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  The phase diagram of the order-disorder  transforrnation in binary alloys  A.Bi-x with  bcc
structure  is calculated  using  the pair approximation  of the CIuster Variationai Method

(CVM). Nearest (NN) and  next-nearest  neighbor  (NNN) interactions are  considered.  Two

types  of  pairs are  taken  into account:  short  pairs for the  NN  and  Iong pairs for the  NNN.

The  results  of  Qur  calculation  are  comparecl  with  the CVM  tetrahedron approximation  and

Monte Carlo Simulations (MCS),

gl. gRtroductien

   The  order-disorder  transition in binary AxBiTx alloys  with  body center  cubic  (bcc)
structure  considering  long range  interactions has been subject  of  numerous  theoretical

and  experimental  studies.')A'`) From  the theoretical point of  view  the simplest

approximation  for the study  of  bcc binary alloys  ttsing  analytic  statistical  mechanics

is the Bragg-Williams-Gorsky  (BWG),2)'5) which  is equivalent  to the point approxima-

tion in the hierarchy of  the CVM.6) From  the statistical  point of  view  the point
approximation  is not  satisfactory  since  lt does not  take  into account  the correlation

among  neighboring  points. The  following step  in the CVM  hierarchy is the pair
approximation  which  is equivalent  to the Bethe approximation7}  when  only  NN  are

considered,  It has been pointed out  that  this approxirnation  is not  sufficient  to

describe the bcc binary alloys  with  long range  interactions,`) however  a  fact is that

many  of  the main  characteristics  obtained  within  this approximation  are  unknown  in

the case  when  long range  interactions are  considered.  We  can  say  without  any

doubts that  the pair approximation  with  long range  interactions is still a  clOsed  door.

The next  improvement in the statistical  count  is the tetrahedron  approxirpation.3)'`)

The  cluster  used  in this approxirnation  is an  irregular tetrahedron  with  two  short

edges  (NN  pairs) and  two  leng edges  (NNN  pairs). This is illustrated in Fig. 1(a)

with  dashed  lines that link sites  in four different sublattices.  This approximation

gives  excellent  results3)t4)  and  compare  nicely  with  the MCS.`)

   In this work,  we  restrict  ourselves  to the pair approximation  and  its limitations

when  this is applied  to described the bcc binary alloys  with  NN  and  NNN  interac-

tlons.

 *) Posthumous contribution.
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   g 2. The  mode}  and'the  method

   For  our  study  we  divide the bcc

lattice in two  interpenetrating simple

cubic  (sc) sublattices:  the sites  in the

body centers  (ev) and  the sites at  cubic

edges  (B), as  illustrated in Fig. 1(a), In
our  calculation  we  define three  different

pairs as  the basic clusters.  They  are

shown  in Fig. 1(b). The  probabilities
associated  with  those pairs are  re-

presented  by  yz{,}F for the pair of  sites  in

the sublattices  ev and  B (short pair), z,".･,)"

for the pair of  sites located within  the

sublattice  a  (long pair) and  2fi･,b"･ for the

pair of  sites  in the sublattice  B (long
pair).

TVze internal ene7gly

between  k-th neighbors  (with k=:1, 2).

     wEe-)=J(tl}ie :OIX..i=,#･ l
'

i
the internal energy  can  be written  as

                     3N
     E=4Arz  wls,y･)yfi-,y +                        X( wtF,a)z,a,,},a
           i,j 2i,,･

where  AI is the total number  o

indicates the type  of  second  neighbors.

TZte entropy  ,

   The  entropy  expression  using  th

ed  among  several  different methodS.

convenient  to use  in the  present case.

     s=-k,N(  
,,,
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where  kB is the Boltzmann  constant  and

and
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Fik. ], (a) The  irregu]ar cluster used  in th¢  tet.ra-

  hedren  apprDximation  of the CVM."),`) (b)
   The  t,hree clifferent  c]usters  usecl  in the pair

   appruxiniation,  lt is worth  pointing eut  that

  the clusters  are  drawn in scale  and  that the size

  difference between the clusters  is very  smal].

It is assumed  that the internal energy  is bullt up  with  pairwise interactions U711e･)

                             By  defining the energy  parameters  as  follows:

                                                               (1)

        +  pvE

f lattice points

2,P).
£,,yp.),

and  the super  indexv==(a,  B)

  (2)

in wsey)

                 e  basic clusters  shown  in Fig. 1(b) can  be evaluat-

                    We  find that Barker's paethod8)'9) is the most

                    The entropy  is therefore given  by

  42f(y;,)p)+-zx(gs,ya)+g;,,x(. £,y.B)

[zoc(x,a)+zo:(xf)+2.E(xja)t2.t(xf)]
                            j

                )+Zf(x,")+\f(xj")]-6), (3)

                      aC(x)(==xlnx-x)  represent  Stirling's func-
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tion, In the entropy  expression  given by Eq. (3) there is the  freedom to. split in an

arbitrary  way  the coerncient  related  with  the single  site  probabilities. We  did this

partition such  a  way  that the final set  of  equations  reduces  to the simplest  possible
form.

Lagftznge's multipliers

   In addition  to the trivial Lagrange  multipliers  related  with  the  normalization  (Ai
with  i--1, 2, 3), the pair probabilities 

'are
 constrained  by the fact that the single  site

probabilities can  be written  in several  ways  as  is indicated by the next  set  of'equa-

tions:

xia=Zy,{,y  or  x,a=2x,a･,)a,
    j J'

xifi=Z:yS･l,ufi･ or riB::::Z2£･,}P.
    j J'

(4a)

(4b)

Two  additional  Lagrange  multtpliers  are  required  in order  to satisfy  the consistency

relationship  of  the pair probabilities expressed  in Eqs. (4) (xicr(yl,b")=,-xia(xl,)a) and

x,B(y,a･,?-B)== t ,P(zfi･,}P･ )).

Gmnd  Potential

   Since we  fix the chemical  potential rather  than the composition  in the calculation,

the thermodynamics  function to be minimized  is not  the Helmhotz  free energy  (F
==E-  7S) but the grand  potential defined as  follows:

     9-:F-Z",AJI,  
-
 (5)

             i

where  "i and  Aig(=IV(xia+xi")/2) are  the chemical  potential of the i species  and  its

tetal number  respectively.  Finally, the equilibriurn  conditions  are  obtained  from the
minjmization  of  the grand potential

      oilltll･,)fi･ 
--e,

 oee,a･,ba =o,  6(liill.,}p ==oi  (6)

The set  of  equation  in (6) is solved  using  the Natural Iteration Methodi") in a two

nested  iteration. The external  iteration loop is for the normalization  process (major
iteration)ii) and  the internal iteration is to satisfy  the consistence  relationship  given
by  Eqs. (4) (minor iteration).ir)

g 3. Results and  comparisom

   In Fig. 2 we  present the results  obtained  by assuming  that the lnteraction energies

are:  Pl711ij)<O.O and  va'ZgY)a O.O. In this 6ase one  obtains  only  two  phases:  
'the

 A2  or

disorder phase  and  the B2  or  order  phase. The  reader  rnay  consult  Refs. 1) and  2) for
information  about  the ground  states  of  the bcc binary alloys.  The  transition frorn B2

to A2  is a continuous  transition (2nd order),  When  we  compare  the BWG  approxima-

tion')'2),`) (ndt shown  in Fig. 2) inrith the pair approximatiop,  we  find that the  pair
approximation  (as well  as  the tetrahedron  approximation)  predicts  a percelation
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 Fig. 2, Calcu]ated phase  diagram for wrl,(,2,-")=-=-O.O in
                                  Fig. 3. Calculated phase  diagrams for LelS,2,･"'=t:O.O
   the pair (CVM-1') and  i]] the tet]'ahedron
                                     in the pair (CVM-P) and  in the tetrahedron

   (cvM-T) approximatjons  of the CVM･  The  (cvM.T) approximations  of  the  CVM,  The
   phase  cliagrams  are  symmetric  around  X=-O.5.
                                     MCS  results  are  represented  by circles.  The

                                     phase  diagrams  are  symmetric  around  X:!':'e.5.

threshold. This means  that the system  requires  of  a  minimal  concentration  of  the  A
component  in order  to present  an  order  phase, This is contrast  to the BWG  that

predict ordered  phases  in the entire  range  of  A  concentration.  When  the phase
diagram obtained  with  the CVM  pair approximation  (dashed line) is compared  with

the phase  diagram  obtained  with  the CVM  tetrahedron  approximation`}  (continuous
line), we  find that the pair approximation  phase  diagram  is narrower  than  the

calculated  within  the tetrahedron  approximation.

   In Fig. 3 we  present  the results  obtained  in the case  in which  the interaction

energies  are:  PK･1i,)<O.O and  Wl[gY) #O.O. In this case  the phase  diagram  presents  three

phases; the A2  or  disorder phase, the B2  or  order  phase  and  D03  which  is a  Iong-range-

ordered  phase  or  superstructure.iLZ)  The  transitions from  B2 to A2  and  from  B2  to

D03  are  continuous  (2nd order),  while  the transition from  D03  to A2  is a first order

transition and  a  coexisting  region  appears  between  the two  phases, When  the phase

diagram obtained  with  the CVM  pair  approximation  (dash line) is compared  with  the

phase diagram obtained  with  the CVM  tetrahedron approximation4)  (continuous line),

we  find that the pair approximation  gives very  good  results  for the transition between
B2  and  A2  and  not  so  good  for the transitions D03  to B2 and  D03  to A2. There, the

pair approximation  predicts  a  wider  phase  diagram  than the tetrahedron  approxima-

tion and  the MCS  results,  which  may  be considered  as  the most  reliable  calculation,

To  conclude,  we  can  say  that the  pair approximation  predictts mainly  the same

topology  of  the phase  diagram as  that obtained  within  the tetrahedron  approximation.

More  details of  the calculation  and  the generalization  to the case  in which  one  of  the

alloy  components  is magnetic  will  be given elsewhere.i2}

NII-Electionic  
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