice that we have introduced a Lagrange multiplier ¢ for the /7 field. -
We wish to cancel the last term in the brackets. We can reduce out the new term that
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is quadratic in the Lagrange multiplier, which we wish to eliminate
24 8ag®$* £ag™ gu= E:1¢* §1242 (429" +229" (02— A2 +429°°9" (—20)).  (A-8)

Notice that this term exactly cancels the other term which is quadratic in the Lagrange
multiplier, which eliminates totally all unwanted terms. This leaves the Lagrange
multiplier appearing linearly in the action, which is what we desire.

Now, we can further reduce our action:

(P4 XM +pP~X’M+[a”(—%———é—/1/1"e-°2>

A

0 AP e+ /A e (=D X |+ T+ %_‘)—@(2 g)/z B

+12i§0g® puoX " =218 ag® PpuX'* — 2iAPu §ag“°$*]. _ (A-9)

Except for the last term in brackets, the action is totally in canonical form. We now
use the previous identities to show that this last term can be written as

o [P+x 0 )
[]——mgl( 0 —P+X’)#¢

=—2iA&1(Pos+X') ud* . (A-10)

Recombining these terms with earlier terms, we now have the final result which we used
earlier in this paper. The action is totally in canonical form, with zero Hamiltonian, with
three sets of first class constraints, and with second class constraints which simply remove
the unwanted right- (left-) moving sectors.
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