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We examine the mechanisms for infinity cancellation in the type I superstring theory with an
SO(32) internal symmetry.

Recently,” we provided a proof that the parity conserving one loop N point functions
with arbitrary numbers of external gauge bosons are finite in type I superstring theory
with an SO(32) internal symmetry. This extends a result? of Green and Schwarz for the
4 point function. The proof utilized the old Ramond-Neveu-Schwarz® manifestly Lorentz
invariant formulation of the theory, projecting onto the supersymmetric subspace® with
even G parity bosons and Majorana-Weyl fermions. This approach has several advan-
tages over the newer light cone gauge formulation. First of all, the light cone gauge
becomes highly nonlinear unless the external momenta and polarization vectors can be
chosen transverse to some quantization axis. This can be done without loss of generality
if there are four or fewer external particles. The full treatment of N point functions
above N =5 seems prohibitively difficult in light cone gauge although some results have
been recently obtained.®

Secondly, it is not clear whether the light cone gauge can be used without ambiguity
in the calculation of parity violating amplitudes.

Finally, the use of the light cone gauge may obscure the role of the G parity and
Majorana-Weyl projections in cancelling potential ultraviolet divergences.

In this article, we provide some further refinements of the result of Ref 1). String
quantization on the annulus and the role of the modular group in loop finiteness are
discussed. ‘ ,

In a string theory, the N point planar loop with bosons circulating takes the form

Lo=g"dQ Tr PIL[V (5., 1) 4] (1)

Here P is the projection operator onto the physical subspace. The vertices V for particle
emission are constructed out of conformal fields é,.(0, @, ') with J indicating the SU
(1, 1) spin of the representation generated by some Lo, L+ and % being the non integer part
of the L, eigenvalues. These fields are composed of linear combinations of harmonic
basis functions on the unit disk ® with quantized coefficients. The string coordinate

. Qu«(z) and the Neveu Schwarz® field H.(z) for example are obtained as direct sums of
bounded below (£=—J) and bounded above (£=J) representations.
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ki 1/2
Ql‘(Z, Cl, df) :EO[W] (dﬂntznwte_'_a#nzfn,e),

[a/ln’ a’/mf]:gﬂuamn, ]: —E€, k:ie ) (2)
AHﬂ(z, b’ bT):néo(bﬂnfznﬂlz_}_bﬂnz—n—I/Z)’

1 1

{b#n, bumt}:gﬂvamn, J= T k= i”?“- (3)
In addition one has
Pu(2) =i2-2-Qul(z), @

which transforms as J = —1, £#= * e without requiring the introduction of new oscillators.
Vertices for the emission of excited states involve further derivatives of H, and P. with
correspondingly more negative values of /. '

The Ramond I transforms as an unbounded representation with / =—1/2, £#=0. As
a consequence, the zeroth mode is self-adjoint and does not annihilate the vacuum.

I'u(z, c,c') =m+iw/ivfllgl(cﬁ"TZ”Jrcu”Z‘"),
{C#n, Cumf}:guuamn , {7’#, YU}:.—ZQMU ,
1 _ '
J=—5, k=0. (5)
The propagator 4 in Eq. (1) takes the form

AZLJ—J”‘”(%)’ (6)

where £ is the twist operator and G the G parity operator. For an orthogonal group
internal symmetry

Q=—e" (7)

G:esz ' (8)
with

R:Lo—poz/2:§Ilma”‘*a”‘+L0b,c. (9)

Thus we can formally write (modulo internal symmetry factors)
_L 1d_x Lo—1 4 inn(R+1)
A= [ Eprsie . (10)

The Z, symmetry of the propagator,
e BV A=4 m=1,2 3,4 (11)

is broken for an arbitrary internal symmetry group by the Chan-Paton factors but is
restored as we shall see in the case of SO(32).
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The vertex for gauge boson emission from a boson line is
VB(.ﬂi, oi, a, a')= eip"o(pi’a’a”[?z"P(Pz‘) +pi-H(p:) Ci'H(pz‘)]. | (12)

We pull the propagators to the right in Eq. (1) and supply the internal symmetry
factor, TrA°, for the planar loop inner boundary of the circulating string to which no
external lines are attached. The Chan-Paton factor, Tr [I#-:4;, for the external legs is a
common factor in all amplitudes which we suppress. We then have

g" ) ' o Y
s=9 [dQ Truw™ P(Tr = ™) (1+ ™) [1 Vs (b, 0 - (1
with
N . 1
ae= LG "

The integration range is defined by
0< w<|ow|<lox-1| <+ <|oa|<p:1=1. (15)

The effect of multiple twists is to extend the integration range of the p: over negative as
well as positive values consistent with Eq. (15). In order to put the loop in this form, we
must understand the zeroth modes in Vz(%:, 0:) to depend only on the absolute value of o..

Using the trace technique developed in the treatment of Pomeron factorization in the
general dual model” one can write”

N 4
£2=27a0 31 1+ (cos L)1+ T 40 | FusCwe™) Tos(ore™). (16)

In writing (16), we defined in Ref. 1)

s n—1/2 \D-2
Fns(w)=w™"?11 (%:{U—n> . (17)
n=1 w
In terms of the Jacobi theta functions
_ 60| 7) ]“’“2”2
— (D—-10)/16
Frs(w) =w [2”__0;((” 2 (18)

This modified partition function contains a factor of 1/w from the volume element. The
effect of the projection operator is to provide the —2 in the exponent. Although the
projection operator in Mébius loops has not been studied, we assume in (16) that (17)
remains correct with the replacement w—we'. The T’s are defined in Ref. 1) to be

N —
Tns(o:, w)=(— elnlwl) —D<OIZI;I1 Vs(o:, d(w), d(W))‘O>, (20)
where
a"(w) =g tad™, | (21)
rn, ntk
d"w)=a"" g (22)
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The upper signs are taken in the case of anti-commuting fields and the lower signs in
the case of commuting fields. The £’s appearing in (21) and (22) are the absolute values
of the non-integer parts of the L, eigenvalues defined in Egs. (2) to (5); they should not be
confused with particle momenta.

The notation may be significantly improved by replacing the d and d of Eq. (22) by,

respectively
- an alnfw(n+k)/2
d \/liwn+k + /1iwn+k ’ (23)
— nt rn,,(n+k)2

+
T ltw  J1twr

It is clear that (20) is invariant under this replacement since the vacuum expectation
value of any pair of conformal fields

<0!@1k(401‘, d, 67) @Jk(.ojy d, d—)|0>

is independent of which definition one uses for the 4 and 4. The two definitions are
related by a similarity transformation. In the following, we shall use the more symmetric
definitions (23) and (24). In the string coordinate Q.(po:, d, d), we can now recognize the
~doubly infinite set of harmonic basis functions® for the wave equation quantized on a
manifold conformally equivalent to an annulus.

Similarly, the parity conserving loops with external gauge bosons and internal fer-
mion lines are given by

e=9 [0 311~ (cos )1+ Tr A% | Falwe*™™) Talos, we*™), (25)

where
Falw) =207 [ (359" < | 21 gj,((%'fz)) | (26
Ta(os, ) =(— € In lw) <0/ T Velou, dlw), d(w))I0), (27)
Velos, a. aw‘):eipi-Q(pi,a,a*)[Ci.P(pi)_|_pi' (rz )é) I (p: )] (28)

The vacuum expectation value in (27) is defined to include a normalized trace over Dirac
matrices as in Ref. 1).
The Jacobi relation between the bosonic and fermionic partition functions is

FR(W):FNS(W)+FNS(Wé2”i). - (29)

Thus the total parity conserving amplitude in one loop order is

L=l Lr=12 5 fdQ > {(sm 5 >FNs(we’"")[— Tws(p:, we™™) + Tr(o:, wei"”)]

+(Tr/1°)(c T)FNs(we’"”)[TNs(pz, we™™) — Tr(p:, we”’”)]}. (30)
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The T’s in Eq. (30) are completely specified by the elementary two point functions of the
conformal fields. For example, 7ns and Tk are each proportional to

N -
Aop:, w) = (= eInw]) 20| IT g™+ 2e=<t]0)

=(—enfw)~ [Texp[—<0lp: Q(o:) ;- Q(e:)|0]. (31)
The vacuum expectation value of two @’s satisfies |
O1Qulor, d, 0)Quos, d, DI0>== g 1~ BL ~Ing(osfs, w) ) (32)
with
— > imuv2iT 01(V|2')
O(x, w)=—2rie XODE (33)
where
_Inx
y=rg (34)
_Inw
r=o (35)

The potential divergence of the loop amplitude occurs at w =1 as can be seen from the
form of the partition functions in (18) and (26) or from the form of the & operators in Eqgs.
(23) and (24). Fortunately, the behavior of the theta functions near w=1 is related to
that near w=0 via the modular group transformations.”

O (vlr) =0(D|F)[e Hcr+d) eimevicntd] (36)
where €*=1 and

vV

V= ct+d’ (37

~_ar+tb

F=cr+d (38)
with a, b, ¢, d being integers satisfying

ad—bc=1. (39)

For both the planar graph and the Mobius loop, one can find a modular group element
relating the behavior near |w|=1 to that near w=0. In the planar case, we choose

a=d=0, —b=c=1, (40)

-V ~____1

v=y=—", t=t'=— . (41)
so that

iny2lT QI(VlZ') — 01(V/IT/)

e (00~ T 6/ (017) (42)
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thus
¢(os/0:, w)=1d (0 o, w'), : » (43)
where
.Oi, — ez;:i(lnpi/mw) , (44)
wr: e47t2/1nw (45)
and
0\0ulor, ', ) Oulof, &, J)|o>=g,w<71€——1n $ (o5 o, w’)). (46)

The Q, are obtained from Eq. (2) by substituting ¢ and @ for ¢ and «' and putting w’ =0
in the zeroth mode terms. The ~ therefore signifies that the zeroth modes remain untrans-
formed by Egs. (23) and (24).

Thus.

0>. (47)

T —-Di2 N . A o7 " Tl
Ao(pi, w) :<_> (47[6)—D/2<0| [ geQesddwy
2 i=1

The vacuum expectation value in (47) is well behaved as w’'—0, i.e., as w— 1.
In the Mobius loop, we have r replaced by r+1/2. We seek, therefore, a modular
transformation in which

1 alz+UD+b .1
R R ) i kSN | (48)
with
» _ lnw”

such that w” =0 as w—1.
The solution is

a=—b=—d=1, c=2, ' (50)
whereby
N | |
r = 4T ’ (51)
yr=1n0"fo" _ v (52)
2mi 2t °

Then from (36) we have

eimﬂ/r 61(V|T+1/ 2) ___:‘ T 61(2/”|Z'”+1/2)
6:"(0|z+1/2) 6,/ (0|z”+1/2) ’

¢(os/0:, we'™) :22'45(0;'”/01‘”, w” e’ ). (54)

Modular group factors of two such as the one that distinguishes (54) from (43) similarly
distinguish all the elementary correlations on an annulus from those on a Mobius strip.

(53)

2
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Apart from the correlation of two @’s given above, one has in general

01Dy (04, d(w), d (W) Dror05,d(w), d (w))|0>= 177200, [0/ ,w'), (55)
0@ si1,(05,d(—w),d (—w)) Pron(0s,d(—w),d(—w))|0>
=20) 20 (0" [0" . —w"). | (56)

The O and O’ are vacuum expectation values of (sometimes different) conformal fields
with the same J: and J.. Some of these relations are given in Ref. 1).

Since all superstring vertices have a net SU(1,1) spin /= —1, one finds for the terms
in (30)

4
X (cos )FNs(we’"") [ Tws(o:, we'™™) — Tr(p:,we'™™)]

n=1

4 ~ | i |
B ZZ-_N_lngl(COSZ%) Fs(w’ e™™) [ Tns(o! ,w’ e — Tr(os/ ,w'e™)], (57)

4

§1<Sll’l )FNS( e ") [TNs(pi’we inmy — TR(pi,weinn’)]

=92P25(27)~N- 12(sm —)FNs( 7 ')

X [Tws(o:” w” e™™) — Trlp:” ,w" e™™)1. (58)
The differential d2 transforms to the primed and double primed variables as
dQ=dQ t"*'=dQ"(27)" . (59)

The effect of the multiple twists is merely to double'® the integration ranges of the w”,0.”
making them equal to those of w’, 0. Then writing z; for o;” and p;” and dropping all
primes on the w variables we have

N 4
£=i9- [a0 3| (Tri)cos™ - 272sin 2|

X Fys(we™) [ Tws(z:,we™™™) — Tr(z:,we™)]. (60)
In the case of an SO(32) internal symmetry

TrA’=272=32, : (61)
4 o~ A ~ .
L =ighNorrt dQZ.le"""FNs(we""") [ Tns(z:,we'™) — Tr(z:,we™™)]. - (62)

We see that only in the case of an SO(32) internal symmetry is the four fold symmetry of
the integrand maintained. It is now a simple matter to expand (61) about w=0 (the
original w=1)

TNS(Zi,weinn) - TR(Zi,wem") = TNS(Zi,O) - TR(Zi,O) '
+w1/zein7z/2 TI(JS(Zi,O)+ @(weinn)’ (63)
FNS(weimr) (wezmt) 1/2+8+@( 1/2 zmtlz) - (64)
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1(—1)7Fws(we"””) [TNS(Zi,wemn) — TR(zi’wem")]

. R _ . .
— w_“I/Z[TNs(Zi,O) — TR(Zi’O)](Elemmz)

+ 8 Tos(20,0) —8 Tl 20,0) + Tis(24,0) 1 2 ™)

=1

+O(wl/2)(§183n””2)+ O(U)). (65)

Since df behaves as dw/w it is clear that the amplitudes are finite independent of the
number of external gauge bosons.

The four topologies of planar and Mobius loops each with and without a G parity
operator are seen to be intimately connected in the SO(32) theory. Just as any finite
integral can be made infinite by separating the integrand into two divergent pieces and
making a transformation on one piece alone, the superstring loop amplitudes can be made
divergent if one separately transforms individual terms in (60). This, in itself, should not
be considered a flaw in the type I theory.

In summary, we have pointed out the role of the modular group and the four fold
symmetry between planar and Mobius loops with and without the G parity operator in
insuring the finiteness of the parity conserving one loop graphs in SO(32) superstring
theory. ‘ '

The parity violating loops have additional complications and are presently under
study in collaboration with B. Harms of the University of Alabama to whom thanks are
also due for many discussions of the material of this article.

This work was supported in part by the DOE.
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