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   The  theory of  the random  Ising model  formulated  in terrns bf the  distribution function of  the

effective  field in the  pair  and  in the cluster  approximations  is reviewed.  An  integral equation  fer

the distribution function is derived. The integral equation  has a  solution  for the  paramagnetic

state,  a  solution  for the ferromagnetic state,  a  solution  for the antiferromagnetic  state,  and

solutions  for the spin  glass  state,

   The  phase  diagram,  and  the  ground  state  energy  and  entropy  are  calculated,  The  ground  state

entropy  of  the  model  is shown  to be  a  sinall  positive quantity contrary  to the  Sherringten-

Kirkpatrick infinitely long-ranged model.

   The  phase  diagram  derived from  the cluster  approximation  well  explains  the experimental

phase  diagrarns, in particular,  ef  fcc spin  giass  and  the spin  glass  of  EupSri.pS.

   The  distribution function for the spin  glass  in the pair  approximation  at  T=O  with  a  continu-

ous  distribution is obtained  analytically.  They  are  composed  of 6-functions or  of o"-functions  and

a  quadratic continuous  function,

gl. I"troduction

   In. this paper the treatment  of random  spin  systems,  especially  of  the  spin  glass

problem  by  the method  of  the distribution function of  the effective  field developed by our

group  is reviewed.  A  cluster  (pair, triangle, square,  tetrahedron, etc.) is taken in a  given
lattice (square, triangle, simple  cubic,  hexagonal, face-centered cubic,  etc.). An  effective

fie}d with  a  distribution is assumed  to be applied  to each  vertex  of  the cluster.  The

partition function of  the cluster  is calculated  exactly  in terms of  these effective  fields.

Se]f-consistent relation  leads to an  integral equation  for the distribution function of  the

effective  fields. The  solution  of  the integral equation  gives the physical  quantities, the

phase  diagrams and  the ground  state  properties.

   We  consider  random  Ising models  on  a given  crystal  lattice. The hamiltonian LgC,  the

density matrix  p, and  the free energy  F  are  given by

     .SrC({H,,1ti})=-21ijo,oj-ZH,o,,  H,--m,U,  (1･1)
                  <iJ'>  i

     p({Hi, fij})-exp[-B.gC({Hi, fi,･})], (1･2)

-
 BF=  

,fin
 trp({Hi, Ji,-})UP(f,j)cV'i,･ (1･3)

*)Presentaddress.
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where  i(=1, 2, ･･･, N)  denotes a  site  of  the given crystal  lattice, Ui the external  field, and

<ii> the pair ef  sites i and  i, Random  models  are  classified  into bond-random and

site-random  models.

   1) In the bond-random  model,  Ji,- distribute with  a  distribution P(f), and  the

magnetic  moments  mi  are  equal  for all  i and  we  put  mi=1.  The  bond-random  model  is

further classified  into la) nearest-neighbor  model  (in general, short-ranged  model),  and  lb)

infinitely long-ranged model.  In la) P(f) is given by

     P(1,,･)-P.6(.I,,･-1],)+P,6(1,,-fo) (1･4)

for the  nearest-neighbor  pair  ij (A and  B  are  species  of  the bonds).

   2) In the  site-random  model,  mi  is mA  or  mB,  with  the distribution (A and  B  are

species  of  the sites)

     P(m,)=P.6(m,-m.)+P.6(m,-m,).  (1･5)

Jis･ is IAA, JEB, or  JAB according  as  i and  7' are  of  species  A  and  A, B  and  B, or  A  and  B.

   In such  systems  there appears  the  spin  glass state  where  spins  are  frozen, besides the
ferro-, antiferro-  and  paramagnetic  states,  when  the interactions are  competing.')rv3)

   The problem  is formulated3}-7) in the scheme,of  an  integral equation  for the distribu-

tion function of  an  effective  field. The  boundaries between the paramagnetic, fer-
romagnetic,  antiferromagnetic  and  spin  glass states  are  determined as  functions of  the

coBcentration  of  the ferromagnetic bond  and  the ground  state  energy  and  entropy  are

obtained.  Some  discussions are  given  of  the  results.

g2.The  integral equation  inthe pair  approximation

k=2

11lk=1

----

1lh,, hil
1hul,

1 i t
T l
' hi3I

. Ik -- 3
 T
 1

ty'

Fig. 1. Pair cluster  ln the lattice,

   h,,+h,,+h,,=HS12.),,･, h,,+h,,th,,+hi.･=HiU}.

Hii>ij･ is the

denoted by
trace of  pC.t･)

effective  field at  the spin  i from
Hi(2) hereafter and  cal!ed  the

with  respect  to iis given  by

   We'consider  a  system  of  Ising spins  for

which  the distribution of  exchange  integrals fik
is given by (1･4). The  system  is treated  in the

pair (Bethe) approximation.  We  take  a pair ij
in the lattice. The  effective  field on  the 

'spin
 i

due to its neighboring  spSn  fe is denoted by  hih,

and  called  thesingle-bond field. The  one-body

and  two-body  density matrices  pi{i) and  pS?･) are

given by

   pi(i)=exp(BHi(i)di), (2'1)

   pS3-) -exp[B(H'i(!)ij gi +  tag)i,･ q･ +fijoi oj)] ,

                                 (2･2)

  H,(i}=2h,,+H,  l
        k

  H,-2). -- 2  
'h,,+U,.

 (2･3)
        k{W')

   the outside  of  the pair ij. Hl!)ij is simply
two-body  effective  field (Fig. 1). The partial

NII-Electronic  



Publication Office, Progress of Theoretical Physics

NII-Electronic Library Service

PublicationOffice,Progress  of  Theoretical  Physics

Theo2y of SPin Glass hy the Mbthod  of the Distribution Flatnction 141

     tr,,-s2-)-eipgkeill/;l,l,',iE\iL(;,2,i!i.iii.3H,I;i.l),?,gi}, (2･4)

where  
-
 denotes the corresponding  normalized  quantity. We  postulate that physical

quantities derived from  the one-body  and  reduced  two-body  density matrices  are  equal  on

the average.  The reducibility  pAi(i)=trjp-S･,2･) leads to

     BH,(i) =  BH, (2) +  th-L(thdl,.･ th BLE,(, 
(2))

 .

Eliminating Hi(i) with  the  use  of  (2･3), we  have  a set  of  Ar equations  among  the two-body

effective  fields Hi(2), From  those  equations  we  can  derive Thouless-Anderson-Palmer
equation.8)'9)  Instead of  solving  the N  equations  we  consider  a  distribution function
Gi{2)(Ui(2)) of  the two-body  effective  field Hi(2).' In the states  such  as  the paramagnetic,
ferromagnetic, or  spin  glass states,  we  regard  that the distribution of  the effective  field is

independent of  the site. Then  the subscriptiof  G,i is dropped  and  we  have  an  integral

equation3}'4)  for G(2}(u(2)):

     G(2)(H,(2))=fo(H,(2}-H-(IZS),7..)tthwni(thdi,,thBU,(2)))

              × n'[P(1,,)di,,G(2)(H},(2))dH,(2>l. (2･5)
                k(4j)

Here 2' and  n' denote the sum  and  product  over  z-1  nearest-neighbors  of  i excluding  i
fe.."'fY.. is simply  denoted by f.
   By  using  Fourier transform,  (2･5) is transformed  into simultaneous  integral equations:

     G`2'(H(2')= 21. fdu exp[z'x(U`2'-H)][S(x)]Z-i,  (2･6)

     S(x)-fcZFJ(2'G(2'(H`2')cU P(J)exp[-i(x!B)th-'(thBH`2'thdi)l . (2'7)

Here the imaginary unit  i appears  which  must  not  be confused  with  label i for a  site.

When  we  put  P(J) ==  6U-.X6), then we  have a fundamental equation  for the Bethe approx-
imation of  the Ising ferromagnet:'e) .

     BH(2)-BH+(2-1)th-i(thEUbthBH(2)). (2･8)

Equation (2･8) for z=2  gives the exact  solution  of  the one-dimensional  Ising model.

   Further, substituting  (2･6) into (2･7), we  have'i'

     S(,x)-(1!2n)fcix K(x, y)[S(y)]X-i, (2･9)

     K(x, y) i=[  Jhll dH`2'P(J)exp{iy(ll`2'-")- i(x!]e)th-i(th BH(2' th dl)} .                                                                (2･10)

(2･9) is a  standard  form of  the nonlinear  integral equation.  When  S(x) is solved,  the

distribution function G(i}(H(i)) of  the one-body  effective  field Hi(i) is give" by

     G(i)(HiCi))=-SltT-fax exp[ix(Hi(i)-H)]IS.(x)]Z.  (2･11)

S(x) is the Fourier transform  of  the distribution function g(h)  of  t'he singlb-bond  effective

field hik:
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     g(h)  ==  ifax exp[ix(h-")]  S(.x) .                                                                    (2･12)

    The  magnetization  o  and  the spin-glass  order  parameter  q are  given  by")

      a=fdU(i)th  fiu(i)G(i)(u(i)) ,                                                                    (2･13)

     q=  JlrH(i)th2BH{')G"}(H(')) .                                                                    (2･14)

    When  the external  magnetic  field U  is zero,  the paramagnetic  state  is characterized

by o=O  and  a=O,,  the  ferromagnetic state  by o40  and  qiO,  and  the spin  glass state  by

o=O  and  q=#O. Instead of  a  and  q we  can  use3) T and  ?(l=-thBH(Z)),

       S 3. Uniform  and  spin  glass susceptibilities  in the  pair approximation

    We  consider  the paramagnetic  region  taking  up  to  the leading order  of  the effective

field. Wecalculatetheuniformandspinglasssusceptibilities, MultiplyingUi(2)ntoboth

sides  of  (2'5), and  integrating with  respect  to Hi(2), we  have

     
'Hi(2)"

 =  fo (H, {2) -  H  
-
 \'hih )Hi (2)ndHi(2)"'P(J,k)  aY,k  U' G(2)(H)? (2)) dHk  

C2)
 , (3 ' 1)

where  n=1  or  2, k takes the  2-1  sites  of  nearest-neighbors  of  i excluding  1', and

     Bhik==th-i(thglllikthBUk{2'). (3･2)
Here  we  denote the average  over  P(li,-) and  GC2)(la(2)) by  

-,
 Carrying the integration in

(3'1), we  have up  to the order  O(h")

     H,(2}n=("+Z'h,,)n  =:Hn+Z'h:-,  :!  Hn+(z-1)hZ･, ,
 (3･2')

                h k

where  we  regard  h as  a  small  quantity and  the cross  terms  as  higher order  quantities, i.e.,

     h}k･ h:･lt- -  hZ-k･ h:-,--O((hn)Z) 
,
 (k' ,#  krr)

are  discarded.

   We  insert (3･2) into (3･2'). Then

     H,'{2ri'=Hn+(.-1)[}th-i(t,,l,)]"=Un+(z-1)In,-MH'Z'(=2)-n', (3･3)

where  tik-thdiik. Similarly

     Hi(1)n=Hn+z[-}th-1(tihlk)]"="n+zt,n, th(2)n. (3.4)

Hence  the uniform  and  spin  glass susceptibilities

     xuts=0olOH.tOH<')10H  and  x,re2==0qlO(ll2)t!OH<i)21a(U2)

in the high temperature  region  are  given  by

 
*)
 The  order  parameter  of  the random  ordered  phaseiZ) e is given by

    e ==  .LiH(])lth BH<i)1 Gci)(Ha,> .

NII-Electronic  
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     Bgf =  th-i(z 
-

 1)]'Z 
,

     /9NJ=-th-i[(z-1)1(1-2P)], o.s

     (Bc =]1IZ,B  71,, etc.)  (3･7t)
                                      O.6
   The  transition point Bg can  be character-

ized as  the point at  which  the nonlinear
                                       o.4
SUsceptibility  x2iiE62x.10H2 diverges.i3}'"'S}
In the system  of  binary mixture,  the phase
boundary is obtained3}'6}  as  shown  in Fig. 2. 

0･2

An  explanation  of  the boundaries between
theferromagneticandspinglassstatesis  o.2 n t.4 O･6 O.8

given in g 6.
                                     Fig. 2. Phase  diagram  of  the  ± f model  in the  pair

   The  free energy  for the  ± 1 mode]  in the approximation  (z-.-3).
pair approximation  is given  byi6]'i7} th(11kB 7L)-lf(2p-1)(z-l),

                                       th2("le, 71,) =-- 1!(a-1), Pb･G=' 7!8.

     F-(1-z)F(i)+-g-F(2), (3･8)

where

     
-BFCt}=::ln

 tr pi`i' (3"9)

           =lin[2  chBH('']G(i'(UCi')dH`i),  (3･g')

     
-/9F<Z'==ln

 tr pS2･' (3'10)

           ==Jin{exp[B(-J+Ui`2)+H)･(2))]+exp[B(-f-Hi(2>-IL(Z))]

           +exp[B(f+Hi(2'-H)-C2')]+explB(1-lli{2)+U<Z))l}G{2'(Hi`2')G(IL･`2')aLH'i(2)aLEIj(2).

                                                                (3･lot)

When  
-BF

 is expanded  in the form  
-BF==

 fia+b+O(ffMi), then the ground  state  energy

             1+th  ew
     XufB=  lm(.mi)th  ew, (3･5)

        ,-  1+th2dl

     XgZB 
-
 1L(.-1)itr2rr7"h er 

･ (3･6)

   When  the lattice can  be divided into two  equivalent  sublattices  a  and  B,'G(2)(Hi) is

either  Ga{2>(Hi) or  GB(2)(Hi), according  as  i belongs to ev or  B. Applying a staggered  field
Ha==-II}g==U, we  can  treat the antiferromagnetic  state.  For details, see  Re£  4).

   In the case  of  the model  given  by (1･4) the transition temperatures  are  given  by

     1l](z-1)(P.t.n+P.t.n)==O, tA!thdl., t,=thElll.. (3･7)
Upper  and  lower signs  with  n=1  give the Curie and  Neel temperatures,  TU and  71su,
respectlvely.  Uppersignwithn==2givesthespinglasstransitiontemperature Tg. That
is, for the ±1 model,  they are  given  by

     Bc.I=th-'[(z-1)1(2p-1)] 
,

                                                                   kTZJ

                                     1.0
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E  and  entropyS  are  given  by  E=-a  and  SlkB=b.

 S 4. Integral equation  fer the distribution funetion

  of  the  effective  field in the  cluster  approximation

   As  shown  in Fig, 2, the phase  diagram of  the ± 1 model  in the pair approximation  is
symmetric  with  respect  to the ferromagnetic and  antiferromagnetic  states.  Though it

can  be made  asymmetric  by considering  the fA-IB rnodel,  many  of  real  spin  glass phase
diagrams  do not  have  either  ferro- or  antiferromagnetic  state.  Most  of  these substances
have  face-centered cubic  structure.  The  frustration in the triangular and  tetrahedron

cluster  as  a unit  of  the fcc lattice is quite different from  that  in the square,  cube,  or

hexagon  c]usters  in the square,  simple  cubic,  or  hexagonal  Iattices.

   In order  to treat such  an  effect, we  have developed cluster  approximations.  They  are

classified  into a  simple  version  and  a  full version,  The  former  gives  an  exact  solution  for

the  cactus  lattice and  is called  the cluster  approximation  simply.  The  latter is a general-
ization of Kikuchi's cluster  variation  methodi8}NZO)  to random  systems.  Here we  treat
the  former approximation.  For  the latter treatment  see  Ref. 21).

   We  approximate  the lattice by an  appropriate  cactus  lattice composed  of  clusters

(pair, triangle, square,  tetrahedron, etc.),  k  of  which  (ijfel･･･, ij'k'l'･･･, il"k"l"･･･, 
･-･)

 are

connected  at  each  vertex  (see Figs. 3'v5). The  density matrices  of  the vertex  i, p(i}(oi),
and  that of  the cluster  ij'kl"', pSC･kt''', are  given  by22) (superscripts 1 and  c stand  for
one-body  and  cluster,  respectively)

j"-t

ktt..../l
S; -l
NXNl2/.-r

k'...1lt

,>,<Vl'tltt

yt"tC
i

tFN,lx,i."!1,sllt1
tl

iy"

,X.).>.L.(.xx

Iii'yk

Fig. 3.

   llll

Face-centered

Fig. 4.Tetrahedron  cactus  lattice.
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     pi(')= p(i)(oi)=exp(BHi(t)ai) (4'1)

        
=A`i)(1+li(i)oi),

 (4･1')
     pCvC･%i.. ==  p(C)(ai, q, ok, ･･･)=exp(Z  flJ".opa.+=BH"(C)6") (4･2)
                             #u  p

         =A(C)fi(1+t"voptou)"(1+l"a"),  , (4･2')
              #v  g

where  ･

     tge.iiith gY)., l"(D=-th BAh(i) 
,
 lp=-th Bra(C) .

Hi{i) is the effective  field at  the site i contributed  from all  the clusters  connected  at  the site

i. Hi(C} (which should  be written  as U5e-)i.･hi,..) is the effective  field at  the site i contributed
from  the outside  of  the  cluster  ijkl'", and  pty in 2"v and  npu runs  over  all  the connected
bonds  of  the c]uster  ijkl･･･, and  

'pt
 in Z#  and  IIll runs  over  all the vertices  of  the clusteri

We  postulate that the physical quantities obtained  from  the one-body  density matrix  and

those from the cluster  density matrix  should  be equal.  Then  it leads to the fol]owing
reducibility  of  the  normalized  density matrices:

     trjki･" pA 
(iSXt

 T  p- i(i) .

The  cendition  helds rigorously  for the cactus  lattice considered  here. trjhi･-･p(tChi.-(oi, di, ok,
-") is a  linear function of  ai and  has the form

      7  pS,C･ht-(oi, oj, dk･･･)=A(C)exp[(BHi`C'+Shi-ijk"")ai].  (4･3)
     dicrle･--

Substituting oi= ± 1 into (4･3), we  have

     hi-i,･kt･--(112B)ln[f(1)Lf(-1)], (4･4)
where

     f(oi)E 2  exp(-BHi`C'oi)pSC･Li",(oi,  oj, ok, ･･･), (4･5)
          ajok･･･

hi-ijhi･-･ is the effective  field at  the site  i contributed  from  the inside of  the cluster

ijkl･･･(single-cluster effective field), Since

     Hi{i)==hi-th'ki-･+hi-iJvk,ir-･+hi-iJ'nk"in-･+"', (4'6)

we  have

     ll,gS)i,-kt-. ==  Ui(1)-hi- i,･kl"..  (4.7)

   The  distribution of  the exchange  energy  lip･ results  in the distribution of  the effective
fields HE.V,Hl-C>w-ht･･･ and  h,-iJ-hi-･. We  denote these distribution functions by G(i)(Hi(i}),
G(C}(Ui(C)) and  g(hi), respectively.  From  (4'6) and  (4'7) we  have

     G{i)(Hi(i}) =  fo(U,{i)-h,-.hi 
-h!-tJrh,ir

 
-ht-wr'hni"

 '")

              xnp(lp.)ay..llG{c>.(H.Cc))dffliCc),  

'
 (4･s)

                ptu p

     G{C)(Hi(C})=fo(Ui(C)-hi-iJ,h.ir---hi-ijnhntn-･rm''')
              × "rP(1?,.)all)."'G(C)(th{e))dHh{C). (4･9)
                "u  lt
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The  numbers  of  h in the 6-function in (4.8) and  (4.9) are  k  and  xd-1,  respectively.  pav in
II"u takes  a]1 the connected  bonds in the clusters  iikg･･･, ij'ife'l'･･･, ii"k'tlt'･･･,･･･. " in ll.
takes  all the vertices  of  clusters  ijlel･･･, ･･･ except  i. "' excludes  the cluster  del･･･, Since

II in (4･9) can  be grouped  in separate  clusters,  the Fourier transform  can  be used  and  we

have

     GCC)(H,`C))= 21z fax exp(ixH,(C')[S(x)]iC'i,  (4d10)

     S(x)=/1)xp(- ixhi- i,･kt.,.) P. P(L,.) a71.. IJ G`C)(H.(C}) dLU)CC' , (4･11)

where  pt in fi" runs  over  the vertices  of  one  cluster  del''' except  i, and  ptv in II"v runs  over

the connected  bonds  in the  cluster.  Once  the solution  of  the integral equation  (4･10) is

obtained,  the distribution function of  the one-body  effective  field is given by

     G(i'(H(i})- 21n Jl)xp(ixH`'})[S(x)]Zccin (4･12)

and  the magnetization  o and  the spin  glass order  parameter  q by the sarne  equations  as

(2･13) and  (2･14). 

'

   It is noted  that the integral equation  of  the distribution function can  be derived by the

stationarity  of  the free energy  in the cumulapt  expansioni6)'22)  in general.

            g5. Transition temperat'ures  in the cluster  approximation

   The  integral equation  (4･10) with  (4 ･11)  has a  solution  g(h)  =:=  6(h) (G<C)(ll(e))=6(h(C)))
at  all temperatures, and  it describes the paramagnetic  state.  (4･10) with  (4･11) has

another  solution  in which  li ;O  and  still another  in which  li =e  but li2 #=O in respective
temperature  regions  (li-==thBHi(C)). The  temperatures at  which  the first and  second

solutions  begin to appear,  are  the Curie temperature  TE and  the spin  glass transition

temperature 7'k, respectively.

   In such  lattices as  the square,  hexagonal, simple  cubic,  body-centered cubic  
･･･

 lattices,

where  the lattice can  be divided into two  equivalent  sublattices,  the cluster  approximation

gives a quantitative  improvement. For example  for the cube  cluster  (Fig. 4), f((fo) given
by (4'5) takes  the  form23)

     f(th)== Z  (1+lio])(1+lzo2)(1+ho3)(1+l4th)
           dld2-o'7

           × (1 +  ls ots)(1 +  l6 o6)(1 +  l7 a7)(1 +  toi ob oi)(1 +  ti3ai a3)(l +  t32o3 ola)

           × (1 +  tsook} ob)(1  +  fo4ob ou)(1  +  hs oi os)(1 +  le6ati o6)(1 +  t37ti3 th)(1 +  ins(Xi as)

           × (1+ts7osdi)(1+t76o7ae)(1+fa4oeo4). (5･1)
Carrying out  the summation  with  respect  to 6i is an  appropriate  example  of  the REDUCE

program.  The result  of  (5･1) is written  in the form
                7

     f((fo)-=Ao+(ZBili)(fo (5･2)
               i--1

and  the transition temperatures  are  given by

     tl.,(BiLzlo)" =-  
.b!1,

 (s･3)
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Fig. 6, Phase  diagram  of  the system  in the triangular

   lattice (Random mixture  of  ferrornagnetic,

   antiferromagtietic  and  nonmagnetic  bonds).22)

K

300

kTZJ

12

G

4

        ,o o.s p.-..  1.o

Fig, 7. Phase  diagram of the system  in the fcc

   lattice.2G) PFG==O,682.

P

F

P

G

 t AFttJS.NlxIN

   ×

K500

250

     O O.5 1.00 O 05 1,O

Fig, 8. Phase  diagram of  (Cri.yVy)i"sTe (from Ohta, Fig. 9. Phase  diagram  of  MnpCui.p  (frem Gibbs and
   Kurosawa  and  Anzai2'}). Smith2S)).

Explicit forrns of  Ao  and  Bi and  the phase  diagram  are  given  in Ref. 23).

   As stated  in the previous section,  the ciuster  approximation  gives  qualitatively

different results  for lattices which  cannot  be divided into two  equivalent  sublattices.

Examples are  the kagome,2`) triangular22) and  face-centred cubic lattices25}'26) (tetrahedron
approximation).  Figure 6 shows  the phase  diagrarn of  the model  with  ferromagnetic,

antiferromagnetic  and  nonmagnetic  bonds [P())=-P6(1-fo)+q6(f+fo)+ r6(f),  (P+q+r
=1)].  Figure 7 shows  the phase  diagram  of  the system  on  the fcc lattice. The  result  in

Fig. 7 resembles  qualitatively to experiments27)'2S>  for (CrpVi-p)invs Te  and  MnpCuiLp

(Figs. 8 and  9) and  others.

       g 6. The  boundary  between  the spin  glass and  ferromagnetic  states

                   and  the ground  state  energy  and  entrQpy

   We  consider  the distribution function at  T==O  and  U==O. First the pair approxima-

tion is treated.6) When  T->O, we  see  that

     1,i.m.cokthrr'(thde thfly)-sgn(x)sgn(y)min(lxl,  ly[). (6･1)
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   We  assume  that at  T=O  the distribution of  the single-cluster  effective  field is given by
a superposition  of  three delta functions:

     g(h) =-  ia.a(h- nt), (6･2)
           nt-1

i.e.,

     S(x)-Zanexp(-iulx).  (6･2')
           n

Substituting (6･2) into (2･6) we  have

     G(2'(ll`2')=!2bm6(H`2}Lwi) (6'3)
               m

for the distributibn function of  the two-body  effective  field HC2), bn is given by the

coethcient  of  8" in the expansion  of  (Zan8")Z7i. Inserting (6･3) into (2･7) with  (6･1) we

have  new  S(x) as

     S(x)TZan'exp(-injx). (6･4)
           n

an' is expressed  in terms of  bm and  bm in terms of  an.  Hence we  have  algebraic  equations

for an.  The  values  which  satisfy  these relations  give  a  solution  of  the integral equation.

The  solutions  are  classified  iri the following types. A  single  peaked  6-function at  h=O

describes the paramagnetic  state.  An  asymmetric  solution  describes the ferrornagnetic
state.  A  symmetric  solution  with  nonzero  width  describes the spin  glass state.  The

value  of  the concentration  of  the ferromagnetic bond  where  the asymmetric  solution

begins to appear,  and  connects  with  the symmetric  solution,  PFG, is the phase  boundary
between  the ferromagnetic and  spin  glass states  at  T=  O.

   For z==3  (hexagonal lattice) we  have

     ae=(ao2+2a-iai),

     at ==  (ai2+2aoai)P+(a2-i+2aoa-i)(1 
-P)

 
,

     a-i  ==  (a2-i+2aoari)p+(ai2+2aoai)(1 -p),  (6･5)

where  P  is the concentration  of  the ferromagtietic bond. (6･5) has three solutions:

     i) ao=1,  ai=a-i==O,  (paramagnetic, P) (6･6)

     ii) ao::=ai=a-i=113,  (spin glass, SG) (6･7)

     iii) ao==2(1-p)1(2p-1),

                  [(8P-7)(4p-3)]i,2
                                 . (ferromagnetic, F) (6･8)
          

ai-a-i=
 (2p-1)

The ferrornagnetic solution  (6･8) disappears at  PFG=718 and  connects  with  the spin  glass
solution  (Fig. 2).

   Substituting these values  of  an  in (6･7) into (3･9) and  (3･10) and  pick up  the leading

two  terms, we  obtain29}  the ground  state  energy  E  and  entropy  S  of  the spin  glass state:

         23
     E=           E,=O.85185  E, 

,
         27
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(a) " -

EIEe

-O,79578-O.re828

SG2  O.72ss4
i

   SGI
      P  O.75
 O.72746R4RA

-O.7

£ 6

-O.9

o O,5

Fig. 10. Grouncl state  energy

  Square  lattice,30)

  pof

 the

 -1.01.0

systern  in the

SfeB =  -  l/ ln2+ IE;tTln3 ==  O.0215607 ,

(b)

 <c)
     a-s  a-  at  as

Fig. 11. The  solution  of  the  integral equation,  an,  fer

   the fcc lattice at  T=O.  (a) P=:e.64 (spin glass),
   (b) P=O.9 (ferromagrietic), <c) P=1.0  (pure fer-
   romagrietic>,2S)

where  EF=  
-

 
-l-

 of is the ferromagnetic ground  state  energy.

   For  the case  z=4  (square lattice), we  have two  spin  glass states7}  SGI and  SG2, and
Ei=(3f4)EF, SilleB==O.098108 for SGI, E2==(931125)EF=-O.744EF, S21leB-O.0390764 for SG2,
The  entropies  for z==3,  for SGI  of  z==4,  and  for SG2  of  la=4, are  all small  positive

quantities, in contrast  to the negative  entropy  of  infinitely ]ong-ranged model.2)  The

energy  in the paramagnetic  state  in this approximation,  however, is -1,  and  it is lower
than that of  the spin  glass state.  PFGi=516 and  PFG2=O.8205, The  situation  is much

improved  by  using  a  square  cluster  approximation  (see below).
   We  consider  a  square  cactus  lattice of  alt=2  as  an  approximation  of  the  square

lattice.30)'3i) For  xc-2,  an  is equal  to bn. Substituting S(x)=Z?--2atexp(mi(ltc) into the

integral equation  we  have  algebraic  equations  for an.  They  are  solved  as  a function of
xi!P-112,  and  give relevant  solutions:  1) P state.  ao:=1  in thewhole  region  ofx.  2) SGI
state.  3) SG2 state.  4) Fl state,  O.335< x  <O.5. 5) F2  state.  O.327<lxl<O.375. SGI  and

Fl connect  at  PFGi--O.835 with  each  other,  and  SG2 and  F2 at  PFc;2=O.827.
   The  energies  and  entropies  of  the spin  glass states  in the square  approxirnation

depend on  P while  they do not  in the pair approximation.  Figure 10 shows  the ground
state  energy.  The  energy  of  the SGI  and  SG2 are  very  close  throughout the whole  range.

Though the energy  of  the paramagnetic  state  is still lower than  that  of  the spin  glass state,

the forrner has become  close  to the latter, This fact suggests  that the spin  glass energy

may  become  lower than that of  the paramagnetic  state  as  the degree of  approximation  is
irnproved･

   We  also  applied  the method  to the face-centered cubic  lattice in the tetrahedron

approximation.25)'26)  The  number  of  unknowns  an  is 4, but each  equation  corresponding

to (6･5) has 2500-  7500 terms  on  the right-hand  side. Figure 11 shows  the behavior of  the

an  for various  values  of  the  concentration  of  the ferromagnetic bonds  P. We  see  the

changes:  spin  glass-ferromagnet-pure  ferromagnet, as  P=O,64->O.9-1,O. The  bound-

ary  between  the ferromagnetic and  spin  glass states,  PFG=O.682, was  obtained.  The  phase
diagram, shown  in Fig. 8, is censistent  with  experiments  on  the fcc spin  glass.
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   The  one-dimensional  problem  at  T  ==  O with  the external  field H  is exactly  solved  and

the stepwise  magnetization  process  is obtained.32)

    S 7. The site-random  Ising model,  a  medel  for Eu.Sri-.S, and  other  models

   Hitherto we  treated the spin  glass in the bond-random Ising model.  Our  method  can

be extended  to the site-random  Ising model  of  A  and  B, of  which  the exchange  integrals

are  
.[AA,

 IBB, and  
.hE,

 and  the uniform,  staggered  and  spin  glass susceptibilities  have  been
obtained  in Ref. 33). The transition temperatures are  given by

     IT(z-1)(P. l･.n.+P.t.n.)+(z-1)2p.P.( tM, t.n.- t.n. tE,)-O ,
 , (7･1)

where  tAB!thl!IJAB, etc. Upper  and  lower signs  with  n=1  give  the Curie and  N6el temper-

                                       atures,respectively.  Uppersignwithn==2
K

15

10

5 P

G

F

    O.O O.5 1,O
                   p-.

Fig. I2. Phase diagram of  EupSri-pS  (from Maletta
   and  Felsch36]).

kTll

1.6

L2

O.8

O.4

    o,o

Fig, 13.

       O.5 1.0
            p-

Phase diagram3')'3S) of  EupSri.pS,

gives spin  glass transition temperature.
The  result  is extended  to a  system  with

second  neighbor  interactions.34) It was

shown  that  when  a  proper  second  neighbor

interaction which  enhances  frustrations
exists,  the spin  glass state  becomes easy  to

appear.  Related experiments  are  those

for Eui-pGdpS, FepCriup, etc.35)

   EupSri-pS is a  crystal  in which  Eu or

Sr forms a fcc lattice and  ku-Eu is fer-
rornagnetic  or  antiferromagnetic  when

Eu-Eu  pair is of  first or  second  neighbors,

and  ku-sr and  lsr-sr are  always  zero,  and  it

 O O.2 O.4 O.6 O.8 1,Op

Fig. 14. Pha.se diagram of  the  random  Heisenberg-

  Ising model.`O)  When  O.43<rp<rpc, the par-

  amagnetic  state  does not  disappear for some

  region  of  P as  T-"O. VVhen  rp<rpc the spin  glass
  does not  appear.
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shows  the phase  diagram36} as  in Fig. 12. The theoretical phase diagram37)'38) in a  site

model  with  first and  second  neighbor  interactions by the square  approximation  (Fig. 13)

is in a  qualitative agreement  with  experiments,

   The  method  in the pair approximation  was  applied  to the classical  planar spin  glass,39)
classical  Heisenberg spin  glass, and  quantum  Heisenberg-Ising spin  glass.`O) The  Curie,

Neel  and  spin  glass transition temperatures  for the classical  systems  are  then  given by

(3'7) and  (7･1) if th(fl1) are  replaced  by  L(xlU)llb<flI) and  L(ev), respectively,  Here Ih(x)
and  L(x) are  the Bessel function of  an  imaginary  argument  and  the Langevin  function,

respectively.  It was  shown  for the quantum  system  that, when  the anisotropic  parameter

op(=O: Ising, =Iiisotropic  Heisenberg) exceeds  a  critical  value  rpe, the spin  glass dis-

appears  (Fig. 14).

   It was  shown  that Sherrington-Kirkpatrick's result2} for the infinitely long-ranged
model  is reproduced6}  by taking  the limit Ar. oo  in the pair approximation  with  a  distribu-
tion P(1) such  that

     J]IP(f)di=hliv, (/lr2p(f)di)i'2..h/7vu2.
   The integral equation  (2･5) for T=O  has been shown  exactly  to have  a  paramagnetic

solution  g(h);:8(h),  and  a spin  glass solution  g(h)-[6(h+1)+6(h)+6(h--1)i!3.  0ther
than the above  solution,  Inawashiro`i)'`2) showed  the solutions  which  are  superpositions  of

more  than  three delta functions exist.  Morita`3) obtained  a  solution  composed  of  three

delta functions and  a  continuous  function by a  numerical  calculation  of  a  histogram. In

S 8 we  treat the latter solution  analytically.

          S8. Analytical solution  of  the integral equation  (2･9) at  T:=O
                    with  continuous  distribution functien'i)

   When  T.O  the kernel (2'10) of  the integral equation  (2･9) is simplified  with  the use

of  (6･1):

     K(x, y)-e-z'"If:aY  P(1)Xi7dH(2'exp[iy(H`2'LJ)]

              +f:cu  pu)f2i'idH(2'exp[iy(H(z'+f)]

              +XeOdi  p(1)1;dH(2}exp[iy(ffc2)-1)]

              il:di  pu)fT'du{2'exp[iy(u`2'+f)]]  (s'1)

            =eJiY"(2rr  6(y)f:P(f)cos  ttldi

              `2.C  
"o

 
sin(yym

 
x)i

 pu)  di +  1: sin(yi  
x)f-p(f)

 .y

              +2f  
co-s)mSy--.x

 
)J
 p(f) di- lk sinty++.x  

)J
 p(f) di). (s･2)

Hereafter we  consider  the  case  for z=3,  H==O,  of  the  ±J model  [P(f)==[6(f-1)
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+6(J+1)]!2],  Since the distribution function g(h) of  the single-bond  effective  field is an

even  function, S(x) is even,  Hence

     K(., y) ==2.  ..,.6(y)-2  ,,,.  -si'Iy--y--+ 
siny(y--.x)

 +sirny(y++.x). (s.3)

Using the addition  theorem  of  the Bessel functions, we  have

     
Si"y(Y-.;.X)

 -  
.2co=,(

 ± 1)n(1 +  2n) 1'n(x)in(y), (8'4)

where  1'n(x) is a  spherical  Bessel function. Expressing the second  term  of (8･3) also  in

terms  of  the spherical  Bessel function, we  have

                                   oo

     K(x, y)=:2n  cosx8(y)-2  cosavb(y)+2.Z=,(1+4n)  1'2n(x)7'2n(y). (8'3')

Let S(x) be
                     oo

     S(x)=a+b  cosx+2c2ti2i(x),  (8･5)
                    l=O

where  a, b, and  c2t are  coeficients  to be determined. We  substitute  (8･3') and  (8･5) into

(2･9) and  integrate the right-hand  side.  Equating the corresponding  coeffcients  in both

sides,  we  have

     a=a2+b2!2,

     b=2ab+bco+b212+co2"ZZc2ic2ml6,2t,2m,
                          lm

     c2n==2ac2n+2b(1+4n)Zc2thi,zn+(1+4n)22czic2thi,2m,2n,  (8'6)
                       l lm

where

     I},,,.fff:dy cos:y  j,,(y)1',.(y), (8･7)

     ILi,2ne,2nEif!]dy i2i(Y)7'2m(Y)i2n(:Y). (8'8)

                                     We  seek  a  solution  where  c4,cG,･-･  are

               
g(?)

  ZerO･  Necessary integrals are  calculated

  

  

b bl2

  hll
  

  Sotution: a=.10683  bl2=,21843 Areof2=.22816

   Morjta:  a=,10696  hX2=.21854 Area12=.22798

Fig. 15. Distribution of  the  singl.e-bond  effective  field

  in the spin  glass state  at  T=-e in the pair  approx-

  lmation.ii)

to be

   k,-112,  k,==O, h,--7180,

   hoo=314, foo2=1116, k22=11160,

   h22=9/256. (8"9)

Using (8'9), the physically accessible  solu-

tions of  (8･6) are  given  by

     i) a==:1,  b==O, c2n=O,

     ii) a=113,  b=213, c2n==:O,

NII-Electronic  
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     iii) a-:=o.10683,  b12--O,21843, co=O.45631,'  c2-O.05759.

   The solution  i) represents  the paramagnetic  solution.  The solution  ii) is the spin

glass solution  previously  obtained.  The  solution  iii) represents  a spin  glass with  a

continuous  distribution. The  values  of  a, b and  co  agrees  with  corresponding  quantities
of  Morita's solution`3)  with  almost  4 valid  digits. Rapid  damping  of  Jmn and  fimn for

indices and  the perfect  agreement  with  Morita's results  suggests  that solutions  with

nonvanishing  c4, c6, 
''･

 are  very  close  to the solution  now  obtained.  Figure 15 shows  the

distribution function g(h)  of  the single-bond  effective  field:

     g(h)-aa(h)+2b[6(h+1)+6(h-1)]+c,12+c,(3h2-I)14  (lhl<1+o)

         -O.  (hl>1) (8-10)
Physical quantities derived from (8･10) are  now  being calculated.

g 9. Conclusion and  discussion

   In this paper  the spin  glass problem  by  the method  of  the distribution function of  the

effective  field developed by our  group  are  reviewed.  Reducibility condition  between

one-body  and  cluster  density matrices  leads to an  integral equation  for the distribution

function of  an  effective field. The  solutions  of  this integral equation  are  classified  into

three classes.  1) A  single  peaked  delta function at  h=O  which  represents  the  par-

amagnetic  state.  2) Symmetric  functions with  nonzero  widths  which  represent  the spin

glass states.  3) Asymrnetric functions which  represent  the ferromagnetic state..  The

antiferromagnetic  state  is obtained  by modifying  the integral equation.

   The  phase  boundaries are  obtained  as  a point at  which  the above  soluLtion  begins to
appear  (P-F, P-SG)  or  connect  with  each  other  (SG-F). In the  pair approximation  of

the ± f model,  the phase diagram  is symmetric  between the ferro- and  antiferromagnetic

states,  between which  the spin  glass state  lies. In the triangle cluster  approximation  for
the triangle or  fcc lattice, or  in the tetrahedron  approximation  for the fcc lattice} the

antiferromagnetic  state  does not  appear  and  the phase  diagram firstly explains  well  the

experimental  results.

   The  ground  state  entropies  in our  results  for the  short-ranged  mod[els  are  small

positive quantities. It is contrary  to the appearance  of  a negative  entropy  in the infinitely

long-ranged model.

   A  comparison  of  the ground  state  energy  of  the system  in the square  Iattice between

the pair and  square  cactus  approximations  shows  a  much  improvement  in the latter and

suggests  a  possibility that  the minimum  of  the free energy  of  the spin  glass state  might  be
obtained  in a  more  extended  cluster  approximation.

   A  spin  glass state  which  has a  continuous  distribution of  an  effective  field was

obtained  analytically  as  a  solution  of  the integral equation.  Physical quantities in this

state  will  be reported  in the future.
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