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The theory of the random Ising model formulated in terms of the distribution function of the
effective field in the pair and in the cluster approximations is reviewed. An integral equation for
the distribution function is derived. The integral equation has a solution for the paramagnetic
state, a solution for the ferromagnetic state, a solution for the antiferromagnetic state, and
solutions for the spin glass state.

The phase diagram, and the ground state energy and entropy are calculated. The ground state
entropy of the model is shown to be a small positive quantity contrary to the Sherrington-
Kirkpatrick infinitely long-ranged model. »

The phase diagram derived from the cluster approximation well explains the experimental
phase diagrams, in particular, of fcc spin glass and the spin glass of EupSri-»S.

The distribution function for the spin glass in the pair approximation at 7°=0 with a continu-
ous distribution is obtained analytically. They are composed of J-functions or of §-functions and
a quadratic continuous function.

§ 1. Introduction

In this paper the treatment of random spin systems, especially of the spin glass
problem by the method of the distribution function of the effective field developed by our
group is reviewed. A cluster (pair, triangle, square, tetrahedron, etc.) is taken in a given
lattice (square, triangle, simple cubic, hexagonal, face-centered cubic, etc.). An effective
field with a distribution is assumed to be applied to each vertex of the cluster. The
partition function of the cluster is calculated exactly in terms of these effective fields.
Self-consistent relation leads to an integral equation for the distribution function of the
effective fields. The solution of the integral equation gives the physical quantities, the
phase diagrams and the ground state properties.

We consider random Ising models on a given crystal lattice. The hamiltonian X, the
density matrix p, and the free energy F' are given by

I({H;, ]ij}):~<lzj>]ijdidj_$]{i0i , Hi=m:H , 1-1)
o({H:, Js))=exp[—BI{H:, J:)], | 1-2)
—,BF=/1n tI‘,O({Hi, ]U})HP(]ij)d]z‘j . (1'3)

*) Present address.
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where (=1, 2, ---, N) denotes a site of the given crystal lattice, H; the external field, and
{i7> the pair of sites 7 and ;. Random models are classified into bond-random and
site-random models.

1) In the bond-random model, J;; distribute with a distribution P(J), and the
magnetic moments #; are equal for all z and we put m:=1. The bond-random model is
further classified into 1a) nearest-neighbor model (in general, short-ranged model), and 1b)
infinitely long-ranged model. In 1a) P(J) is given by

P(Ji5)=pad0(Ji;—Ja)+ ps6(J;;—J5) (1-4)

for the nearest-neighbor pair 77 (A and B are species of the bonds).
2) In the site-random model, 7 is ma or ms, with the distribution (A and B are
species of the sites)

P(m;)=pad(m;— ma)+ psd(m:—ms) . (1-5)

Ji; 1S Jaa, Js, or Jas according as 7 and j are of species A and A, B and B, or A and B.

In such systems there appears the spin glass state where spins are frozen, besides the
ferro-, antiferro- and paramagnetic states, when the interactions are competing.”~®

The problem is formulated®~" in the scheme of an integral equation for the distribu-
tion function of an effective field. The boundaries between the paramagnetic, fer-
romagnetic, antiferromagnetic and spin glass states are determined as functions of the
concentration of the ferromagnetic bond and the ground state energy and entropy are
obtained. Some discussions are given of the results.

§ 2. The integral equation in the pair approximation
We consider a system of Ising spins for

which the distribution of exchange integrals [
l is given by (1-4). The system is treated in the
]

—— L pair (Bethe) approximation. We take a pair 7/
| hiq in the lattice. The effective field on the spin z
P } b, A.. i due to its neighboring spin £ is denoted by /%,
— iz ; = T and called the single-bond field. The one-body
{ b ! and two-body density matrices o'’ and p%? are
i3 given by
k= 0V =exp(BH:V o), 2-1)
!
p(z)_exp[B(Hz 704 + H.igg)ijdj +]ij050j)] ’
Fig. 1. Pair cluster in the lattice. (2-2)
A Tiat Broa=H® . B Ben b Toa -t fos = HD
Bis hiat his=HPs, hin oot hes+ b= HiO. H =St H,
Hz(z)zj g')/hik + Hz‘ . (2 * 3)

H?,; is the effective field at the spin 7 from the outside of the pair 77. H{?; is simply -
denoted by H.® hereafter and called the two-body effective ﬁeld (Fig. 1). The partial
trace of p% with respect to j is given by
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tr. 0@ = exp{[ BH:® +th~'(thB/ ;thBH:*)] 0.} (2-4)
L0 =0 ch[BH,®+th (thBJ;thBH,®)]

where ~ denotes the corresponding normalized quantity. We postulate that physical
quantities derived from the one-body and reduced two-body density matrices are equal on
the average. The reducibility g."=tr;0% leads to

,BHz'(l) = BH;'(Z) + th—l(th’/o)]z'jthBHj(z)> .

Eliminating H; with the use of (2-3), we have a set of N equations among the two-body
effective fields H:?. From those equations we can derive Thouless-Anderson-Palmer
equation.®® Instead of solving the N equations we consider a distribution function
G:?(H:?) of the two-body effective field H.'”. In the states such as the paramagnetic,
ferromagnetic, or spin glass states, we regard that the distribution of the effective field is
independent of the site. Then the subscript 7 of G: is dropped and we have an integral
equation®?® for G®(H®):

GOH ™) = [6(H P~ H—(1/8) 3} 'th™ (th8]thBHA?)
X k:([;[,),[P(]ik)d]z’kG(Z)(Hk(Z))de(z)] . (2-5)
Here 22" and II” denote the sum and product over z—1 nearest-neighbors of 7 excluding ;.
JZ0*JZs is simply denoted by /. '

By using Fourier transform, (2-5) is transformed into simultaneous integral equations:

G‘Z’(H‘2>)=§1;T—fdx explix(H?—H)[S(x)F, ' (2-6)

S(x)= f dH®G*(H®)d] P(])expl—i(x/B)th™ (thBH “thA])] . (2-7)

Here the imaginary unit 7 appears which must not be confused with label 7 for a site.
When we put P(J)=0(J —Ju), then we have a fundamental equation for the Bethe approx-
imation of the Ising ferromagnet:'”

BH®=BH +(z—1)th ' (thBJethBH®) . (2-8)

Equation (2-8) for z=2 gives the exact solution of the one-dimensional Ising model.
- Further, substituting (2:6) into (2:7), we have'”

S(@)=(/2m) [dr Kz, SO, | @9

K(x, y):/d] dH® P(J)expliv(H® — H)—i(x/8)th ' (th BH® th B))} . (2-10)

(2-9) is a standard form of the nonlinear integral equation. When S(x) is solved, the
distribution function G”(H ™) of the one-body effective field H;" is given by

G“)(Hfm):@l; fdx expliz(H:— D[S . | (2-11)

S(x) is the Fourier transform of the distribution function g(%) of the single-bond effective
field hz’ki
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1 .
g(h):ﬁ/a’x explix(h—H)] S(x). (2-12)
The magnetization ¢ and the spin-glass order parameter ¢ are given by™®

o— /a’H“)th BEO GO | (2-13)

a= [dHO W BH O GO(H ™) | (2-14)

When the external magnetic field H is zero, the paramagnetic state is characterized
by 0=0 and ¢=0,, the ferromagnetic state by ¢++0 and ¢+0, and the spin glass state by
0=0 and ¢#0. Instead of o and ¢ we can use® [ and /*(/=thpH?).

§ 3. Uniform and spin glass susceptibilities in the pair approximation

We consider the paramagnetic region taking up to the leading order of the effective
field. We calculate the uniform and spin glass susceptibilities. Multiplying H:®” to both
sides of (2:5), and integrating with respect to H;®, we have

Hi<2)n=/’6(Hi(2)_H_;’hz’k)Hz'(Z)ndHi(Z)]_;‘[/P<]ik>d]ik];[,G(Z)(Hk(Z))de(z) y (3'1)

where n=1 or 2, k takes the z—1 sites of nearest-neighbors of 7 excluding j, and
th’k:thil(thB]‘ikthBHk(Z)) . (3-2)

Here we denote the average over P(J;) and G®(H,®) by . Carrying the integration in
(3-1), we have up to the order O(%")

H"=(H + 3 ha)" =H"+ S~ H" + (2= 1) 1, (3-2)

where we regard /% as a small quantity and the cross terms as higher order quantities, i.e.,

T Woer = Ml Win=O0((R")?),  (K'=*+k")

are discarded.
We insert (3:2) into (3:2"). Then

= 1 (e D) St 0t | =17+ - 0T T (3:3)
where ti.=thf/w. Similarly
fL‘””—H”+2[%th‘l<tiklk)}n:H”+zﬁz H.®" (3-4)

Hence the uniform and spin glasé susceptibilities
xu/B=200/0H =~ 0HV [0H and xs/B°=0q/0(H?) ~3dH"M?3(H?)

in the high temperature region are given by

*) The order parameter of the random ordered phase'® & is given by

ézde(l)‘th BH(l)IG(I)(H(l)) .
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 1+th g )

Xu/,é)— 1“(2—1)m , (3 5)

I (3-6)

1—(z—Dth*4] -

When the lattice can be divided into two equivalent sublattices @ and 8, G®(H,) is
either G.?(H,) or Gs®(H:), according as i belongs to @ or 8. Applying a staggered field
H.,=—Hs=H, we can treat the antiferromagnetic state. For details, see Ref. 4).

In the case of the model given by (1:4) the transition temperatures are given by
1F(z—1)(pata" +psts)=0,  ta=thfB/a, ts=thf/s . (3-7)

Upper and lower signs with n=1 give the Curie and Néel temperatures, 7. and 7y,

respectively. Upper sign with =2 gives the spin glass transition temperature 7z. That
is, for the =/ model, they are given by

ngzthﬁl(z*l)l/z, |
B =th'[(z—1)/(1—2p)]. L\ dos
(Be=1/ksT:, etc.) (3-7)

 The transition point S can be character-
ized as the point at which the nonlinear
susceptibility x.=0°xu/0H?* diverges.'>~'
In the system of binary mixture, the phase
boundary is obtained®® as shown in Fig. 2.
An explanation of the boundaries between
the ferromagnetic and spin glass states is
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given in § 6.
The free energy for the =7 model in the
pair approximation is given by'®"'”

Fig. 2. Phase diagram of the £/ model in the pair
approximation (z=3).
th(J/ke To)=1/(2p—1)(2—1),
th® (J/ks Te)=1/(2—1), prc=7/8.

F=(1-2)F"+SF®, (3-8)
where
—BF“):m (3.9)
— [Inl2 chBH®IGO(H™)dH™, (3-9)
— BF?=1n tr @ | (3-10)

= fln{eXD[,B( —J+H?2+ H,®)]+expl (—J — H:? — H,®)]

+expl 8/ +Hi®— Hy®)] + expl 8 — H+ H)} GO (H:®) G(H,?) dH. 2 dH,®
(3-10)

When — BF is expanded in the form —SF=pa+ b+ O(B7"), then the ground state energy
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E and entropy S are given by £=—a and S/ks=05.

§4. Integral equation for the distribution function
of the effective field in the cluster approximation

As shown in Fig. 2, the phase diagram of the £/ model in the pair approximation is
symmetric with respect to the ferromagnetic and antiferromagnetic states. Though it
can be made asymmetric by considering the /41— /s model, many of real spin glass phase
diagrams do not have either ferro- or antiferromagnetic state. Most of these substances
have face-centered cubic structure. The frustration in the triangular and tetrahedron
cluster as a unit of the fcc lattice is quite different from that in the square, cube, or
hexagon clusters in the square, simple cubic, or hexagonal lattices.

In order to treat such an effect, we have developed cluster approximations. They are
classified into a simple version and a full version. The former gives an exact solution for
the cactus lattice and is called the cluster approximation simply. The latter is a general-
ization of Kikuchi’s cluster variation method'®~*" to random systems. Here we treat
the former approximation. For the latter treatment see Ref. 21).

We approximate the lattice by an appropriate cactus lattice composed of clusters

(pair, triangle, square, tetrahedron, etc.), z. of which (ijkl--, i’k ">+, ij"k" 1"+, --+) are
connected at each vertex (see Figs. 3~5). The density matrices of the vertex 7, 0'"(o:),
and that of the cluster 7jk/--, ok, are given by*” (superscripts 1 and ¢ stand for

one-body and cluster, respectively)

[ "

Fig. 3. Face-centered cubic lattice.
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Fig. 4. Tetrahedron cactus lattice. Fig. 5. Cube cactus lattice.
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V= p"(0:)=exp(BH:" 5:) (4-1)
=AY1+/Ys,), | (4-1)
Ok =001, 05, O, ) =exD(Z B m0u0s+ 3 BH. 0) (4-2)
=ATIA+ tw0.0,) T+ lu0s) ; . (4 -2')
KU “

. where
tw=th Blu, .P=th BH."V l.=th BH.© .

H.V is the effective field at the site 7 contributed from all the clusters connected at the site
i. H.? (which should be written as H!%;..) is the effective field at the site 7 contributed
from the outside of the cluster 774/---, and v in 2}, and Il.. runs over all the connected
bonds of the cluster 7j&/:--, and ¢ in 2. and Il. runs over all the vertices of the cluster.
We postulate that the physical quantities obtained from the one-body density matrix and
those from the cluster density matrix should be equal. Then it leads to the following

reducibility of the normalized density matrices:
terl p(ZJ)zl: |5z D .

The condition holds rigorously for the cactus lattice considered here. trj..05:.-(0:, 05, O,
-++) is a linear function of ¢: and has the form

2 ngl)u (01, 0, or)=Aexp[(BH "+ Bhi-ini-)0:] . (4-3)
Substituting 0:==*1 into (4:3), we have

Ri-igne-=(1/28)In[F (1) [F(= D], | (4-4)

where

(Gz)— 2 GXD( BH. ‘C)o'l)p(,ﬁ,ll (Gz‘, 0j, Ok, ) , (4'5)

Ri-iiri 18 the effective field at the site ¢ contributed from the inside of the cluster
17kl -+-(single-cluster effective field). Since

H(l) Wi-ijprt s e et Mg it , (4'6)
we have |
H .= H"Y~ i i . (4-7)

The distribution of the exchange energy /. results in the distribution of the effective
fields H ¥, H .. and hi—ir. We denote these distribution functions by GV (H;D),
GO(H ) and g(hs), respectlvely From (4:6) and (4:7) we have

G(l)(Hi(l)) :fﬁ(Him - hi—z'jkl--. it hz‘—ij’k’ln.._ hi—ij”k”l”--"“)
X EP(]ﬂu)d]wT}G(C’(Hﬂ“’)dHu‘“’ , - (4-8)

GO(H,9)= /5([‘[2'(0) —Riijrv.— Ri—irpryr.— )
XTI P(Jw)d], wll’ GO(H.)dH . . (4-9)
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The numbers of % in the d-function in (4.8) and (4.9) are z. and z.—1, respectively. v in

I1.. takes all the connected bonds in the clusters jkl---, 57’k ["--, 57" k" 1"+ +-. p in I,
takes all the vertices of clusters 7j&/---, --- except 7. Il excludes the cluster 7jk/:--. Since
IT in (4-9) can be grouped in separate clusters, the Fourier transform can be used and we
have
GH )= [dr explizH ) S(2)F, (4-10)
S(x)= [exp(— ixhi—ijkl~-~)gp(jﬂu)d],uu];[ G(H.dH ., (4-11)

where ¢ in T1,. runs over the vertices of one cluster 77&/ - except 7, and v in Il runs over
the connected bonds in the cluster. Once the solution of the integral equation (4:10) is
obtained, the distribution function of the one-body effective field is given by

G“’(H“’)z% exp(izH [ S(z)*dx (4-12)

and the magnetization ¢ and the spin glass order parameter ¢ by the same equations as
(2-13) and (2-14). ’

It is noted that the integral equation of the distribution function can be derived by the
stationarity of the free energy in the cumulant expansion’®*® in general.
§ 5. Transition temperatures in the cluster approximation

The integral equation (4:10) with (4+11) has a solution g(%)=6(k) (GO(H®)=6(h?))
at all temperatures, and it describes the paramagnetic state. (4:10) with (4-11) has
another solution in which 7; #0 and still another in which 7; =0 but /=0 in respective
temperature regions (/;=thBH.®). The temperatures at which the first and second
solutions begin to appear, are the Curie temperature 7. and the spin glass transition
temperature 7T, respectively.

In such lattices as the square, hexagonal, simple cubic, body-centered cubic - lattices,
where the lattice can be divided into two equivalent sublattices, the cluster approximation
gives a quantitative improvement. For example for the cube cluster (Fig. 4), f(co) given
by (4-5) takes the form*® '

f(o'o): O‘1(§-~-o‘ 1+ /10'1)(1'1" ZzO‘z)(l + 130'3)(1+ 140'4)

x(1+ ls0s)(1+ lsos)(1+ l707)(1+ tor0001)(1 + tiz0n os)(1+ t320302)
X (1 + Zfsodso'o)(l + t040004)(1 + f1501 Os)(l + fzerO‘s)(l + t37(7307)(1 + lL450‘4O‘5)
X (14 ts70507)(1+ trs0706)(1+ 1640604) . (5-1)

Carrying out the summation with respect to o: is an appropriate example of the REDUCE
program. The result of (5-1) is written in the form

7
F(60)=Ao+(Z Bil:) o (5-2)
and the transition temperatures are given by
7 S TA N 1 .
ZZJI(B:'/AO) T a1 (5-3)
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KT/ T
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Fig. 6. Phase diagram of the system in the triangular Fig. 7. Phase diagram of the system in the fcc
lattice (Random mixture of ferromagnetic, lattice.”®  prc=0.682.
antiferromagnetic and nonmagnetic bonds).””
K K
/|500
P
| AF -1250
!
i
l\
G I \\
G 1 O L : \\
0 05 1.0 0 0.5 1.0
Fig. 8. Phase diagram of (Cri-yVy)1-sTe (from Ohta, Fig. 9. Phase diagram of Mn,Cui-» (from Gibbs and
Kurosawa and Anzai*”). Smith®).

Explicit forms of Ao and B; and the phase diagram are given in Ref. 23).

As stated in the previous section, the cluster approximation gives qualitatively
different results for lattices which cannot be divided into two equivalent sublattices.
Examples are the kagome,® triangular®” and face-centred cubic lattices®™"*® (tetrahedron
approximation). Figure 6 shows the phase diagram of the model with ferromagnetic,
antiferromagnetic and nonmagnetic bonds [P(J)=2p6(J — Jo)+ qd(J + Jo)+ r6(]), (p+q -+~
=1)]. Figure 7 shows the phase diagram of the system on the fcc lattice. The result in
Fig. 7 resembles qualitatively to experiments®*”*® for (CrpVi-»)i-s Te and Mn,Cui-»
(Figs. 8 and 9) and others.

§6. The boundary between the spin glass and ferromagnetic states
and the ground state energy and entropy

We consider the distribution function at 7°=0 and H=0. First the pair approxima-
tion is treated.¥’ When T -0, we see that

lim-pth™(thfx thy)=sgn(z)sgn(v)min(zl, y). | (6-1)
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We assume that at 7" =0 the distribution of the single-cluster effective field is given by
a superposition of three delta functions:

g(W)= 3 axd(h—n]), (62)
ie.,

S(x)=Zlarexp(— inJx) . (6-2)
Substituting (6-2) into (2:6) we have

GOH®) =S bnd ('~ m]) (6+3)

for the distribution function of the two-body effective field H®. b, is given by the
coefficient of £" in the expansion of (2}a@.£")*"!. Inserting (6:3) into (2-7) with (6-1) we
have new S(x) as

S(x);%}an’exp(— njx) . (6-4)

a»’ is expressed in terms of b» and b» in terms of @.. Hence we have algebraic equations
for a».. The values which satisfy these relations give a solution of the integral equation.
The solutions are classified in the following types. A single peaked d-function at 2=0
describes the paramagnetic state. An asymmetric solution describes the ferromagnetic
state. A symmetric solution with nonzero width describes the spin glass state. The
value of the concentration of the ferromagnetic bond where the asymmetric solution
begins to appear, and connects with the symmetric solution, prc, is the phase boundary
between the ferromagnetic and spin glass states at 7" =0.
For z=3 (hexagonal lattice) we have

av=(a®*+2a-1a:),

a=(a*+2aoa)p+ (% +2aca-)(1—p),

a-1=(a*1+2ava-)p+(a’®+2ava)1—p), (6+5)
where p is the concentration of the ferromagnetic bond. (6:5) has three solutions:

i) a=1, aa=a-1=0, (paramagnetic, P) (6-6)

i) a=a=a.=1/3, (spin glass, SG) 6-7)

i) a=2(1-p)/(2p—1),

a—a-1= [(8p _(;‘);4}1;3) I ) (ferromagnetic, F) (6-8)

The ferromagnetic solution (6-8) disappears at pre=7/8 and connects with the spin glass
solution (Fig. 2).
Substituting these values of @ in (6+7) into (3-9) and (3-10) and pick up the leading
two terms, we obtain® the ground state energy E and entropy S of the spin glass state:
23

E—WEF=0.85185 Er,
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(a) { ! ]
E/E,
- -
SG2 0.72534
- {-0.7
0.79578 SG1 ) ' !
-0. J
-0.79828” orzue 07 0.8
-/ “PARA 4-0.9
L -
0 05, 7070 © 23 a4 a s
Fig. 10. Ground state energy of the system in the Fig. 11. The solution of the integral equation, a, for
square lattice.’” the fcc lattice-at 7=0. (a) p=0.64 (spin glass),
(b) p=0.9 (ferromagnetic), (c) p=1.0 (pure fer-
romagnetic) .?®
Slke=— 1 n2+-81n3=0.0215607
54 54 ’
where Er= — %z] is the ferromagnetic ground state energy.

For the case z=4 (square lattice), we have two spin glass states” SG1 and SG2, and
E1=(3/4)E¥, S1/ks=0.098108 for SG1, E.=(93/125)Er=0.744 E¥, S2/ks=0.0390764 for SG2.
The entropies for z=3, for SG1 of z=4, and for SG2 of z=4, are all small positive
quantities, in contrast to the negative entropy of infinitely long-ranged model.? The
energy in the paramagnetic state in this approximation, however, is —/, and it is lower
than that of the spin glass state. pre1=5/6 and prc2=0.8205. The situation is much
improved by using a square cluster approximation (see below).

We consider a square cactus lattice of zz=2 as an approximation of the square
lattice.3*”  For z.=2, a» is equal to b,. Substituting S(x)=2% sa.exp(—ilJx) into the
integral equation we have algebraic equations for @.. They are solved as a function of
x=p—1/2, and give relevant solutions: 1) P state. a@o=1 in the whole region of x. 2) SG1
state. 3) SG2 state. 4) F1 state. 0.335<|x|<0.5. 5) F2 state. 0.327<|x|<0.375. SG1 and
F1 connect at prc:=0.835 with each other, and SG2 and F2 at pre2=0.827.

The energies and entropies of the spin glass states in the square approximation
depend on p while they do not in the pair approximation. Figure 10 shows the ground
state energy. The energy of the SG1 and SG2 are very close throughout the whole range.
Though the energy of the paramagnetic state is still lower than that of the spin glass state,
the former has become close to the latter. This fact suggests that the spin glass energy
may become lower than that of the paramagnetic state as the degree of approximation is
improved. '

We also applied the method to the face-centered cubic lattice in the tetrahedron
approximation.®?® The number of unknowns a. is 4, but each equation corresponding
to (6:5) has 2500— 7500 terms on the right-hand side. Figure 11 shows the behavior of the
a» for various values of the concentration of the ferromagnetic bonds p. We see the
changes: spin glass— ferromagnet— pure ferromagnet, as »=0.64—0.9-1.0. The bound-
ary between the ferromagnetic and spin glass states, pre=0.682, was obtained. The phase
diagram, shown in Fig. 8, is consistent with experiments on the fcc spin glass.
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The one-dimensional problem at 7"=0 with the external field H is exactly solved and
the stepwise magnetization process is obtained.*”

§7. The site-random Ising model, a model for Eu,Sr;_,S, and other models

Hitherto we treated the spin glass in the bond-random Ising model. Our method can
be extended to the site-random Ising model of A and B, of which the exchange integrals
are Jaa, Jss, and Jas, and the uniform, staggered and spin glass susceptibilities have been
obtained in Ref. 33). The transition temperatures are given by

1F(z—1)(patia+ poths) +(z—1)*paps(tinths — tistin) =0, A (7-1)

where tas=thfB/as, etc. Upper and lower signs with #=1 give the Curie and Néel temper-
_ atures, respectively. Upper sign with n=2
K gives spin glass transition temperature.
' The result is extended to a system with
second neighbor interactions®’ It was
shown that when a proper second neighbor
interaction which enhances frustrations
exists, the spin glass state becomes easy to
appear. Related experiments are those’
for Eui-pGdsS, FeyCri-p, etc.®
EupSri-»S is a crystal in which Eu or
Sr forms a fcc lattice and Jeu-gu is fer-
o5 s 2 romagnetic or antiferromagnetic when
p— Eu-Eu pair is of first or second neighbors,

Fig. 12. Phase diagram of EupSr,-,S (from Maletta and Jeu-sr and Jsr-sr are always zero, and it
and Felsch®®).

15

kT/T

0.8

0.4

\ 1
0.0 05 ,__ 10 | 0 02 0.4 0.6 0.8 1.0p

Fig. 13. Phase diagram®™®® of Eu,Sri_,S. Fig. 14. Phase diagram of the random Heisenberg-
Ising model.*” When 0.43<7<p., the par-
amagnetic state does not disappear for some
region of p as T—~0. When 7 <7. the spin glass
does not appear.
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shows the phase diagram® as in Fig. 12. The theoretical phase diagram®”*® in a site
model with first and second neighbor interactions by the square approximation (Fig. 13)
is in a qualitative agreement with experiments.

The method in the pair approximation was applied to the classical planar spin glass,*
classical Heisenberg spin glass, and quantum Heisenberg-Ising spin glass.” The Curie,
Néel and spin glass transition temperatures for the classical systems are then given by
(3+7) and (7-1) if th(BJ) are replaced by L{(B])/I.{A]) and L(5]), respectively. Here I.(x)
and L(x) are the Bessel function of an imaginary argument and the Langevin function,
respectively. It was shown for the quantum system that, when the anisotropic parameter
7(=0: Ising, =1:isotropic Heisenberg) exceeds a critical value 7., the spin glass dis-
appears (Fig. 14).

It was shown that Sherrington-Kirkpatrick’s result®? for the infinitely long-ranged
model is reproduced® by taking the limit N - o in the pair approximation with a distribu-
tion P(J) such that

[ipar=nin,  ([PP(ar) =1

The integral equation (2-5) for 7°=0 has been shown exactly to have a paramagnetic
solution g(%)=¢6(k), and a spin glass solution g(%)=[8(k+1)+6(h)+ 8(h—1)]/3. Other
than the above solution, Inawashiro*"*” showed the solutions which are superpositions of
more than three delta functions exist. Morita*® obtained a solution composed of three
delta functions and a continuous function by a numerical calculation of a histogram. In
§ 8 we treat the latter solution analytically.

§ 8. Analytical solution of the integral equation (2-9) at T——O
with continuous distribution function'”

When 7 -0 the kernel (2-10) of the integral equation (2-9) is simplified with the use
of (6-1):

K(z,v)=e"{ [“a PO) [ dE @exoliv(H—])
+ [Tar PO [ dbr Pexpliv(EH® + )]
+[Car P) [ arr®expliv(Er® )
+[Lar PO [ aH Pexpliv(®+1)1} (8-1)
—efon 8(v) [T P()coszld]
_le Sin(yy—x)] Pmd]+[i sin(y;x)f P

49 f sm(y x)] sinly=2)J ppy g7 — / m—si—r‘%fjiP(])d]}. (8-2)

Hereafter we consider the case for z2=3, H=0, of the =/ model [P(J)=[6(J—1)
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+8(J+1)]/2]. Since the distribution function g(%) of the single-bond effective field is an

even function, S(x) is even. Hence

siny | sin(y—2) | sin(y+x) (8-3)

K(x, v)=2r cosxd(y)—2 cosx

y—x y+x

Using the addition theorem of the Bessel functions, we have

sin(yFx) §0<i‘1>n<1+zn> n(@)in(v),

y+x

(8-4)

where j.(z) is a spherical Bessel function. Expressing the second term of (8-3) also in
terms of the spherical Bessel function, we have

K(x, v)=2n coszd(y)—2 cosxjo(y)+2§]0(1+4n) Jon(2) jan(y) .

Let S(x) be

S(x)=a+b cosx+ g)@zjzz(x) ,

(8-3)

(8:5)

where a, b, and cz; are coefficients to be determined. We substitute (8-3") and (8-5) into
(2-9) and integrate the right-hand side. Equating the corresponding coefficients in both

sides, we have

a=a’*+ b*/2,

b=2ab+ bco+ b*/2+ co®— ?%Czwzm]o,zz,zm ,

Can=2acan+2b(1+ 4%); cailoron+ 1+ 4”);; C21C2ml21,2m,2n , (8+6)

where

Luon= [ _dy cosy 72(¥)em(y)

[zz,Zm,an[wdy J2e(¥)J2m(¥)jan(y) .

g(h)
70 Co= 45631
los €= . 05759

co/2-c, 3h%- 1)/t 10.6

b/2 T70.4 b/2

Area/?2
(O. 2 :

L ~ —500 1

Solution: a@=,10683 b/2=.21843 Area/2=.22816
Morita : a=.10696 b/2=.2185%4 Area/2 =.22738

bhor

Fig. 15. Distribution of the single-bond effective field
in the spin glass state at 7°=0 in the pair approx-

imation.'?

(8:7)

(8:-8)

We seek a solution where cs, cs, **+ are:
zero. Necessary integrals are calculated
to be

10021/2, ]02:(), ]22:_7/80,
Tooo=3/4, Ioz=1/16, Ip22=1/160,
1222:9/256 . v (89)

Using (8-9), the physically accessible solu-
tions of (8:6) are given by

i) a=1, b=0,
ii) a=1/3, b=2/3,

C2n:0 P

C2n=0 ,
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ili) «=010683, &/2=0.21843, ¢v=0.45631, ¢;=0.05759.

The solution i) represents the paramagnetic solution. The solution ii) is the spin
glass solution previously obtained. The solution iii) represents a spin glass with a
continuous distribution. The values of @, b and ¢o agrees with corresponding quantities
of Morita’s solution*® with almost 4 valid digits. Rapid damping of In. and Iim» for
indices and the perfect agreement with Morita’s results suggests that solutions with
nonvanishing cs, cs, -+ are very close to the solution now obtained. Figure 15 shows the
distribution function g(%) of the single-bond effective field:

g<h>=aa(h>+§[a<h+1>+a(h~1)]+c0/z+c2(3h2—1)/4 (1A <1+0)
=0, (1% >1) (8-10)

Physical quantities derived from (8+10) are now being calculated.
§9. Conclusion and discussion

In this paper the spin glass problem by the method of the distribution function of the
effective field developed by our group are reviewed. Reducibility condition between
one-body and cluster density matrices leads to an integral equation for the distribution
function of an effective field. The solutions of this integral equation are classified into
three classes. 1) A single peaked delta function at ~2=0 which represents the par-
amagnetic state. 2) Symmetric functions with nonzero widths which represent the spin
glass states. 3) Asymmetric functions which represent the ferromagnetic state. The
antiferromagnetic state is obtained by modifying the integral equation.

The phase boundaries are obtained as a point at which the above solution begins to
appear (P—F, P—SG) or connect with each other (SG—F). In the pair approximation of
the £/ model, the phase diagram is symmetric between the ferro- and antiferromagnetic
states, between which the spin glass state lies. In the triangle cluster approximation for
the triangle or fcc lattice, or in the tetrahedron approximation for the fcc lattice; the
antiferromagnetic state does not appear and the phase diagram firstly explains well the
experimental results.

The ground state entropies in our results for the short-ranged models are small
positive quantities. It is contrary to the appearance of a negative entropy in the infinitely
long-ranged model.

A comparison of the ground state energy of the system in the square lattice between
the pair and square cactus approximations shows a much improvement in the latter and
suggests a possibility that the minimum of the free energy of the spin glass state might be
obtained in a more extended cluster approximation.

A spin glass state which has a continuous distribution of an effective field was
obtained analytically as a solution of the integral equation. Physical quantities in this
state will be reported in the future.
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