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Level Clustering in a One-Dimensional Finite System

Nariyuki MINAMI®

Institute of Mathematics, University of Tsukuba, Tsukuba 305

We prove rigorously that there is level clustering in the semi-classical limit of a one-
dimensional Schrodinger operator which has a chain of §-potentials.

§1. Introduction

Let us consider the Schrodinger operator of the type

2 n
;,ig +v§18(x—xj), 0<r<1,

H,(h)=—n"

under the Dirichlet boundary condition at x=0 and x=1. Here 7 is the Planck’s
constant, v >0, and

02x0<x1<---<xn<xn+1=1

are arbitrarily fixed. In this note, we analyse rigorously statistics for the energy
level distribution of H,(%). (In this note, we say that « is an eigenvalue of H,(%) if
and only if the equation Hy(%)¢ = r*¢ has a non-trivial solution ¢ satisfying ¢(0)=¢(1)
=(. On the other hand, we call «* itself an energy level of H,(%).)

To be precise, define for each %2>0 and £=0, 1, ... the set

Ar(h)={t<E (a1, a2)|(t, t + ch] contains exactly k eigenvalues of H,(%)},

where the constant ¢ >0 and the interval (a1, a2) are arbitrarily fixed. Then denoting
the Lebesgue measure of a set BC R by |B|, we obtain

Theorem 1 For each k=0, 1, ..., the limit
m(c)=mc; a2, ..., xn)ZIhifrOl(al—-az)_IIJk(h)|

exists, and 1s independent of v>0. In particular, when the numbers v;=2xj11—Z;, J
=0, 1, ..., n, are rationally independent, we can compute m.(c) explicitly as follows:

DlaeFr-uo 11 {QL} 11 <1*{£¥L}> , 0<kb—M:.<n+1
jEA JEAC T

m(c)= Vs

0 otherwise ,

wheve F(p) is the totality of subsets of {0, 1, ..., n} of cardinality p, and

*) This research was supported by University of Tsukuba Research Projects.
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MCEJZZO[cyj/n] .

Herve we use the following notation: for AC{0, 1, ..., n}, A° denotes the complement
{0, ..., n\A of A; [a] and {a} denote respectively the integral and fractional part of
the real number a.

Corollary Suppose v;, 7=0, 1, ..., n are rationally independent. Then we can com-
pute the probability distribution of eigenvalue spacing o(c) in the sense that

p(C):lhi{I(;l%v(h; ar, as) &, c; v, az)

(0B

for 0<c<m, where ny(h; a1, az) is the number of eigenvalues rki=rk;(v, ) of H,(%)
contained in (a1, as), and E,(h, ¢; a1, az) is the number of eigenvalues in (a., az)
satisfying «;— kj—1 > ch. In particular,

: RPN ___l_ _Ln .2)
11}51( ‘°<C))‘7z<1 22y )>0.

In order to see what happens in typical cases, let us randomize (x;)7-1 in the

following manner. Let Xj, ..., X» be independent random variables uniformaly dis-
tributed on (0, 1), and let x{” <---<xy” be their arrangement according to magnitude.
Finally set x;=x;", j=1,..., n. Then m(c)=m(c; 2:”, ..., 2,'”) in Theorem 1 are

also random variables.

Theorem 2 With probability one, we have

limz(c; 217 x (”’)Ze‘c’”i<—q>k k=0,1

Frco y 3 veey n k! T 3 3 9 soa o

Namely if the system is sufficiently random, then for a typical realization of H»(h), the
sequence of its eigenvalues looks like a Poisson process.

Let us make some historical remarks. Pokrovskii” considered a model which,
after a scaling of the space variable, is reduced to our H,(%) with Z=#»"", and argued
that when the system is sufficiently random, then there is the so called “level repul-
sion” in high energy region. Afterwards, two contrasting comments are made on this
assertion. Molchanov declared Pokrovskii’s conclusion to be wrong in the introduc-
tion of a paper” in which he proved rigorously his “correct” result showing the
Poisson character of energy level distribution. But in fact, Molchanov studied a
problem somewhat different from Pokrovskii’'s one in the sense that Molchanov
considered the limiting case where the system size expands to infinity, so that his
criticism is irrelevant. This was pointed out by Berry,® who argued that level
repulsion should naturally be observed in the semi-classical limit for one-dimensional
Schrodinger operators. Our results above (especially Corollary to Theorem 1) show
that even in the energy level statistics in Berry’s sense, one typically observes level
clustering rather than level repulsion. In fact, Pokrovskii considered energy region
much higher than the semi-classical region (¢k~#%™') considered here, and we shall
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remark at the end of § 2 that in that region, it is qualitatively obvious that we observe
only level repulsion.

§ 2. Proof of Theorem 1 and its corollary

If H,(%) has eigenvalues {«x(v, )}n=1, then after scaling, Hy»-2(1) has eigenvalues
{7 kw(v, B)}m=1. From this consideration, it is easy to see that

(az—a) | A(W)|={(az—a) L} | B*(L)],
where we have set L=#%"" and
B2(L)={ts(a1L, a:L)|(t, t + c] contains exactly % eigenvalues of Hu2(1)}.

Let us first assume v=-+co. In this limiting case, Hu:(1)=H.(1) is the direct

sum of (#+1)-Dirichlet Laplacians, each on the subinterval [x;, x;+1], /=0, 1, ..., #, of
[0,1]. Hence the totality of its eigenvalues is precisely given by
{ T m=1, O.<_j£n},
Vi

where v;=x;s1—x;, 7=0, 1,.
Now if N(4) is the number of eigenvalues of Hw(l) in the set 4, then

)

NU=3 3 x4 <

J=0 m=1

so that

N((t, t+c]):J§) EIX[mﬁyﬂn,m)(’yil‘) )

T

x4 being the indicator (or the characteristic function) of the set A. We can write this
N((t, t+ C]):M0+j§) EOX[m—{cyj/n},m)(%Zf) R
where M.=>"o[cy;/r]. This shows first of all

M<EN((t, t+c)<M:+n+1,

and that for M. <k<M.+n+1, we have N((¢, ¢t +c])==F if and only if there is a subset
A of {0,1, ..., n} of cardinality £— M., namely A& F(k— M.), such that

vitlre[1—{cy;/n},1) (mod 1) for jEA
vit/ir [0, 1—{cy;/x}) (mod 1) for ;€ A°={0, 1, ..., n}\ A .

Let us define the flow {S:} on T"", the (»+1)-dimensional torus, by

Si(bb, Or, ... O)= (90+ L (mod 1), 6,+2mod 1), ..., a+2(mod 1)).

Then N((¢, t+c])=F if and only if
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S0, 0, ..., O)ER(A)EJH [1—{cy;/n}, 1) ng [0, 1—{cyi/n})

€A Ac

for some A€ ¥ (k—M.). Hence

((ar=a) L1190 = 3 (= a) L) [ gmea( SO, . O

AcF(k— M.

Suppose for a moment that vo, ¥4, ..., ¥» are rationally independent. Then as is
well known,” the flow {S.} is uniquely ergodic on T"*!, and if f is a continuous
function on 77!, then for every < T""', one has

lim{(a>—a) L} f fff(ste)dt: /F Jouag),

where x is the normalized Lebesgue measure on 7T”"'. This formula is valid even if
we let = xr), because the boundary of the set R(A), which is the set of discontinuity
points of the function yz), has zero Lebesgue measure. Thus we arrive at

ﬂk(C) ElLiP;}{(Clz - dl)L}Alk.@ kv:w(LM

= > u(R(A)

AsF(k—M.)

" e sﬂz/e:—-Mc) JLIA{%}!;}jgc<1 B {%}) )

If, among 3o, v1, ..., ¥», exactly #'<mn are rationally independent, then {S:} is
uniquely ergodic on an #7’-dimensional submanifold of 7"*! which is isomorphic to
T, so that by essentially the same analysis as above, we can conclude the existence
of the limit mx(c). However the exact form of m.(c¢) will be somewhat complicated.

We omit the detail about it.
Let us return to the general case 0< v< +co. By definition, the equation H»(1)¢

=k*¢ is equivalent to the following set of conditions:

—¢"(x)=rk*¢(x) for x;<x<xs1, 7=0,1,..., %
¢(x) is continuous at x=x;, j=1, ..., ;
¢ (2;+0)— ¢ (x;—0)=v¢(x;), /=1, ..., n.

Elementary calculation shows that if a solution ¢(x) of H,(1)¢=k*¢ is represent-
ed by

¢(x)=a;sinkx + Bicoskx ,

on each interval x;<x<xj+1, 7=0, 1, ..., n, then (a, o) and (an, B») are related by

<Z:>: Ten) Teol@n-s) Tenl@) (Z) ,

where the matrices 7%,.(x;) are defined by

Teol) =T+ (k)
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1 0
= ;
SINKxXCoS KX cos’kx
V(/fx)———( . . :
—sin’kx  —sinkxcosix

Now « is an eigenvalue of H,(1) if and only if any solution ¢ of H,(1)¢=x*¢ with
¢(0)=0 satisfies also ¢(1)=0. This is equivalent to saying that for the choice av=1,
Bo=0, we have

ansink+ Brcosk=0,
where (an, 8x) is defined by the above formula. It is not hard to compute

V(Kxjp) V(Kxjp—l)'” V</{xj1)
b
= I;[ZSinK(xji~xji—1)

y COS KX;pSINKX COS KX j»COS KX,
—SINKX;;SINKL; —SINKX;»COSKX;,

for 1</, <---<jp,<m. Hence £#0 is an eigenvalue of H,(1) if and only if it is a zero
of the entire function

p+1

Fv(/c):é(%)p 2 [T sink(zs—2s.1),

1Si<—<jpsn §=1

where we set x;,,=x0=0 and xj,..=Z»+1=1 for convenience.
At this stage, we substitute vL? into v above and restrict our attention to |x|< CL,
C>a; being a constant. Then «=#0 is an eigenvalue of H,.:(1) if and only if

wuxwz%Q%TY[u4@=ﬂ.

If we write
Dur2()=f (k) + gi(k);
f(/f):JIzIosin/c(xjH ~xj):£f[osin/cyj ,
then it is not difficult to obtain the following
Lemma i) For k=oc+ir with |k|<CL,
lg.(k)|<BL e

holds with a constant B depending only on n.
ii) There ave constants K, K:>0 such that if |t|=K,, then

|7 (1K) = Kze'™" .
iii) If f(0)=,(02)=0, 02> 01, then for c1< o< 0q,
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|f(0)]= sinv(o—o1)sinv(ca— o))",

where v=miNo<;j<nV;.
w) If, in addition, 02— 01=0>0, then theve is a constant W depending only on S, n,
Vi, «.., Yn Such that

§f<*——61;62 +ir>l> We'*' .

For £=0,1, 2, ... let B7==(c0) be the totality of #=0 such that (¢, ¢+ c] contains
exactly % eigenvalues of H.(1). Then clearly B%=(0) is the union of mutually
disjoint intervals:

szw(w): U 721]T(k); ]r(h):[dr(k), br(k)> .

To each I,*¥, there corresponds a set of (£+2) eigenvalues of Hu(1): A" <" <+ < k"
< A" with the following properties:

(1) LPCA”, A"—c);
(2) " — " <c; '
3) ar®=(k"—c)VA", b:®=r" N(A"—c), and hence

‘[r(k)\:br(k)_ar(k)
:(/Clr“lfkr‘l‘C)/\(lﬁr_ﬁf)/\(/lzr*/{kr>/\(/127*/hr"c> .

Note also that A2"—A4"=0(1) as » —> 0.

Now fix an arbitrary 6 >0. If I, C[0, CL] and |[,**|> 8, then xi"— A" >§ and
A" —kx >08. Hence noting i), ii), and iv) of Lemma and using Rouché’s theorem, we
can conclude that there are exactly k2 zeros of @u:(k)=f(k)+g:(k), namely
eigenvalues of Hy2(1), in the interval

(%(&r‘f‘ lC1T), “l“(lfkr +/12r>> .
(Recall that A/ and «;” are zeros of f(x).) Moreover from i) and iii) of Lemma, we
see that there is 7(L)=O(LY"*D) such that ®..2(x) has no zero in the intervals
A" +79(L), " —»n(L)] and [&" +2(L), &"—7n(L)].

To summarize, we have shown that if I,*?C(a:L, a.L) and if |I,'*®|=5,"—a,* >,
then

(ar®+9(L), b= 9(L)CB4"(L),

as far as L is large enough. Hence

18 (L)| = b3 (17, =25(L))

i [P C{ail, a: L), | ;P> 8
> 3 LY = (6+2n(L)#r; 'Y C(aL, azL)} .

CLWc(al, al)

But since |I,®|=0(1) and #{»; I,** C(a, L, a.L)} < DL for some constant D >0, we get
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lianﬁin«f{(az‘al)L}'ll.@k”(LN >m.(c)— D6 .

Letting & 1 0, we obtain
1irglinf{(a2“al)L}"ll.@k”(L)l 272’;@(6) , k=01, ....

From this and

38D =(a:—a)L;

Stme)=1,

it is now easy to conclude
1}52{(02_dl)L}*1|$kv(L)|:7Tk(0) , k=01, ...,
completing the proof of Theorem 1.
Proof of corollary By scaling, our proof is reduced to computing
olc)=limn.,(L)"'&(L; ¢)
where 7,(L) is the number of eigenvalues «;(vL% 1) of Hu2(1) contained in (a1 L, azL),
and
& L; o)=t#{i;=r(vL% D)E(ar L, asL)|k;— ;1> ¢}

First let us prove n,(L)~ L/r as .- +co. This is easy when v=+o0. In order
to treat the case v<-+oo, consider

By?=>(c0)=U,=[a,*, b,7)

as in the proof of Theorem 1. Then for each »>1, @, and 5,°+ ¢ are eigevalues
of H.(1). If we take L=0, or L=a{"); in the formula

1}521:1][0, LIN By>==(o0)|m(c),

we see in particular that

a0/, ~1, roo
Now for L given, let

r(L)=max{r|b,;"<L} and #(L)=min{r|a,"=L}.
Further let ¢,=(a,"+56,"+¢)/2. Then clearly
no(crwy) <no(L) < no(crw),
and by the Lemma before and Rouché’s theorem again, we see
no(Criy)=ne(criy) and  no(Ccrw))=ne(Ccrw)) .

But as L—o0, we have
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1 L
%w(CT(L)>N?C7(L)N?
and
1
%m(Cr'(u) ”;Cw(m“%,
so that
L
%v(L) ” T
as desired.

Now denote by N(4) the number of eigenvalues of H,.2(1) in the set 4. Then it
is not difficult to see that

Hte(a, a)|N((¢, t+61)>0, N((¢t+ 8, t+c])=0}|
=t (a1, a2)IN((t + 06, t+c])=0}—[{tE(ar, a)|N((¢, t +c])=0}]|
>0&,(L; ¢),
and
Ht€(ay, a)IN((¢, t+81) >0, N((t+ 8, t +5+c])=0}]
=l{t<(ar, a)IN{(t+0, t+ 0+ cD)=0} —{tE (s, a)IN((¢, t + 5+ c])=0}|
<0&,(L; ¢).

Hence it follows from Theorem 1,

1irp§;1p{(az— a) L} &7 C)S%(ﬁo(c— 8)—m(c));

lim inf{(a2— a) L} ' &x(L; ©) 2%(%(6) —m(c+3)),

and if o, 31, ..., ¥» are rationally independent and if 0<c<m, we obtain by letting

510,
lim{(az— CZ1>L}71 = —im)(C)
L—oo dc
(A eI L Vi
- E s

Combining this with N((a:1L, a:L))~(a:—a1)L/n, we arrive at the desired conclusion.

Remark Instead of considering statistics among eigenvalues «&(ai%27", a27") and
letting 7% | 0, let us fix #=1 and observe the energy region #>1. Then the eigenvalues
{k;};=1 of H,(1) are the zeros of the entire function I,(x)=sink(1+ O(x")). Hence as
in Titchmarsh,” we see &;=77+ O(;7'). This shows that whatever randomness the
system may have, the eigenvalues x; for large ; can only fluctuate around the lattice
point 77 within O(;7"). Hence there must be level repulsion.
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§3. Proof of Theorem 2

Let y;P=x—x," ;j=0,1,-, n. As is well known, if U,, 7=0,1,... are in-
dependent random Varlables each obeying exponential distribution of parameter 1,
namely P(U;>t)=e7%, j=0,1,..., and if s»=27-U,, then (%™, ™, ..., v».") and
(Us/sn, Ui/sn, ..., Un/sn) have the same probability distribution.

For 0<e<1, we can compute

P(maxy,™>¢e)< ZP(y > )

0<j<n

=(n+1)P(»'™>e)

=i+ DP(1= &) Un>eX U)

=(n+1)E[P( Up> 1f

)]

S
=(1—¢)".

Hence by taking e=e,=n"", 0<n<1, we obtain

EP(maxy‘ )>p7)< oo,

=1 0<j<n

and by Borel-Cantelli’s lemma, we have with probability one and for = sufficiently
large,

maxy;M <7 .
0<j<n

In particular, Mc=M (3", ..., v."™)=0 for n sufficiently large. Moreover with prob-
ability one, we are in the situation that ¥, ‘", ..., ¥, are rationally independent
for all #=1. To summarize, with probability one and for » sufficiently large, we
have

(n)
C
ﬂ'k(C; yo(n)x ey yﬂ(n))” 2 < yJ > <1 )
A% (k)JEA JjEAC

(1 ,&‘L))( hgyi)_/fz_> _
<l:[;[0<1 T Aef[(k)JLIA 1_Cyj(n)/7z. 5 k 0, 1, veey N

Now it is easy to see

log [T (124" ) 2( <”>+0<<y<">>2>)

T
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On the other hand,

(n) k &
PO 3, o+ o)
AEZ.C{(/e)JIE—[A 1—cy,"/r k ogj.<2<n3n 171:113)” I+ O((gljas);y] )

and

k n
I1 yz-p:%( 29, + O(max y;™)
. J=0 0<ji<n

0<jH<—<jr<nb=1
1
:ﬁ+ o(1) .
Combining these estimates, we are lead to

k
limm.(c; yo'™, ..., yn(”’):e‘””%, <7Cr> , k=01, ...
7100 .

completing the proof of Theorem 2.
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