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Qua"tumHilbert Space of  Gc  Cherm-Simons-Witten  Theory  and  Gvavity

Nobuharu  HAYASHI

institute of llhysies, Ciniversily of Cfokpo, Komaba,  7bdyo 153

   Euclidean Chern･Simons-Witten theory with  a complex  Lie. group  Gc  is discussed.
When  Gc  is a complexification  of  SU(2), this theory gives an  important physical application.
It describes Euclidean gravity with  negative  cosmological  constant.  In the  present paper, we

consider  a  quanturn Hilbert space  of  the  Chern-Simons-Witten theery  with  Gc  on  a  torus,  and

show  that it is finite-dimensional at special  values  of  coupling  constants.  In such  cases,  we

find that any  physical  state  is given by a  product  of  the holomorphic Weyl-Kac  character  of

the Wess-Zumino-Novikov-Witten model  and  the anti-holomorphic  one.  Moreover, it is also

shown  that  each  of  topological  invariants of  3-dimensional manifolds  which  admit  the  genus
one  Heegaard  splitting  is factorized intQ a  product  of  two  parts, One  of  them  coincides  with

a  topological  invariant of  the Chern-Simons-Witten theory with  the maximal  compact  sub-

group  of  Gc  and  the other  is closely  related  to its complex  conjugate.

gl. Introduction

   Great efforts  have been devoted to a  study  of  the  Chern-Simons-Witten  (CSW)
theory. Itismotivatedbymathematicalandphysicalobservations.  Thernathemat-

ical observation  is･that the  CSW  theory  is considered  to provide  topological invar-

iants of  a  huge class  of  3-manifolds.') One of  the rnost  important exarnples  is the

Jones polynomial.2) The CSW  theory is described by an  action  and  a' network  of

Wilson  lines which  have' no  Riemann metric  dependence, so  it is manifestly  a

topological theory. The  topological  invariants in the CSW  theory mean  knot and
link invariants which  correspond  to vacuum  exppctation  values  of  the Wilson  loops.

   The  physical observations  are  concerned  with  the anyon  physics  and  the  quantum

gravity, The  anyon  is a  particle with  a  fractional spin  and  propagates in a 3-
manifold.  The  trajectories are  regarded  as  Wilson lines (or loops). Wave  functions
of  anyons  defined on  a  Riemann surface  are  given  by  solutions  of  the Knizhnik-
Zamolodchikov  equations.3)  The monodromies  determine representations  of  the
braid group.`>

   A  relationship  between  the CSW  theory and,,the  quantum  gravity  is what  we  are

most  interested in here. In 3-dimensions, the CSW  theory  gives the first order  formal-

ism of  gravity  in which  it is described by spin  connections  and  dreibeins, and  a  gauge

group  of  the CSW  theory ig chosen  to provide  a  structure  group  of  a  local frame

bundle over  a  3-manifold.5} As  far as  the Euclidean gravity  is concerned,  the CSW
theories with  the gauge  groups  ISO(3), SU(2)XSU(2)  and  SL(2, C) correspond  to

gravities with  zero,  positive and  negative  cosmological  constant.  We  will  call  the

CSW  theory  with  any  one  of  these gauge  groups the (Euclidean) CSW  gravity.
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   In the quantum  field theory  of  the gravity, if it is considered  in the ADM

(Arnowitt, Deser  and  Misner)  fermalism, a state  of  the qllantum  Hilbert space  is given

by  a  solution  to the Wheeler-DeWitt  equation,6)  But it must  be replaced  by a parallel
transport  condition  in the CSW  gravity,5) It guarantees  independence of  complex

structures  on  a Riemann  surface  being an  equal-time  hyper-surface. The  CSW

gravity is said  to be exactly  solvable.  This property  owes  to a  fact that a phase

space  of  the CSW  theory  is a moduli  space  of  fiat connectionS  (a quotient space  of

gauge  fields by the gauge  group)  in finite-dimensions and  the parallel transport

condition  can  be exactry  solved  at  the quantum  mechanics  level, Thus  the CSW

gravity provides one  of  examples  of  non-perturbative  quantum  gravity.

   A  study  of  the quantum  Hilbert space  structure  of  the CSW  gravity  seems

instructive in exploring  non-perturbative  aspects  of  the 3-dimensional quantum  grav-
ity, One can  also  include particles, i.e., the anyons.  It seems  natural  to ask  the

following questions in our  CSW  approach.  Is there an  orthonormal  basis of  the

quantum  Hilbert space?  Can  we  construct  an  analog  of  the Jones-Witten invariantsi)
equal  to vacuum  expectation  values  of  Wilson  Ioops? As  the first step  to answer

them,  it is possible to investigate the quantum  Hilbert space  structure  of  the Euclidean

CSW  gravity  with  SL(2, C) (SL(2, C) CSW  gravity). It describes the Euclidean

gravity with  negative  cosmological  constant  whose  square  root  is related  to the

inverse of  a coupling  constant  of  the SL(2, C)  CSW  gravity. But as  a  matter  of  fact,

there exists  no  problem  in discussing a  mere  general  case  in which  the gauge  group

is given  by the complexification  Gc of  an  arbitrary  compact  Lie group  G, Let us  call

the CSW  theory with  the  cornplex  Lie group  Ge  the Gc  CSW  theory. We  will  discuss

the quantum  Hilbert space  structure  of  the Gc  CSW  theory  in the present  paper,

   This paper is organized  as  follows, We  review  the Gc  CSW  theory  and  its

geometric･quantization  procedure  in g 2. We  construct  the physical quantum  Hilbert
space  on  a  torus and  discuss its unitary  structure  in g3. 0rthogonality of  physical
states  belonging to a physical  state  basis on  the torus is proved  ing4, We  attempt

to construct  an  analog  of  the Jones-Witten invariants of  3-manifolds in the Gc  CSW
theory in g5. The  last section  is devoted to conclusions  of  this paper.

g2. Quantization of  the Gc  Chern-Simons-Witten  tlaeory

   This section  is devoted to a  review  on  the classical  Gc CSW  theory and  its

geometric quantization,7} Such a  quantization  procedure  was  employed  by Axelrod,
Della Pietra and  Witten in quantizing  the CSW  theory  with  a  simply  connected  and

compact  Lie group.S} Then  Witten imrnediately applied  it to the CSW  theory  with  a

complex  Lie group.9} A  3-manifold XXse  is most  convenient  for quantizing  such

CSW  theories. R  plays  a  role  of  time  parametrized  by xO, and  X  stands  for a  closed

Riemann  surface  parametrized by real  coordinates  (xi, x2).

2.1. 7'he Gc Chem-Simons-YV'itten theoay

   Let gu  be the Lie algebra  of  the complex  group  Gc. Let C  and  9 be the
maximal  compact  subgroup  of  Gc  and  its Lie algebra,  We  introduce a smooth

gc-valued connection  one  form u4  and  its complex  conjugate  di. They  are  expanded
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by a  basis of  the Lie algebra  S as

   d!m{G}

.4-=  2  WTh
    a=1

  -  dim(0)

,
 .rz  -=  Z  .4aTd  .
      a==1

The  Lie algebra  9  admits  an  invariant positive definite Killing f

to satisfy  Tr( Tti Tb)= aab･

   We  discuss an  action  of  the Gc CSW  theory  defined by,

     I[X, J]-J[.i]+i[a]  
,

orm,

(2･1)

Tb are  chosen

(2"2)

where

J[di]t8rrfTr(.4  A  d.4 +-g-di A  ue A  .ll)  ,

     J[j] =-  st. fTr(.-nAd.A-+-g-.IAdlMAdiM), (2e3)

The coupling  constants  are  t==le+is  and  t =fe-is.
 The  single  valued  property of

exp(af[JZ,J])  in the path-integral quantization requires  kE!Z  (integers). On  the

othe'r  hand, the  parameter  s  may  be an  arbitrary  complex  number,

   Frorn the physical  point of  view,  it is important to consider  acase  Gc== SL(2, C).
This case  is related  to the 3-di;nensional gravity. To  see  this, we  substitute  vig=di

+ie  and  di=di-  ie into the action  (2･2) where  to and  e  are  S-valued connection  one

forms. It is decomposed  into a  sum  ef  two  parts:

     I[Lrz,a]-h[e, to]+k[e,  to], 
'
 (2･4)

where

h[e, te]4krrfTr(toAdo-eActe+-Z"toAtoAco-2toAeAe),

     Ig[e, w]=-ifTr(eA(dn+wA  di)--ll-eAeA  e).  (2e5)

   If we  identify ua"" and  ega  (u==O, 1, 2) with  the spin  connections  and  the dreibeins

respectively,  we  find that the action  h[e, ca] stands  for the exotic  term  and  the action

h[e, w]  the Einstein-Hilbert action.  The  exotic  term  gives rise  to a  framing problem

of  3-manifolds.9)

   First, as  an  exceptional  case,  we  consider  a  case  of  the Lorentzian space-time.
Let us  suppose  that G  takes the non-compact  reql  form  SL(2, R) of  SL(2, C) (SL(2, R)
is a  double cover  of  SO(2, 1)). ･ The parameter  s must  be real  for the action  k[e, to]
to be the Einstein-Hilbert action  It can  be identified with  the inverse,of the Newton

constant.  We  realize  that the cosmological  constant  term  (the las,t term  of  k[e, ev])

has positive signature  provided  that  fTr(eAeAe)=fd3xFg  >O. On  the other

hand, in the Euclidean space-time,  SL(2, C)  is regarded  as  a  complexification  of  G
± SU(2) (a double cover  of  SO(3)). The  parameter  s  must  be purely  imaginary from
the  same  reason  as  in the Lorentzian case.  In this case,  is can  be identified with  the

inverse of  the Newton  constant.  The cosmological  constant  term  has negative
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signature  provided that fTr(eAeAe)=fd3xVI7>O.

2.2, Geometric quanti2ation

   Let us  quantize the  Gc  CSW  theory  described by the action  (2e2) with  s  being

purely  imaginary  in the Euclidean space-time,  We  consider  the quantization  in u4o

==Lno=O  gauge.  Let 
`PVc

 be a  phase  space  of  smooth  complex  connections  on  the

Gc-bundle over  X, Fff7c has a symplectic  structure  determined by  the following

symplectic  form  ( a closed  two  form)

     w-  st. fTr( 8diA6-A)+  st. fTr( aJ-A6-Mrz). (2s6)
           g x

Here  (6ul, acyl) is a variation  of  the complex  connection  one  forrns on  X. According
to the geometric  quantization  procedure,  we  start  with  a  prequantum  line bundle over
`JVc.

 Let (DIDX ia)  and  (DIDvl ia)  (i -- 1, 2) be connections  on  it. The  symplectic  form

ca is a  curvature  two  form qnd plays  a roie  of the first Chern class  of  the prequantum
line bundle. According to (2･6), the connections  must  satisfy  the commutation

relations  on  arbitrary  sections  of  the prequantum  line bundle

     [ D.41!la (2) , Dv4e.b(.t) ] -  
-
 s 

t.
 E,j6ab(z, zi) ,

     [D.l)/?a(x), DJ-D,b(z.)]==LstrreiJ6ab(z, 2'). (2.7)

   To  quantize the system,  we  need  to choose  a  convenientpolarization.  Following

Witten,9) it is most  convenient  to choose  the real  polarization determined by

     D3.a  ip ==  DD.'nz. ip 
=::O'

 (2's)

These  conditions  define a quantum  line bundle as  a  subbundle  of  the prequantum  line

bundle. v41S  is a  complex  conjugate  of  v4z".  They  are  given  by u4i"cinim-  v4."de

+vagZ-dz- and  uei"cinr'==ve."de+di:-d2-,  The  holomorphic  (anti-holomorphic) compe-

nent  de (dz-) of  du  ̀is defined by a  complex  structure  1 on  X. Solving the conditions

(2･8), one  can  see  that ip is determined only  by  (wxa, tog-)-dependence.  Hence  it is

enough  to obtain  di at  eza=:ett'=O.  Thus  
CPVc

 reduces  to a  phase space  CPt? of  connec-

tions toga and  diZ- on  the G-bundle over  X  (G connections),  Via such  a  reduction,  the

commutation  relations  (2･7) become

     [D.f?.(.),D.l.ll(.r)]::::-4k.a"b6(x,z'), (2.g) 
,

where  le==(t+ t)!2. These  relations  hold o.n arbitrary  L2-sections of  a  line bundle
over  

CPV,

   As  a  common  property  of  the CSW  theories, v4e  and  uago  play  a  role  of  the

Lagrange  multiplier  fields which  impose the Gauss law constraints  Ileffa(JZ)= il lr2a(cl)
-O.  Acting on  a section of  the line bundle over  

CPVc
 and  fixing eia  at  zero,  the

constralnt  operators  are

NII-Electronic  



Publication Office, Progress of Theoretical Physics

NII-Electronic Library Service

PublicationOffice,  Progress  of  Theoretical  Physics

Quantunz Hilbert SPace of Gc  Chern-Sinzons-Witten 7-;lzeo7:y and  Gvavdy129

     (Di doDg- 
-st.

 P>ia(ev)) ip =:=(Dg  D{ll.a 
v
 st. 

Iileffa(ca))ip == O, (2'10)

where  Dim-O:-+toa- (Dg--ax+toz). The  Gauss  law  constraints  (2･10) impose  gauge

invariance on  the sec £ion. The  gauge  invariance let us  to identify connections  related

by  gauge  transformations:  tok'u--ofi:==g-itotig+igLiORg  (wa.wl==grmito.g-+igpLia,g).
g and  its complex  conjugate  g- belong to a  group  Gc  of  smooth  maps  from X  to Gc.
A  complex  structure  on  

CW
 is induced by  the complex  structure  on  X, Once  a

complex  structure  J on  X  is picked,･the  above  gauge  transformation gives rise  to a

natural  Gc  action  on  
CV87.

 Thus we  can  introduce a quotient space  
CWIGe

 (:= LXtJ)  by
means  of  the complex  structure  on  X.

   The  quantum  Hilbert space  consists  of  sections  of  a  line bundle ove  .fiZJ.  To

make  the dependence  on  J manifest,  let ,us denote it by JICJQ. We  can  make  use  of  a

theorem  by  Narasimhan and  Seshadri,S)'iO) that the moduli  space  g7t  of  the fiat G
connections  is isomorphic to the quotient  space  LfiliJ,  i.e., LSrpt tr- LS}iJ, According to this

theorem, we  are  able  to identify the quantum  Hilbert space  over  -5rptJ  with  that  over  LW

while  .SItJ  is dependent on  the complex  structures  on  E, Hence  there  must  exist  a  way

to identify sections  belonging to the quantum  Hilbert spaces  defined on  different

complex  structures  on  2]. Let us  introduce a  projectively fiat connection  6e on  the

quanturn  bundle LSPCQ.  El`. Here  LSICQ represents  a  set  of  all the  quantum  Hilbert spaces
YCJQ on  X. !I' is a space  of  all the complex  structures  on  X, i.e., the Teichmtt11er space,

YCJQ consists  of  parallel sections  ¢  determined by 6Qip ==e.  This is censidered  to be an

analog  of  the Wheeler-DeWitt equation.  For  a  purely imaginary s, we  need  to use  an

exotic  hermitian pairing  LEIgms-opJrC6SYCs(g>3Cs-C  to establish  unitarity.  YCs stands
for the quantum  Hilbert space  for given s. (at fixed le). We  require  that under  an

infinitesimal variation  of  the  complex  structure  f on  X, every  inner product should

transform as

     6Kxlgb},-<6"x gb>>+Kxl6Qdi>. (2･11)

We  will  explicitly  see  such  a  property  in the  ease  X==  T2 (torus) in the next  section,

g3. Qdantum Hilbert space  on  torus

   The arguments  given  in the previous  section  are  applicable  to the quantum
Hilbert space  on  any  closed  and  orientable  Riemann surface.  But the inner product
must  be defined to a certain  Riemann  surface.  This problem  is complicated  except  in

the genus  one  case.  For  simplicity,  here, we  restrict  ourselves  to the genus one  case.

Then  we  can  explicitly  find the parallel sections  which  satisfy  the parallel transport

condition  6"gO:=:O. It is also  possible to

provide the inner product of  the quan-
tum  Hilbert space  on  a  torus which  is

compatible  with  the  parailel transport.

3.1. Mbduli  sPace of j7tzt G  connections

                                                     ct

   The  physical  states  are  parallel sec-

                                           Fig. 1. ev and  rs cycles  of  a torus,
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tions of  the line bundle over  LZtJ,  i.e,, the moduli  space  of  the flat G  connections.  LS)PtJ

is given  by  the  conjugacy  classes  of  the holonomy  representations  of  nl(X)  in G, The

fundamental group  of  the torus is generated  by two  commutable  elements,  i.e,, the ev

and  B cycles  (see Fig. 1), so  ia(T2)orZ(DZ.  Let us  introduce theholonomy  represen-

tations of  the fundamental group  th(T2).  Let U[ev]EIG and  U[B]C!G be elements  of

the holonomy  associated  with  the a  and  B cycles.  A  relation  of  7Tk(T2), as=Bev puts
a relation  of  the holon6my  UEa]U[B] =U[B]U[ev].  From  this, the conjugacy  classes

of  the holonorny determine the representations  of  nl(T2)  in G  and  may  be used  to

parametrize  the moduli  space  of  the flat G  connections.  By  conjugation,  we  can

achieve  that  U[a]E! T  and  U[B]EIi T  where  T  is the Cartan subgroup  of  (]. Let us

parametrize them  by U[a]=::exp(2rriOi) and  U[3][=exp(2rri&). Here 0i and  abelong
to the Cartan subalgebra  t. U[a] and  U[B] must  be still conjugated  simultaneously

by  the Weyl  group  elements.  Thus  the space  of  the representations  of  th(T2)  in G  is

given  by T × 7YW  where  va stands  for the Weyl  group.  For 0i and  &, we  must  put
an  identification (0i, a])t!(wOi+Ai, w61]+A2)  where  tv is an  element  of  the Weyl  group

and  Ai and  A2 are  in the coroot  lattice T. The  moduli  space  of  the flat G  connections
                           vv

becomes LSYi=::  T × TIWZ- t× cr(T× T)  pa PV, The  notation  ptrepresents the semi-

direct product.

   Let us  parametrize  the complex  structtire  on  the torus by a complex  parameter  r

==  th+ilt  and  its complex  conjugate.  r belongs to the upper  half plane specified  by te

>O, By  means  of  T and  its complex  conjugate  Tr, the holomorphic (anti-helomorphic)
coordinate  on  the torus is given by 2=xi+rv2  (zT=xi+ T-x2). But  periodicities along

the ev and  B cycles  require  an  identification (xi, x2)'t(xi+mi,  x2+m2)  for mi,  m2EZ.

Using the complex  structure  on  the torus, we  are  able  to clefine a holomorphic

(anti-holomorphi'c) component  of  the modular  parameters  of  suJ by  u==a-fOi

(u- -- &-  T-e,).

3,2. 1]kemllel transport conditions

   The  quantum  Hilbert space  is spanned  by  the physical  states,  i.e., the gauge
invariant se ¢tions satisfying  the parallel transport condition  6Qip =O.  As a mat'ter  of

fact, 6Q has a long and  complicated  expression.9}  It is convenient  to rewrite  this

equation  into a  simpler  form. It is useful  to know  a  property of  H  (a determinant of
the Laplacian on  the torus). It satisfies  the' heat equations

(h6(i,O)+t7ialtc'crt)Hlf2 ..(h6(o,1)'t7  r･alv''7,-)H1/2=o. (3"1)

7i and  7  i･ are  components  of  connections  on  a vector  bundle over  LfiPti  with  respect  to

ui  and  u-i directions. S("'O)(6(O'i)) is a  holomorphic  (anti-holomorphic) component  of

a  quantum  trivial connection  6 associated  with  an  infinitesimal variation  of  the

complex  parameter  r( T-). Infinitesimal variations  of the complex  structure  (ilij' and

alij are  covariantly  constant  because they  are  independent of  u  and  u- as

afL, =ol!in-cam-nej'--idT  cij' ,
 Ell'T' =

n
olthWvaJ=ridT- cij .

     rr
(3･2)

The  matrixCij  is thelnverseof  Cij given by an  inner product  of  a basis of  the Cartan
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subalgebra.

6Q{1･O) gb

Multiplying

=(aa,o)+

6eip =::O  by Hii2, we  fin

1
  p'iov'2t

Q7,-3-ll-1/2(

d that they are  rewritten  into

h6(i-O)+t7galij7DHi,2)di

=(aa,e)+1   l7ibl2t
±t72)  ip- =O  ,

sQ(O,i) gb=::(6(O,1)-2if 7  rEyemj  +  -g.-Nr
    t-li2(hS(O,l)"t7

 ,･elll''7;, )ffit2) sNb

=(6(o,1)-  l- l7 i･2tov1'ij7bip-r-e. (3･3)

Here  SQ('･O)(6Q(e'i)) is a  holomorphic  (anti-holomorphic)
connection  conjugated  by Hif2, i.e., 6Q==Hi/2o"eHTi/2. ip
related  to di by ip=:Hi'Zip. The  connections  acting  on  ip

     a<iiO) cb-=dT( ddT +k  {ffte) ipJU , 6(O,i) di- --d:- ddr- ipN ,

 cemponent  of  a  quantum
is a  parallel section  for aQ

are  explicitly  given by

v.ip---(ooui+leZ".? ) ,th. , 7,･ ip-v 
--
 aZ-i ¢

-'
 ･ (3･4)

For brevity, we  used  Qo =(rt12n)(u-  uM)2. The complex  modular  parameters  ui(u-i)

are  dependent on  the  parameter  T( T-) by  definition, so  we  have  to use  in (3e4)

     ddT=eOT+Ut2-ifpU-toZi,dd,-=DO,-+"i2-iteUMmtoi-li･ (3'5)

3.3. Physical state  basis

   We  are  ready  to find solutions  to (3･3).
finding the solutions  easy,  We  observe  that

te-r12etQer2a  
Q{i,o)

 ip=(6Sl>o>,+

Multiplying them  by

i t7i, '2 olt,l7;, 
t2)
 di =o  ,

fp-rt2etQo/2 makes

lt-ri2e 
l'Qot2

 6 
Q(O,1)

 gb=  ( 6S) ･-,i7,+  1rm7

  2t7.
 
t
 
12

 ov'E 

'
 l7Jtti2)ip-o. (3･6)

ip- is related  to di by
ed  to be

ge i= thrJ2e- 
tQo/2

 l5.The connections  appearing  in (3･ 6) are  comput-

ss,･o)ib=dT(S;+2t 
ddQ,o-441th)ip･

firs. 
i2
 di =r: ( a9,i

aSO･-,lt)2ip

 --lt27,

===  d rT(

di-(

+t  
-gQ.

 ?. )ip ,

ddT-

a6umi

f2dQedT-
 

-

t 0Qo2
 Oum`)ip-

4,r･.)ip ,

(3t7)
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The parameter  r  is the rank  of G  (the maximal  compact  subgroup  of Gc), Substitut-

ing (3e7) into (3･6), we  obtain  a pair of  heat equations

     ( 60, m4.i(iti2)  cw' oll, oll,)es=o,
     (a6r- +  4.i(l bt2) 

Ci' a£-i 
"o
 Z-uaJ')di 

=::O･

 (3"s)

We  notice  that  solutions  to (3･8) take  a  form  of  a  product  of  a  holomorphic  part  and

an  antiholomorphic  one.  In the present  paper,  we  consider  only  a  case  that a  space

spanned  by  the soiutions  to (3･8) is finite-dimensional. In such  a case,  it can  be used

the fact that solutions  to the heat equations  are  given by theta functions. So we

impose  here on  the coupling  constants  of  the Gc  CSW  theory  the following conditions:

      2t --h+h,  
--S--in+h,

 (3d9)

where  the parameters IL and  IR take non-negative  integers. (We cannot,  of course,

deny  a  situation  in which  h and  in take fractional numbers,.but  we  neglect  such  a

possibility.) Let us  remember  that the moduli  space  of  the flat G  connections  is

isomorphic to t× ti(T× T) pt VV, We  can  easily  find the solutions  invariant under

the Weyl transformation,  They  are

     (b2RRiALL= 0z-n+h,p+AR(za, z" 0iT.+h,p+ii,(u, r).  (3"10)

p is the Weyl  vector  (a half sum  of  positive roots).  0t-+h,p+n represents  a Weyl

anti-symmetric  invariant of  the theta functions at  level l+h.  It is specified  by  a

weight  vector  p+A  in Tf(l+h) IZ" ix W  where  T stands  for the weight  lattice. It is

convenient  to introduce  a fundamental  chamber.  We  can  use  a fact that p+A  can  be
expanded  by  the fundamental weights  as  p+A:=Z:･=iPiAi  where  Pi are  positive
integers. Then  the fundamental chamber  is given by Si={p+A[ZI-iPi<l+h},

The Weyl  anti-symmmetric  invariant is defined by

     ei-+h,p+A(u, r)=2  e(w)  0i+h,w(p+A}(u, T).  (3.11)
                  ME  VV

E(zv) is a  signature  of  an  element  zv of  the Weyl  group.  We  use  an  expression  of  the

theta function

     ei,r(u, T) ==  .;)exp(irrIT(ev+i)2+2nil(u,  ev+i)).  (3'12)

3.4. Ilimittz7y, strncture

   Let us  explicitly  define the inner product of  the physical  states  on  the torus given

by the exotic  hermitian pairing. We  discuss the inner product  of  the form

     K di'l di>= < ip' UTit2e2FtiHi12¢ >= llt duekOo ip-' . Hif2eZeriUir2 di
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       '

           :==  
.(;,

 duekOo ¢
-".e2en

 ¢
A"
 , (3.13)

Here the integration measure  is determined by the  symplectic  form  wk  :=(iknln)Cij  dzai

Adz-tj and  drt==d'ud'ur!lar==d'eidra(-- ev'), The  parameter  e is determined so  that

e-4k"=:-  i]t.9) In particular, in the case  leiO in which  the exotic  term Ik[e, to] is

absent,  6 must  be replaced  by 112ts andtthe  definition of  the inner product  (3･13) can

be used  even  in such  a  case.  Z  is the Laplacian on  the moduli  space  of  the  flat G

connections.  It is given by

     ,a=bj'i.toM'r,l7,=--li--Ctj(V7te7i･+l7i･l72).  (3e14)

   The  inner product  (3･13) is invariant under  the parallel transport  on  g, To  see

this, we  can  use  a fact that the quanturn connection  aQ is related  to the trivial

connection  by

      8Q=ente"i)eeti. 
'
 (3'15)

Owing to this conjugation,  the parallel transport conditions  (3･3) become  equivalent

to 6(i･e)dio,= 8{O'i)¢ o==O.  Here ipo is a para!lel section  for 6 and  is related  to ip by dio
==e"" ¢

iv.
 Then  the inner product  (3･13) can  be rewritten  by  the parallel sections  for

6, The  result  is

     <sb'l sb>} == ll, duehQelE7'oe geo. (3･16)

This  establishes  the unitarity  for purely  imaginary  s because 8(O'i} is manifestly  the

adjoint  of  6(i･O).

    It is easy  to check  (2hll). Under infinitesimal variations  of  the complex  struc-

ture on  the torus (Le. T and  i), (3`16) varies  as  
'

      6K ip'1 ip>=:: L, diiekeo( aip6･¢ ,+ZIT/n6ipo)  

'

            =:  
.(I,

 clktekQo(  8Q ip-" ･ e2e`  ipny +  l'i7r . e2ed a-e di)

            =vCtduekQoH(ljif1op7.H-ii2e2ed"ti'Zip+ZJT,.H-if2e2Edffi126edi)

            =-Kaegb'[gb>>+Kgb'1a"gbE>.  (3e17)

To  obtain  the second  equality,  we  used  partial integrals and  the conjugation (3e15),
If both of  di' and  ip are  parallel sections,  the inner product  becomes  independent of  the

complex  structures  on  the torus as  it should  be.

                  g 4. 0rthogonality of  the  physicag  states

    This section  is devoted te proving the orthogonality  of  the physical  states  given
by (3･10), As  can  be  seen  from  (3･10), each  of  them  is given  by a product of  the



Publication Office, Progress of Theoretical Physics

NII-Electronic Library Service

PublicationOffice,Progressof  Theoretical  Physics

134 N  Htzyashi

holomorphic theta function and  the anti-holomorphic  one.  It is specified  by  a  pair of

weight  vectors  (!IR, /IL) where  p+AR  and  p+AL  belong to the fundamental chambers

Eli. and  E! t. respectively.  Let us  pick two  physical states  (the parallel sections  for

the quantum  connection  6e) belonging to the physical state  basis given  by

     ipA'Aii%-LL ==  Ttg/2e"( 
i12)QO

 Oirm.+h,p+IR OtLL+h,p+iL ,

     ip SR.tz･. ==  zlf 
/2em(t12)eO

 et-.+h,p+A.el-.+h,p+n,. (4.1)

The inner product of  them  is defined by (3･13). The  orthogonality  which  we  would

like to prove here is expressed  by

     KdiA'J.(i-L.1diA".`nL.>=const6nL,,ri.6i.,A,.. (4'2)

Remember  that  ip-V=Ui'2ip. We  must  also  show  that the right-hand  side  of  (4'2) is

independent of  the complex  structures  on  the torus as  it should  be. The ortho-

gonality will  arise  from a  twist-integral over  the moduli  spqce  of  the fiat G  connec-

tions.

   We  shourd  pay  attention  to a region  of  the twist-integral.ii) In the previous
section,  it is shown  that the rnoduli  space  of  the flat G  connections  on  the torus is

isornorphic to t× t/(T × T) pt VV. The  moduli  space  is described by a  fundamental

region  of  the modular  parameters. It is determined up  to  two  translations in the

coroot  lattice and  one  Weyl  transforrnation. Thus  it can  be chosen  to satisfy  0iE SZo

and  a]EU.EwtvSlo because the Cartan subalgebra  is regarded  as  t:= UwEva,eEvT(cvY?o

+e). suo represents  the open  Weyl  alcove.

4.1. Proof of the orthQgonaldy  in k;0  case

   First, we  attempt  to prove the orthogonality  in the k=#O case  in which  the exotic

term lrk[e, to] is present. For brevity, let us  denote the physical states  gNbAti%'L, and  gb""AiR.'riL.

by ip' and  ip respectively,  Then  by means  of  partial integrals and  the commutation

relations  [7i, cr,-･]= 
-

 icadi-･ ;(knlte)Cij,  we  easily  find that

     <ip1di>=.II,duekQoT"ee2etiip-

          =e2ekr.(1,  duehOO.Z:,.ZZ, 
C(nn'IM)

 (4le4)n( klerr )M
            × ( X.li, C 

'C")(
 
,]MI..[,
 ail it )Zff' 

7'
 "( 

,ilM=,
 o :-,, ) g"O- ･ (4 e3)

Here  c(n,m)  are  determined by, exp(x(0!0x))i!i2W=o2ts ±o(c(n,m)ln!)xM(010x)M.

Introducing external  sources,  it is possible to rewrite  (4 e3)
 into a  more  compact  form:

     <gb' gbE'

       = e2ek".Zoo.,.Z".., 
C(
 
nn'!M)

 (4 fe6)n( feten )M( 4tte )2M( 607 
e oOg )MZk(o, g)lv-:c-o 

'

       ==exp(2le6r+4fe6(g+  16iZn oOop)' oOg)Zk(o, O[v==g==o, (4'4)
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where

     zk(rp, 4) !!  .(I, duehQeexp(i 
4ite

 rp ･ oO.- ) di-V'･exp(i 
4rlt
 g･ oO.- ) ¢

-

           
==

 lll,duek"o gNb'(u, u- +i4its- ij)･ sAb'(u, um +i4ith (4"s)                                              g).

The external  sources  v afid g are  assumed  to be in the Carthn subalgebra,  i.e., (q, g)
Et × t. We  attempt  to expand  Zh(op, O by eigenfunctions  of  the dfferential operator

4ke(g+(Tel16nlite)(010ij))･(0!5g). The  Fourier expansion  of  Z(ij, g) enables  us  to

carry  out  this strategy,  Let us  expand  it as

     ZA(rp, g) :=  f.,dZdrqexp(2rri-<P, rp>+2ni<q,  g>)Zk(p, q) . (4･6)

Owing  to the assumption  (o, g)EtXt, the Fourier coeficient  can  be computed

through well-defined  Gaussian integrals of  q and  g. The  result  of  this cornputation

is

     Zk (P, q) 
=(

 
-t)r

.,fi,il,
 la ti T tu.,w.,.2.,,..ef,.e( ibR) e( ti)L) e( tvR)E(  wL)

             × exp(  fili p2+ 
'4ig

 q2+2ni  <p, Afe--S-a+i4tte (u- uy))

             +2rri (a, rk-  I!2r+i4tte (u-u-)) +･･･). (4･7)

The  dots representa  part independent of  the momentums  P and  q. For brevity, we

employed  the notations

     Ak==iZ)RAR:=ilR(p+i'IR), rfe==wR7R=:wR(p+AR).  (4･8)

In additien  to these, in the later argument,  we  will  also  use  the following  notations:

     Ri==abLnL=ilL<p+AL), ri:r-wLrL==zvL(p+AL).  
'(4･9)

Substituting the Fourier exparision  (4･6) into ･the expression  (4e4), we  immediately
find that

     Kip'l di>- e2he'L,dlod  
rqth

 (p, q) xg,  (4･lo)

where

     9==exp(4fe4(g+  16i-t2 th- oOrp )･ oOg )exp(2ni<P, rp>+2rri<q, g>)Io.g..o. (4bll)

   The  next  step  is to compute  the factor 9. After moving  the factor e2"i <P!rp> to the
left side  of  all  the remnant  expenential  functions and  then setting  op=O, we  obtain

     9  ==  exp(4fe6(g+  i stle2teP ) ･ oOg )e2"z <q-g> 1,!o
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=exp(n

 I24felt<p,
 q>+4keg･oog)e2ni  <q,g> 1 ij!(z f!iBkr2)p (4･12)

The eigenfunction  of  4fe4e(0100 with  an  eigenvalue  4fe6n is proportional to <e, g>n.
Without paying  attention  to norrnalization  of  the eigenfunction,  we  ean  arrive  at

9==:exp(rrZ24kle<p, q>+4fe4'6eg)e2nt 
<q,g)g

 =.  (i 
't
 
ZlskT2

 )p

==exp(nZ24fete<P,  q>)nZco-o;!(-nI24kte)ne4hffn<p, q>n==:exp(fl
 i2te<p,

 q>). (4e13)

At the last equality,  the definition e`k"=:-  tl if is used.

   Putting this result  together with  (4-10), we  see  that (4･10) becomes

<di1ip)=e2her(-t4)r
..e,il,]EEi'

   zti,N,ulL,wR,zvLEPFE(ti)R)e(tl)L)E(wre)e(wL)

xLtduL,dlpd'qexp(nT4h(p+q)2+2ni(p,  Aft-Sev+tei)

+2ni  <q, 7feT-Sm7+-SM0i)  +"")

=  Ce2ker(I')'( ?)(rt2)6t- r ''
AR-(tf2)a,7R-{ti2)r

× 2      tt
 a,fi,:.,crET

   2za/s,
 zanlL,u:R,utLE "･'E(iijR)ff(tl)L)E(WR)e(ZVL)

xLiduexp(Zrrte  ( ITe, +  Afo
t

     t
+  7k-
     2(ev+7))2+...). (4･14)

To  obtain  the last equality,  one  needs  a  change  of  the variables  given  by 2Pi=:P+q

and  2P2=P-q.  The  integration of  Pi is a well-defined  Gaussian integral because of

T' <O, and  the integration for P2 gives a Kronecker  delta function.iO But in the

P2-integral, a  periodicity P22tP2+e for any  ECI  Cr" gives rise to the infinite C  which

should  be divided somewhere  (for instance, see  the Iast subsection  of  g 5). From  now

on,  let C  include trivial numerical  constants  independent of  the coupling  (t, t) and  the

complex  structures  (T, r-) arising  from  the subsequent  integrals, The Kronecker

delta function in (4e14) imposes ndre(AR-( iT12)ev')=wR(7R-( Z-72)r'). Here  it is used
                      v v

that there always  exist  evi(i T  and  B'E T  satisfying  a=  tORa' and  7== wR7'.  Moreover,

there is a  fact that tv(YZo+E)n  S2e=t:e (eC! T) if and  only  if w==1  and  e=O.  It means

that ti)R==i zvR, AR== 7R and  a=r.  Thus  the Kronecker  delta function in (4･14) becomes

equivalent  to 6di.,tv.6A.,m6ev,r. According to the conditions  tiPR!wR and  a==7., (4.14)
becomes
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     K iprE di) =  ce2ker(- f)r( -?)('i2)  6AR, ta.,fi l,6. 
T
 
.s,.,.,.2,

 
,...

 
Tv
 ff( abL) e( ZVL)

                     ( t
2

            × 
.(ll,cipexp

 
-2halee,2+

 
nmtz

 ( 7e,+ 7ft+Rfe- fu)

            +2rri <ei, T-(Ai+ifi-Akt  lt lt)-T(7£+S8-7fe+mii-a))

            +2nt  (CZ,, 7i-Ai+  2t (6-B)) +･･-). (4･15)

The  dots represent  a part  independent of  ei and  e2. The integration of  a  over  the

region  UwEurtvEno gives a  Kronecker delta function 6Az+{tt2)fi,rf.<ti2)a.ii) It becomes

equivalent  to 8wT.w.6A.,.8p,s. Since the region  of the  ei integral is suo, we  cannot

trivially perforrn it as  a Gaussian integral. Fortunateiy, after  the a integral, one

finds a  full expression

     K9b'1Sb>>iC8A.,,.SA,,,,.e2ke"(rI)r(--?r)rJ2

            ×

.;,,.;TA,d'eiexp(-trrlv(ei-ev-!i-w7L)2).

 (4.i6)

According to the fact that the  Cartan subalgebra  is t =J  U wE  ve,ee'T(zv El?o+c), the region

of  the 0i integral can  be extended  to the whole  region  of  t. Thus  it follows that

     ,,te
 
w
 
.FtL,d'0iexp(

 
nd
 trrte( ei 

m
 ev 

-
 
2t
 wr,)2)

       ..  Ih drff,exp(7 trrle(o, -37,,)2)=(  tlth )r'2. (4.17)

Substituting (4"17) into (4･16) and  using  e2ke' ==(-  tif)(r'2), we  finally achieve  that

     Kgb'igb>!C8A.,,.6A.,,L. (4-18)

This completes  the proof of the orthogonality  of  the physical  states  given by (4 ･1) in
the leiO case.

4,2, ltroof of the orth(igonality  in k==0  case

    Let us  try the problem  of  proving  the orthogonality  in the k=O  case  ln which  the

exotic  term  kEe, w]  is absent.  In this case,  the level of  the holomorphic  theta

functions and  that of  the anti-holomorphic  ones  coincide.  Let us  denote them  by t!2
==  -  I12=l+h for IEIZ>o (non-negative integers), Let us  pick  two  physical  states

specified by pairs of weight  vectors  (ArvR, x"1-L)  and  (AR, !tL),

      ip-il.i. =  fprt2e-07f2)Oe et-+h,p+i. el-+h.p+i. ,

      g-b'ritiRriL== thr/2em(fJ2}OO'PilT h,p+A.  0em+h,p+nL. (4e19)

It is possible  to prove the  orthogonality  in quite the same  way  as  in the previous

subsection,
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   We  discuss the inner product in the k==O case  given by

     <di'l di}- 
.(I,

 du g-b"ee" '2` gb-, (4 '20)

Here  the parameter  4 in (3e13) must  be replaced  by  1141, The  Laplacian is, in this

case,  of  the form Z=:-(2lt17v)C"(Orau')(Ofazai By  means  of  partial integrals, we

can  rewrite  (4e20) into

     <di1¢) ==  ,41, ctLt }coli=,-iirt( ft )"( t/.il, cZi'i)( t:.i, o£ i,)ip-""(t/.li[, o:J de)diN.  (4 ･21)

Introducing external  sources,  we  obtain  a  compact  expression  for (4.21):

     Kgij' gb}=exp(4.g.  oOrpeaOl )Zb(rp, C;)l7==g-o, (4･22)

where

     zb(v, g)-: .(;,du  ¢
-'(u,

 uN-2iite  rp)･ ¢
-(u,

 um-2iite  g), (4･23)

The  external  sources  n and  g are  assumed  to be in the Cartan  subalgebra.  This
assumption  provides us  with  a  well-defined  Fourier expansion  of  Zh(rp, ij) which  is

ebtained  by setting  k===O in (4-6). The Fourier coethcient  Zb(P, a) is obtained  by
carrying  out  the Gaussian integrals of  rp and  g. The  result  is

     a(P, q)=(  2 
1le
 )'

.,s,
 Il, ],. 

j.
 
..,,,,,.Z,.,.,.

 
,,E(

 cbR) e( cbL)e( zvR)E(  zvL)

             xexp(-  2rrtel p2- 2nE q2+2nt  (p, Ak+ la- 2i£ (u- u-))

             +2ni  <q, rk+ lr- 2i£ (bl-u-)) +･･･). (4･24)

The dots represent  a  part  independent of  the momentums  P and  q. Substituting the

Feurier expansion  of  Z6(ny, g) into (4･22), we  immediately obtain

     K gb'I gb }) 
=

 (-8)'.,B,lcr. i. za., ,i,,, ,Z..,., .  vv 
e( ii)R)E( 2Z)L) e( zvR)  e( zvL)

            × .(g,drtyll,,dlodrqexp(-  i.i (p+q)2+2nt<p, Aft+ la- io,>

            +2rri<q, 7fe+ l7r lOi>+･"). (4 o25)

To  perform  the integrations of  P and  q, it is necessary  te change  the momentums  P
and  a into Pi=:=(P+q)12 and  P2==(P-q)12. The P]-integral is a Gaussian integral and

the p2-integral gives  a  Kronecker  delta function 6AA+za,7k+ir. It becomes equivalent  to

6ab.,w.62.,,Raa,r, Summing  over  the Weyl  elements  ti)R and  the coroot  lattice elements

7, we  find that



Publication Office, Progress of Theoretical Physics

NII-Electronic Library Service

PublicationOffice,Progressof  Theoretical  Physics

QzaantumHilbert SZ)ace of Gc Chern-Simons-Witten 711zeory and  Gravily139

     < ge'l ge }l 
=:=

 clr 3)ri26aR,rR.,B;t. 
i.
 
tu,,.,l.f

 
}vE(

 ibL)e(WL)               (
            ×lg,duexp(-27tite(o,-a-l-Ak)2 

･

            -t-2ni<0i, rT(Ai-Ak+l(/ll  rm ev))-  T(  7£m  7'k+ l(Or  7))>

            +2rri< e,, 7i-Ai+l(a-x?)>+-･･).  (4･26)

The  dots represent  a  part independent of  ei and  th. By  definition, the elz integral must

be carried  out  over  UwEwzv  rZo. It gives a  Kronecker  delta functlon 82L+iB,rL+ia which

is equivalent  to 8th,,wL&L,r.6B,s, Summing  over  tbLE W  and  OEi T, we  arrive  at a full
      .

expresslon

     Kgbrfgb}>==Csa.,,.&.,,,gr({iL)r'2

            × 
.Pth

 
.:.
 
.Yg,drOiexp(-2nlte(

 ei- ev 
-ivtija,)2)

 . (4.27)

Frorp the same  discussion as  in the  previous subsection,  the ei integral over  the Weyl

alcove  Mo  can  be extended  te that over  the Cartan subalgebra  t. It says  that

     .ii.IT.t...LI,dViexp(-2nla(c?i-ev-NIIzvAL)2)

       ==  tdre,exp( 
-2ntth(o,

 
-iA,)Z)

 ==(2in  )r'2. . (4.2s)

Putting this result  together  with  (4･27), we  finally achieve  that

     <<gb'lgb)>=C6AR,rR6AL,rL･ (4'29)
This completes  the proof of  the orthogonality  of  the physical states  given by  (4 ･ 19) on  

'

the torus in the le=O gase.
   We  have  established  the orthogonality  of  the physical  states  belonging to the

physical  state  basis in both of  the k*O  and  k=O  cases.  The  inner products of  them

are  turned out  to be independent of  the complex  structures  on  the torus, i.e., the

pararneter Tand  its complex  conjugate  r', as  it shou}d  be. We  will  see,  in the next

section,  that the orthogonality  plays a crucial  role  in computing  the topological
invariants of  3-manifolds,

g 5. Topologicall inyariants im the ac  CSW  theory

   In a case  when  the  CSW  theory  has a  compact  gauge  group,  the inner product  of

the physical  states  has been discussed in a  framework  of  the gauge  field theory by a

few  groups.i2)-i`> It provides  a  huge  class  of  the topological invariants of  3-
manifolds,  The  quantum  gauge  field theory helps us  to have a  concrete  physical
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image of  the topological  invariants, They  are  considered  to be vacuum  expectation

values  of  links and  knots of  Wilson  loops, We  attempt  to verify  that the inner

product  of  the Gc  CSW  theory is also  permitted to possess the sarne  physical  meaning.

This will  be explicitly  examined  in the case  that the quantum  Hilbert space  is
constructed  on  the torus.

5.1. Pzysical state basis and  Verlinde ope7zztors

   It has been known  that a  certain  set  of  Verlinde (knot) operatorsi5)  generates  an

orthonormal  basis of  the quantum  Hilbert space  in a  compact  gauge  group  case.  We
Would like to seek  an  analog  of  them  in the complex  gauge  group  case.  First, to
make  the discussion easy,  we  restrict  ourselves  to a  case  that the connections  e""  are

fixed at zero  in the action  (2e2), The  resultant  action  is denoted by h[tv] which

describes the CSW  theory  with  the maximal  compact  subgroup  
'G

 with  level k. As
far as  the CSW  theory of  this type  is concerned,  a  relation  between the Verlinde
operator  and  the Wilson  Ioop has been clarified  in works  of  Moore and  Seiberg,i2)
Labastida and  Llatas et al.i3) We  summarize  their observations  below,

   The  physical  states  on  the torus belonging to the physical  state  basis in the CSW
theory  with  G  are  given by states  denoted by  zAk where  p+!1  belongs to the funda-
mental  chamber  El k. They  are  defined by,

     z.h( u,  T)=  
Vk
 li:･i 

'(

 ;iS 
U,,)
 
Z"),

 (sel)

where  vi,r=exp((rr!2le)lu2)0i17,  The  states  xnh are  nothing  but the holomorphic
Weyl-Kac  characters.  A  total set  of  them  is called  the Verlinde basis on  the torus.

It is generated  by the Verlinde (knot) operators  from the vacuum  state  xok. It says
that

     xnh=  PZt{i'O)zoh. (5'2)

Here  VSL{(i'O) is a special  element  of  the Verlinde operators  for coprime  integers (n, m):

     vvd 
(n･m)

 =,.2..v,1i,exp(-  :i (n T-+  m)uoA+  
nleT++hnZ

 n･ 60u )v,,.. (s･3)

2 runs  over  weight  vectors  belonging to the irreducible module  M,t specified  by  the

highest  weight  !1, Physical states  exPressed  by  PKt("'M)zok (Veriinde states)  can  be
expanded  by the Verlinde basis.

   To  show  a  relation  between the Verlinde operator  and  the Wilson loop, let us
introduce quantum  operators  u- and  u`'H corresponding  to the moduli  parameters u  and

uM. They are  subject  to the Heisenberg algebra  { u-Ai, u'gj}= (th1rr)(1le+h)&･i.i2' In the

holomorphic representation  of  this algebra,  one  observes  that

     p(u-i)xrik=uixAk, p(u"-')zAk== 
rr(kte+h)

 all,xAk. (5d4)

This representation  enables  us  to rewrite  the Wilson  loop by a  differential-operator

acting  on  the Verlinde states.  For  instance, one  observes  that
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                                                                 (5･7)

The  strict  proof  of  this theorem  must  include a  discussion about  bundle isomorphism.
Namely,  we  must  show  that the -quantum  line bundle over  LfUc  (the gauge  quotient
space  of  the complex  connections)  is naturally  isomorphic to the previously defined
line bundle over  .fiZ  whose  sections  are  L2 functions on  

.S4t.
 This is obvious  in the

quantum  mechanics.  .STic is identified (in a  f dependent fashion) with  a  cotangent

bundle T*LfiIt. And  in quantization of  a  cotangent  bundle T"X,  the physical  Hilbert
space  consists  of  L2 functions on  X.  If adapt  this fact to our  Gc CSW  theory, we

arrive  at  the desired bundle isomorphism: Needless  te say,  such  a physical
justification never  be adequate  in a  mathematlcal  discussion. We  wish  to have  a

     vkU,ipTrA(exp(iXI.,.p(c'o')))vh,p'xok

       =vh:ipTrn(exp(-  : Yl.,.{z)(z)p(u-)'U+ il Y[l.,.cic)(z)p(u-A)'U))vh.p'xoh

        =vhn,ipTrn(exp(-f(n  rL+  m)  za ･H+  
nfer
 ++ hM 

H･  oOu ))vh,,exoh . (5･5)

The  contour  Cn,m stands  for a  loop which  winds  n(m)  times around  the B(a) cycle  of

the torus. One can  immediately notice  that the Wilson loop with  the contour  Cn,m
conjugated  by vh,p is a  differential operator  acting  on  the Verlinde states  and  coincides

with  the Verlinde operator  Iilt(n'M} defined by  (5･3). Thus  we  can  interpret that the

Verlinde operator  VVId("'M) generates  a  Wilson  loop with  a  contour  Cn,m in the A

representation.  As  a m'atter  of  fact, it can  move  to the interior of  a solid  torus

(D2× Si), which  is due to the nature  of  the flat connections.

    Let us  consider  a  structure  of  the physical  states  of  Gc CSW  theory  on  the torus.

It is useful  to rewrite  them  by means  of  the Verlinde states.  Let us  pick  the physical
state  ipAR.`nL. given by (4･1). It can  be rewritten  as

      ip'-,`R.'.L,=Hi'2¢SR.`A'.=Hi'2exp(- 2krrth u2-  
('te?T

 zaou-)xAR.xAL., (5e6)

where  we  used  the formula Ui/2r=n't2ehQOIOh-,p2.8> H  is the determinant of  the La-

placian  on  the torus, Here we  would  like to pay  attention  to (5･6), It indicates that

any  physical  state  on  the torus belongifig to the physical  state  basis of  the Gc CSW
theory is proportional  to a product  of the Verlinde states  xi"ri. and  xS".. They  belong

to the quantum  Hilbert spaces  of  the CSW  theories described by  the actiens  Ii.[w] and
Ii,[w] respectively.  From  this observation,  one  can  arrive  at  the following conclu-
sion.

    THEoREM  Let LgCG.(T2)  be the quantum  Hilbert space on  T2 of the Gc  CSPV

theo7sr evith real  compling  conslants  t and  t which  consists  of the pamlgel L2-sections.
Let JrCGiL(T2)(.SrCGt'"(T2)) be the'quantum Hilbert space on  T2 spanned by the holomor-
phic (antiholomo7[z)hic) Tilarlinde basis derived in the osW  theo7y with  the mtzximal

compact  suhgromp  G  with  the level h==ti2-h (in=-E12-h), T7zere exists  the

following isomorphism:

     .Stt'Gc(  TZ) 2  .SPC  ciR(  T2) op JrC GiL(  T2) .
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mathematically  strict  proof  of  the bundle isomorphism  in the near  future.

   We  are  ready  to propose  the analog  of  the Verlinde operators  through  the

expression  (5･6). From  (5･2) and  its complex  conjugate,  we  find that

     gbAi,`AL.= ltzEkO> fiIEL'O>ge6o"`L= wti.'O' tipesL'O}gbSo"`L. (5e8)

The  differential eperator  acting  on  the vacuum  dioion`L is a  special  element  6f the  analog

of  the Verlinde operators  wrZn'M") wrTL'ML). Each of  them  is given  by  a  product  of  the
following operators:

     wt"R'M)=TrARvh,pU-iexp(LiYl.,.p(di)+ b,lh vC.,.'aJCJ'Ht(7i-  
hg

 u,))'vh,p

                                                              (5-9)
and

     VllS7.'M)==TrriLvh-,ipexp( 
rm
 i.1:.,.p( wA)+  l, lh .11.,.to(Z)ffZ(7sl-  

-lerr
 U-i))Vh+p '

                                                             (5"10)

It is easy  to see  that these operators  are  commutable,  i,e.,

     an:R,mR) tiZS:bnzL) :==  wt7.L7mL) tTcE:RiMR). (5-11)

The  ,connections  7,-･ and  cr2 are  defined in (3･4). We  can  derive a  physical meaning

from  (5･8). The  eperator  VIZSL'O) generates  a Wilson loop with  a contour  Ci,o in the AR
representation  in the anti-holomorphic  sector  described by the J[ul] CSW  theory.

wri.'O) generates  a  Wilson  loop with  a  contour  Ci,o in the AL representation  in the
holomorphic sector  described by the  I[v4] CSW  theory. The  commutability  of  these

operators  arises  from the fact that the Gc  CSW  theory  consists  of  two  independent .

CSW  theories described by  the actions  l[v4] and  f[uag]. Quite a  similar  interpretation

is applicable  to any  Verlinde operator  in the Gc CSW  theory.

5.2. 7'IJze fones-wrtten invariant in the Gc  CSW  theo7:y

   We  here attempt  to construct  topological  invariants of  3-manifolds in the Gc
CSW  theory, i.e., the knot  and  link invariants  following Witten.i) He  proposed a

general procedure to obtain  the topological  invarlants of  a  huge  class  of  3-manifolds

in the study  of  the CSW  theory  with  a  simply  connected  and  compaet  Lie group.  In

A,SS.,N

Tl

K /7
 L

x'i tL･,9

s2 × si

         T2

Fig. 2. S2XSi with  two  Wjlson  loops along  S'
  made  of  two  solid tori.

Tl

T2

x

- S3

Fig. 3. SS made  of  two  solid tori,
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this subsection,  for simplicity,  let us  deal only  with  the lens space.  The lens space
represents  a class  of  3-manifolds which  admit  the genus one  Heegaard  splitting.

   Before discussing the topological  invariants, let us  remember  that the CSW
theory  described by the action  I[v4, u4]  consists  of  two  independent CSW  theories

described by the actions  f[vag] and  l[Lp4]. So it is enough  to censider  procedures to

construct  the topological invariants in the I[v4] CSW  theory  only,  because procedures
in the I[LA] CSW  theory  are  obtained  by  reversing  the orientation  of  3-manifolds and

the Wilson  loops in arguments  of  the l[J]-theory. For sirr}plicity, it is convenlent  to

assume  that CL`-- CRi for i=14-N  where  CLi(Cn') represents  the contour  of  the i-th
Wilson  loop in the i[tl](I[v4]) CSW  theory.

   We  start  with  S2× Si which  belongs to the  lens space.  Let us  consider  two  solid

tori Tl arid  n  depicted in Fig. 2. Each  of  the solid  tori has a  topology of  D2 × Si. S2
× Si is obtained  after  the a  (B) cycle  of  Tl is identified with  the a  (rs) cycle  of  7>. Let

us  suppose  that Tl includes a  Wilson loop (a knot with  a  contour  Ci,o) in the AL
representation  and  7-> a  Wilson loop (a knot with  a  cpntour  Ci.o) in the AL  representa-

tion. After gluing  them,  we  obtain  S2× Si in which  two  Wilson loops exist  along  S'.
Each  of  thern crosses  S2 ehce,  so  S2 has two  punctures, A  charge  in the AL  represen-

tation is assigned  to one  of  the two  punctures and  a  charge  in the Ai  representation

is assigned  to the other.  Here  AL' is the  dual represen.tation  ef  AL. According  to the

charge  conservation  on  S2, the vacuum  expectation  value  of  the two  Wilson  loops

over  S2× Si is non-zero  if and  only  if ylL coincides  with  AL and  zero  otherwise.  This

is the origin  of  the orthogonality  of  the physical states  proved  in g4.
   The  topological  invariants of S3 (3-sphere) belonging to the lens space  are  the
most  important ones.  S3 can  be rnade  of  two  solid  tori. In Fig, 3, there are  two  so'lid

tori Tl and  7}i. S" is obtained  
'by

 identifying the ev(xS) cycle  of  Tl with  the  B(a) cycle
of  7"b, In such  an  identification, the mapping  class  group  nsL(2, Z)'plays a  crucial

role.  Since aboundary  surface  of  the solid  torus is the torus, there are  two  fundamen-
tal elements  whjch  generate  the mapping  class  group  acting  on  the Teichmtt,11er space,

i.e., the S- and  T-transformatiQns. They  give rise  to endomorphisms  on  the quantum
Hilbert space,  i.e., S(T): YCJe.LgCR We  are  interested in matrix  elements  associated

with  the S-transformation, because it is a  homeomorphism  on  the torus which  maps

from  the ev(fi) cycle  to the B(ev) cycle.

   The transformation properties of  the physical state  ip (the parallel section  fo'r the

quantum  connection  6Q) under  the modular  transforrnations  are  inconvenient for
computing  the  topological  invariants. Instead of  ip, it is necessary  to employ  a state

gAb n ̀
".`AL,

 ==:  exp((krr1  2 le)u2) g-e nin.'A'. =::  HL'2exp( 
-
 
IRfpT

 za ･ u- )xAR. xlt. . (5;12)

The  transformation  properties  of  the  Weyl-Kac characters  under  the modular  tranS-

formations are  familiar:i3)

T':xnk(u, [) -  xrih(u, T+1)  ==exp(2rri(hn  L'Si'))xAk(u,  r) ,

s:xrik(za, r) 
---.

 xAh(3,  
nei)==

 
,..Z,,,.,SltA'xA'(U,

 r) ･ (5･13)
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Here hzi is a conformal  weight  of  a primary  field in the A  representation  of  the

WZNW'  model  and  C  stands  for a central  charge  of  it,3) According  to a  fact that

u.  u-1te and  H  are  invariant under  the modular  transformations,  the transformation

properties  of  the state  ip are  obvious,  They  are  given  by those of  the Weyl-Kac
characters.  Thus we  immediately find that

     S: ip"n`R.'AL.(u, u-, T, Trm)-  ip"n`".iriL,( \, 4., 
--lr,

 
L
 
IT-)

 =(Sdi-)fi".iAL,(u,  zaU, T, Tn)

                    =  2  2  SSR.AhSIL.rizgb"Ki".`AL'.(u, ur,r,  r-). (5`14)
                     p-1-APE  S!. p 1-AEEg,,

   The  next  step  to compute  the topological  invariants is to rewrite  the inner

product (3`13) by means  of  the states  given by (5･12), The  result  is

     K sb't gb} =  eZek' 
.(;,

 duexp( -  -igIZgu e u- ).20=O,.zn=, 
C(
 
".'
 ! 
M)-(4ks)n(

 £.  )M
            × (P"=t, C 

i"t)(
 
,fiM=,
 oil.) gtb' 

A`'R.k'L. -(  
,HM=,
 
ol-l

 ,, ) g'b' Ai s,i.dL., (5･15)

Since a differential operator  of  the form te(6/0ui)(0rauM")  is modular  invariant, the

inner product of  states  appropriately  transformed  by  the modular  transformations  is

deterrnined by  transformation  matrices  acting  on  thestates  ip'(u, u-, T, r-) and  ip(u, u-,

T, i).

   The first example  of  the topological invariants of  SS is a trivial one,  i.e,, the

vacuum  expectation  value  of  unity.  Let us  return  to Fig, 3. We  glue  the  two  solid

tori 71 and  7> after  acting  on  the boundary of  Tk with  the S-transformation which

maps  from the di(B) cycle  to the rs(ev) cycle.  The  vacuum  expectation  value  of  the

unity  over  S3 in the Gc  CSW  theory  is given by  the inner product

     Z(S3: 1) ==KgSgo"`L  SgOSeRiL2} -:=constSo`o"  So`oL, (5-16)

We  used  notation  Z(S3: e) for a vacuum  expectation  value  of  an  observable  e. It

consists  of  links and  knots of  Wilson  loops. From  now  on,  to annihilate  the

dependence on  the fact6r "const",
 let us  employ  quantities normalized  as  Tt.i,.(S3: e)

=z(s3:  eg(s3:  1).

   A  topological invariant to be considered  next  is a  vacuum  expectation  value  of an

unknot  over  S3. Let us  consider  two  solid  tori [ll and  7> in Fig. 4. 7'1 is an  empty

Tl

v  A,.

sss,g,

/

yL,x

Tl

o A,/

T7Fig.

 4. An unknot  in S3.

T,

 Flg. 5. A  Hopf  link in S3.
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solid  torus (a vacuum)  and  7'> includes a Wilson  loop C  (a knot with  a  contour  Ci,o)
in the AL representation,  We  act  on  the surface  of  Ti with  the  S-transformation.

Then  the vacuum  expectation  value  of  the Wilson loop over  S3 is obtained  by gluing
the two  solid  tori. The  result  in the Gc  CSW  theory is

      rt.t.(S3: C)=KgbkR.ftL,ISgb6e"tL2}2(S3: 1)

              =(M.2

",,re)(S,･i14,L).

 (s･i7)

An  analog  of  the  Jones polynomials  is conventionally  defined by neglecting  differences
of  framings of  the links and  knots.i3)

    The  last example  is an  invariant associated  with  the }Iopf link as  in Fig. 5. The

solid  torus  71 includes a Wilson  loop  with  a contour  Ci,e in the AL  representation  and

7> a Wilson loop with  a  contour  Ci,o in the  AL representation.  The vacuum  expecta-

tion value  of  the Hopf  link of  the two  Wilson  !oops over  S3 is obtained  by  gluing  the

two  solid  tori after  acting  on  the surface  of  Tl with  the S-transformation, Let us
denote the Hopf  link of  the Wilson loops by L. The link invariant in the Gc CSW
theory is computed  to be

      TiRi.(S3:  L)=<gb 1'".n`-`,iSgbS".tAL,.}> LZ(S3: 1)

              .,.(Sk,i/.LR  )( Sgi,t/li, ), (s"is)

    Let us  summarize  eur  remarks  below. Each  of  the topological  invariants in the

Gc CSW  theory  which  we  have considered  here is given  by a product  of  a  topological

invariant in the I[ue] CSW  theory and  that in the l[v4] CSW  theory. Our construc-

tion of  the tepological  invariants is applicable  to any  3-manifold which  belongs to the
lens space,  Let cri.(rt.) be an  invariant in the J[a]  (I[L;I]) CSW  theory. We  can

easily  prove that  every  topological invariant of  S3 in the Gc CSW  theory obtained  by

gluing  two  solid  tori takes･the  following form:

      Tt.i,(S3:  (Y))== ri.(S3:  (Y)R)"z'i.(S3: OL). (5･19)

This result  is consistent  with  a fact･that every  observable  in the Gc CSW  theory can
'be

 factorized into a  product  of  two  parts as  &==eR･&L.  The  notation  C)L(OR)

stands  for an  observable  in the I[u4](IIdi]) CSW  theory.

g6. Coneludingremarks

   In the present  paper, we  have  investigated a  relation  between  the Gc  CSW  theory

and  the conformal  field theory  (the WZNW  model)  on  the torus. We  have  found  that

every  physical state  on  the torus is given by  a product  of  two  Weyl-Kac characters.

One is the holomorphic Weyl-Kac character  of  the WZNW  model  at  the level ti2== IL
+h  (ILEZ)o) and  the other  is the anti-holomorphic  Weyl-Kac character  at  the level
-  llf2==IR--h ((reEZko). The  central  charges  to which  the left and  right  movers

contribute  are  (CL, CR)-dim(G)(1-(2h!t),  1 +(2hl  t )) =::  dim(G)(( (LllL +  h), ( li?llR +  h)).
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It must  be remembered  that the reason  why  IL and  in have  been  fixed at  arbitrary

positive integers is that  the  physical Hilbert space  becomes finite-dimensional.

   Another result  which  should  be emphasized  in the present  paper  is the ortho-
gonality  of  the physical  states  belonging to the physical  state  basis on  the torus. In
the case  when  the parameter  s is purely  imaginary, the inner product of  the  physical
states  must  be given  by the exotic  hermitian pairing.  We  have  succeeded  in proving
the orthogonality  of  the physical states  on  the torus utilizing  it. It seems  reasonable

because the quantum  Hilbert space  of  the Gc  CSW  theory  should  be closely  related  to

a  product  of  quantum  Hilbert spaces  of  the two  independent CSW  theories described
by the actions  I[cy!] and  I[J] defined in (2･3).
   As in the G  CSW  theory, the orthogonality  arises  from  the charge  conservation

on  S2 which  ls essential  in computability  of  a  vacuum  expectation  value  of  two  Wilson
loops over  S2xSi. Owing to it, we  are  able  to compute  a huge  class  of  the

topological invariants of  the lens space  via  the genus  one  Heegaard  splitting.  It also

has been found in the present  paper  that each  of  them  is factorized into a  product  of

two  parts. One  is the invariant in the CSW  theory  described by the action  I[u4]
(which is related  to the left-handed sector  of  the WZNW  model).  The other  is that
in the  CSW  theory  described by the action  f[J]  (which is related  to the right-handed

sector  of  the WZNW  model).

   Let us  end  with  a  few  problems  remained  to be  investigated in the G,c CSW
theory. First, in our  arguments,  we  have dealt with  the special  values  of  the coupling

constants  (tf2, -  i-12)=(IL+h, IR+h) where  (i?, ILEiZ>o, However, t and  -  Z' can

take  continuous  values  because the parameter  s may  be continuous  and  purely
imaginary. For  generic  real  values  we  have. not  considered  here, infinite-

dimensionality of  the quantum  Hilbert space  might  appear,  In such  cases,  can  we

find a  well-defined  analog  of  the Jones-Witten invariants? Second, we  are  interested

in the relation  between  the CSW  gravity  and  the  gravity  in the ADM  formalism,

Presumably, the quantum  Hilbert space  in the ADM  formalism  could  be obtained  by

tensor products  of  that of  the CSW  gravity. In the Poincare gravity  (in which  A:=:O),
the relation  of  them  has been partially clarified  by  Carlip.'6) Third, the topological

invariants of  S3 proposed  here coincide  with  the Turaev-Viro  invariantsi7) (which are

invariant under  subdivisions  of  a  PL-manifold) of  S3. . This  indicates an  intimate

relation  between our  continuum  approach  and  a  lattice approach  (e.g,, the approach

of  Ponzano  and  ReggeiS)) to the quantum  gravity,

'
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