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 Level  Clustering in a  Ome-Dimensional Finite System

                 Nariyuki MINAMI')

instzTtute of A4dthematics, dniversily of 7tsrblkuba, 7lsvtkuba 305

  Mie prove rigorously  that there  is level clustering  in the serni-classical  iirnit of a one-

dimensional Schrljdinger operator  which  has a chain  of a-potentials.

                          gl. Introduction

   Let us  consider  the Schr6dinger operator  of  the type

     H.(h)=-hZ-tt-2-,-+v,-"-,B(,T-xj), OfrxK1,

under  the Dirichlet boundary  condition  at x==O  and  x==1.  Here h is the Planck's
constant,  v>O,  and

     O=Xo<Xi<"'<Xn<Xn+i=1

are  arbitrarily  fixed. In this note,  we  analyse  rigorously  statistics  for the energy

level distribution of  Hv(h).  (In this note,  we  say  that  K  is an  eigenvalue  of  Hv(h) if

and  only  if the equation  Hv(h)ip =  rc2ip has a  nen-trivial  solution  di satisfying  ip(O) =L'  di(1)
=O,  On  the other  hand, we  call  K2  itself an  ene?gy  level of  Hv(h).)

   To  be precise, define for each  va >O  and  fe=;'O, 1, ...  the set

     LZk(h)=={tE(ai,  a2)1(t,  t+ch]  contains  exactly  le eigenvalues  of  Ifb(h)} 
,

where  the  constant  c>O  and  the  interval (ai, a2)  are  arbitrarily  fixed. Then  denoting

the Lebesgue measure  of a set  BcR  by IBI, we  obtain

Theorem  1 .Pbr  each  k=O, 1, ..., the limit

     7rA(c)=  rrh(c; xi, ..., xn)  ='=  lim(ai -  a2)-i[Jh(h)l
                        ft te

ex;ists and  is independent of v>O,  in Particttlaz tvhen  the numbers  yjm-.xj+i-xj, 7'
=O,  1, .... n, a7ie 7utionally  indopenden4 we  can  compute  nlle(c) exPlicitly as  folloevs:

     nk(c)...IZ"EE]{h-tac),U.('CrrY'i]jl.'I..(IT(Clill'l), OKk"M}Kn+1

           tO otherwise,

where  Ei(p) is the totaliC), of snbsets  of {O, 1, ..., n}  of cardinality  p, and
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         n

     M,  E  Z  [ cyjlrr] -
         J'==O

Hbre we  zase  the folloaving notation:  for AC{O, 1, ..., n}, AC denotes the comolement

{O. ..., n}XA  of A; [a] and  {a} denote respectively  the intagral and  fiuctional Part of
the real  number  a,

Corollary Sblf4)ose yj, y'--O, 1, ..., n  are  7ationally  indopendent. 7';izen we  can  com-

Pute the Probabilily dist'Tibution of eigenvalue  spacing p(c) in the sense  that

p(c) =:=limnv(h;  ai, a2)"iSv(h,  c; ai, a2)
     hlO

         =(te.,(i'g")), £-ei-Yay'Jlit

for O<c<n]  where  nv(h;  ai, a2)  is the number  of eigenvalues  ic)･'-Kj･(v, la) of Hv(th)
contained  in (ai, a2),  and  Ev(h, cy ai, a2)  is the number  of eiigenvagues  in (ai, a2)

satishing'  ftli-A{i-i>ch.  in Particulaz

     IIIp( 
rm
 p'(c))=  l-l- (i- l?,-S,y.2)>o .

   In order  to see  what  happens  in typical cases,  let us  randomize  (xj)i=i in the

following manner.  Let Xl, ..., X}a be independent random  variables  uniformaly  dis-

tributed on  (O, 1), and  Iet ,xi")< ･･i<xS") be their arrangement  accerding  to magnitude.

Finally set  jvj--xj("), 7';1, ...,
 n. Then  irh(c)=irh(c;  xL("),..., x.(")) in Theorem  1 are

also  randorn  variables.

Theorem  2 VVith P7vbability one,  eve  have

     1.i-mco n}e(c; xiC"), ..., xn(n))=eic"rrt/  (-ii-l )h, fe=o, 1, ...  .

IVizmely af the system is sorIOiciently  mndom,  thenfor  a  mpical ?eagi2ation  of ffv(h), the

sequence  of its eigenvalues  loofes like a  Iiloisson Process.

   Let us  make  some  historical remarks.  Pokrovskiii) considered  a  model  which,

after  a  scaring  of  the space  variable,  is reduced  to our  llv(h) with  h :: nM'i, and  argued

that when  the system  is sufficiently  random,  then  there is the so  called  
"level

 repul-

sion"  in high energy  region.  Afterwards, two  contrasting  comments  are  made  on  this

assertion.  Molchanov declared Pokrovskii's conclusion  to be wrong  in the introduc-

tion of  a  paper2) in which  he proved  rigorously  his "correct"
 result  showing  the

Poisson character  of  energy  level distribution. But in fact, Molchanov  studied  a

problem  somewhat  different from  Pokrovskii's one  in the sense  that Molchanov

considered  the  limiting case  where  the system  size  expands  to infinity, so  that his

criticism  is irrelevant. This was  pointed  out  by Berry,3) who  argued  that level

repulsion  should  naturally  be observed  in the semi-classical  Iimit for one-dimensional

Schr6dinger operators,  Our results  above  (especially Corollary to  Theorem  ]) show

that even  in the energy  level statistics  in Berry's sense,  one  typically observes  level

clustering  rather  than  level repulsion.  In fact, Pokrovskii considered  energy  region

much  higher than  the semi-classical  region  (rcft:h-i) considered  here, and  we  shall
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remark  at  the end  of  g 2 that in that region,  it is quaiitatively  obvious  that we  observe

only  lever repulsion.

                g 2. Proof  of  Theorem  1 and  its coroilary

   If Hb(h) has eigenvalues  {firm(v, h)}X:.i, then  after  scaling,  Hbh-2(1) has eigenvalues

{h-iKm(v, h)}Z=i. From  this consideration,  it is easy  to see  that

     (a2mai)Li LAk(h)  =  {(a2-a])L}"i uehV(L)l 
,

where  we  have set  L='h-i and

     esk"(L)={tE(aiL, a2L)I(t,  t+c]  contains  exactly  fe eigenvalues  of  HvLz(1)} .

   Let  us  first assume  v==+oo.  In this limiting case,  HvL2(1)=["FIL.(1) is the direct

sum  of  (n+1)-Dirichlet Laplacians, each  on  the subinterval  [xj, xj+i], 7' 
--O,

 1, ..., n,  of

[O, 1]. Hence  the totality of  its eigenvalues  is precisely given by

     (-rriM-maOsi<mn),
where  yi=xj+i-xj,  7' 

--O,
 1, ..., n.

   Now  if IV(A) is the  number  of  eigenvalues  of  EIS.(1) in the set  A, then

     Ar<d):= ,g.,  .zO=O,xd(  
rr3M,,
 ),

so  that

     N((t, t +  c]) =i,".,  
.2co.iz[m-

 e.vjr=,m)('Yi-t)  ,

xA being the indicator (or the characteristic  function) of  the set  A, We  can  write  this

     N((t, t +  c])  ==  Mc  +bg, 
.Zco..ox[m--{cy,inhm)(ll;:'l-t)

 ,

where  Mc==2.Y･=o[cyj!n]. This shows  first of  all

     M.SN((4t+cl)SMc+n+1,

and  that for na  S  le K  Mc  t  n+1,  we  have  N((t, t' -  c])  ==  fe if and  only  if there is a subset

A  of  {O, 1, ...,  n}  of  cardinality  le-M,,, namely  AE  S7(k-M.), such  that

     (;:fl.::[sJ'fy,:kr,,); Ii E::g lj ,g,O;･2E.Acr{o, i, ...,

 
.}xA

 
,

   Let us  define the  fiow {St} on  T"'i, the (n+1)-dimensional torus] by

     St(en, 0i, ..., en)==(tht 
Y;t

 (mod 1), ei+-S/i;/t-(mod 1), ..., e.+  
Yit

 (mod l))

Then  N((t, t+cl)=fe  if and  only  if
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     S,(o, O, ..., O)ER(A)i  fi [1-{cy,･ln}, 1)× n  [O, 1-{cyj!rr})
                      J'eA  ,iEAC

forsomeAEg(fe-Mc).  Hence

     {<a2 
"ai)L}'i

 :{9hV=oo(L)  ==.,..ll;,  
,,,,n{(a2-aL)L}"i.LiZ2"xR(A)(St(0,

 .,,, o))dt ,

   Suppose for a  moment  that yo, yi, ..., yn are  rationally  independent. Then  as  is

well  known,`) the flow {St} is uniquely  ergodic  on  T"'i, and  if f is a continuous

function on  T"ti, then  for every  0(ii T"ri, one  has

     1,i'-m. {(a2 -  aT)L}-`  
.4

 :2Lf(Sto) dt =--  JI..f( eJ) tt(de') ,

where  u is the normalized  Lebesgue  measure  on  T"'i. This formula is valid  even  if

we  let f=xRm}, because the boundary  of  the set  I?(A), which  is the set  of  discontinuity

points of  the function xRcA), has zero  Lebesgue  measure.  Thus  we  arrive  at

     zk(c)  i!lim{(a2  
･-a,)L}

 
'i[M,"=e'(L)

           L-co

         =-  Z  pt(R(A))
           A,-='EF(k- rTe.}

         =,a  
'E
 
s;/e-

 
/Ti.}
 
i(iA(

 :IJ ]JlllA,(1-( :' )) ,
   If, among  yo,yL,...,yn, exactly  n'<n  are  rationally  independent, then  {St} is

uniquely  ergodic  on  an  n'-dimensional  submanifold  of  Tn'i, which  is isomorphic to

T"', so  that  by essentially  the same  analysis  as  above,  we  can  conclude  the existence

of  the limit nik(c).  However  the exact  form  of  nh(c)  will  be somewhat  complicated.

We  omit  the detail about  it,

   Let us  return  to the  general case  O<v<  
-'F

 oo.  By definitien, the equation  Hv(1)¢
=-=-K2gb  is equivalent  to the following set  of  conditions:

-gb"(ar);K2gb(,x)
 for ,x'j<,x<:vj+i,im-0,1,... 7t;

ip(x) is continuous  at  x=x.i,  1' 
'='1,

 ..., n;

cb'(x, +  o) -- ip'(x., 
･-

 O) =  vdi(,x･j), 1' =-  1, ..., n  .

   Elementary  calculation  shows  that if a  solution  ¢ (x) of  Uv(1) ip L--  rc2di is represent-

ed  by

     gb(x)=  drsinKx  +  Sjcos rc,x ,

on  each  interval xj<  ,x <  cj+i, i=O, 1, ..., n,  then  (au, Bo) and  (an, Bn) are  related  by

     (g".)-n,v(xn)7k,r･(xn-i) Zc,v(Xi)(sdn,),

where  the matrices  Tre,v(xD are  defined by

     7le,v(x,)=I+fV(rcxj);
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     i-(S  2)･

     v(..)=(
si11izxi'fi,O.S.rcC -,iC.O.S,;rc.'r,,..)

   Now  rc is an  eigenvalue  of  Hv(1) if and  only  if any  solution  di of  M(1)di =="  rc2ip with

ip(O)==O satisfies  also  ¢(1)==O. This  is equivalent  to saying  that for the choice  ab=l,

Bo='O, we  have

     ansin  rc +  Bncos rc ='  O ,

where  (an, Bn) is defined by  the above  formula. It is not  hard to compute

      V(A arj.) V(  Kx.i..,)"'  V( Kuvji)

         p

       ='  II sin  rc(ivj, -  x,is.,)
         i--2

         ×( C09nv,.SiPur.  C09rciV,.COSrcX,-, 1
          x-s1nKxj.s1nrcvj, 

-s1nrcvJ.cosKx,iif

for 1Kii<･-･<J'p K. n. Hence  rc=#O is an  ejgenvalue  of  Uv(1) if and  only  if it is a  zero

of  the entire  function

     A(  rc)=  
i}"l..io(f)Pi.,,

 
<;.
 
.s,
 
..
 
.
 iOlsin rc(･xJs 

T
 xJs"i)  ,

where  we  set  xj,==:xo==O  and  xj..,:=xn+i=l  for convenience.

   At  this stage,  we  substitute  vL2  into v  above  and  restrict  our  attention  to rc S  CL,
C>a2  being a  constant.  

'I"hen

 K=#O  is an  eigenvalue  of  ffvL2(i) if and  only  if

     O.t2(rc)=-( 
vfi,)nlb,2(Ar)=

 O .

If we  write

     opvLz(Ar)=f(x)+gL(K);

           n n

     f( rc) ==  II sinKCxj+i  
-

 , v.i) ==  I/I sin  evh
          j--o                          j'=-o

then it is not  difllcult to obtain  the following

Lemma  i) FOr  K=otiT  with  IKIK. CL,

      9L(rc)PSBL-ielTl

holcls with  a  constant  B  dePending only  on  n.

ii) There ame  constants  Kl, K2>O  suclz  tl2at af T[l)Ki,  then

      f(rc) 2,KLe]'1.

iii) if f(oi)==f(o2)=:[O, 02>oi,  then for ai<d<  cfp,
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     [f( a)1 >  sin  p(a-  a])siny(a2 -  a)i"'i ,

ovhere  tr=rninot.j`..yj,

iv) 4  in addil'ion,  o2Lai26>e,  then there is a  conslant  W  dopending only  on  6, n,

yi, .,.,  yn szach that

      f(-qt2oj +  i[) > weiT/ .

   For  k=0,  1, 2, ... Iet !B #'=O(oo) be the totality of  t>.O  such  that  (t,t+c] contains

exactly  h eigenvalues  of  Hth(1), Then  clearly  S:!"oo(oo) is the union  of mutually

disj oint  intervals:

     9kV 
"'eO(oo)=

 U.-.iL･(k); I.(h} =''[a.<k),  b.(k)) ,

To  each  I7-(k), there corresponds  a  set  of  (k+2) eigenvalues  of  Iitda(1): Ai'< Kir<  ･b･< rck'

<A2"  with  the following properties:

(1) I,(k)C[Ai", ,12'-c)  ;

(2) Khr-ffLr<c]

(3) a.(k)=(rck'-c)VAir,  brCh);KirA(A2'-c), and  hence

     lIT(k)L=br(k)La.(k)

         =(rclr-rckr+c･)A(relr-ALr)A(A2r-Khr)A(A2r-Alr-c).

Note  also  that A2r-A[r== O(1) as  r-)co.

   Now  fix an  arbitrary  8>O.  If lr(k)C[O, CL]  and  Vr(h)1>S, then rcir-k'>6  and

R2'- rck' >a.  Hence  noting  i), ii), and  iv) of  Lemma  and  using  Rouche's  theorem,  we

can  conclude  that there are  exactly  k zeros  of  divLz(K)7-f(rc)+gL(K), namely

eigenvalues  of  HvL2(1), in the interval

     (t(A,r-K,r),t(lc,r+,a,r))
(Recall that Ai' and  ftlj･' are  zeros  of  f(rc).) Moreover  from  i) and  iii) of  Lemma,  we

see  that there is v(L)=O(L-"C"'i))  such  that divL2(rc) has no  zero  in the intervals

     [A,r+ij(L),rc,r-rp(L)] and  [K,r+rp(L),A,r-rp(L)].

To  summarize,  we  have shown  that  if Ir(k)C(ai,L, a2L)  and  if LI.(h)l='=-br(h)-ar(h)>6,
then

     (ar(k)+ rp(L), br(h} rm V(L))CSk"(L)  
,

as  far as  L  is large enough,  Hence

                   2  (Ir(k'1-2ny(L))     lma,V(L)12
              r;LCh"/'CaiL,a2L),li,/"),>S

            l}r Z  LI.(k' -  (6+2rp(L))#{r; lr(le'C(aiL, a2L)}  ,
              f,C"i'[(aiL,a2L)

But since  Ir(k)l:; O(1) and  #{r; fr(k)C(a]L, a2L)}(DL  for some  constant  D>O,  we  get
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     lim inf{(a2-ai)L}-!1ue  kV(L)l>  nk(c)-D6  .
      L-,co

Letting 6 J O, we  obtain

     lim inf{(a2-ai)L}'il!!?kV(L)l >. nk(c)  
,
 le-O, l, ... .

      L-.oo

From  this and

     co

     Zlvek"(L) ==:(a2Lai)L  ;
     k;O

     ou

     Z7ik(C)-=1,
     kzO

it is now  easy  to conclude

     lim{(a2-a])L}ni19hV(L)1=- rrlt(c) ,
 k=-='O, 1, ... ,

     L.oo

completing  the proof of  Theorem  1.

Proof  of  corollary  By  scaling,  our  proof  is reduced  to computing

     p(c) =:=limn.(L)-ie.(L;  c)  
,

          L-,oo

where  nv(L)  is the number  of  eigenvalues  K)･(vL2; 1) of  "vL2(1) contained  in (aiL, a2L),

and

     ev(L; c)=#{Ki  ==  Ki(vL2; 1)CI(aiL, axL)ki-"i>c}  .

   First let us  prove  nv(L)  
"-L/n

 as  L-+eo,  This is easy  when  v=+co.  In order

to treat the case  v<  +oo, consider

     9?u"==OO(OO)=U.>.1[ar(O),br{O>)

as  in the proof  of  Theorem  1. Then  for each  r>1,  ar(O) and  br(O)+c are  elgevalues

of  HL.(l). If we  take  L=:br(O) or  L==-a{r04i in the formula

     limL-il[O, L] n  veoV!'oo(oo)t nb(c)  
,

     L-oo

we  see  in particular  that

     a{r).)/i!br(O)-1,  r.oo.

   Now  for L  given, let

     r(L)==max{rbr(OkL}  and  /(L)=-=min{rla.<e)2L}.

Further let cr=  (ar(O)'F br(O)+c)12. Then  clearly

     nv(cr(v)K  nv(L)  K  nv(crru))  
,

and  by  the Lemma  before and  Rouche's theorem  again,  we  see

     nv(cr(L))===ndi(cra})  and  nv(crr(L))=nco(cr,(L}).

But as  L.oo,  we  have
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     noo(cr(o)NunLc.u.)r-L
              - rr

and

     noe(Cr,CV)  -V '!Crr") Av!  
,

              n rr

so  that

           L
     nv(L)  -v
           rr

as  desired.

   Now  denote by N(ll) the number  of  eigenvalues  of  HvL2(1) in the  set  ti. Then  it

is not  difficult to see  that

     {tE(ai, a2)  A[<(t, t+6J)>O,  N((t+6,  t+cl)  =::  O}1

        =1{tE(ai,  a2)IN((t+6,  t+c])=0}1-1{tE(ai,  a2)[IV((t, t+c]),=-::- O}l

        >  B6v(L; c),

and

     {tE(ai, a2)  Ar((t, t+61)>O,  N((t+6,  t+S+c])  =--  O}1

       -=1{tE(a],  a2)IN((t+6,  t+6+c])--'O}1-l{tEi(ai,  a2) IV((t, t+6+c])-=  O}I

       g  64.(L; c)  .

Hence  it follow･s from  Theorem  l.,

     lirpfi.u. p{(a2-ai)L}-i c"v(l; c)s  
16
 (nb(c- 8) ･- nb(c))  ;

     ligl-hnf{(a2-ai)L}-!ev(L; c)>  
ls(nb(c)-7rh(c+6))

 ,

and  if yo, yi, ...,yn  are  rationally  independent and  if O<c<rr,  we  obtain  by letting

6i  O,

     1,i-m..{(az 
Lai)L}-i

 ==-i- 
-
 d-d.'nb(c)

                  =-ll](t;-io(1L  
qrr"

 )],£.o1-Ycila  '

Combining this with  N((aiL, a2L))  "-"(a2-ai)L!n,  we  arrive  at  the desired conclusion.

Remark  Instead of  considering  statistics  among  eigenvalues  KE(a]h-',  a2h-i)  and

letting h l O, let us  fix h=--1 and  observe  the energy  region  K>1.  11"hen the eigenvalues

{ki}.i)-i of  H.(1) are  the zeros  of  the entire  function M(K) ==sinK(1+O(rc-i)).  Hence as

in Titchmarsh,5) we  see  ft1,--- icl'+O(1'-i).  This shows  that whatever  randomness  the

system  may  have, the eigenvalues  ts for Iarge 7' can  only  fluctuate around  the lattice

point Fty' within  O(i]). Hence  there must  be level repulsion,
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                      g 3. Proof  of  Theorem  2

   Let yj(")==xS"+l-xj("), 1'=O, 1, ･-･, n. As  is well  known,  if [j[i, 1':=O,],... are  in-

dependent random  variables  each  obeying  exponential  distribution of  parameter  1,

namely  P( (L >  l') :=  e-  
',
 j' ==  O, 1, ..., and  if sn  =  2,"･ =o  [.(f, then (yo("), y] 

C"),
 ..., Nn(")) and

(Ublsn, (Alsn, ...,  U)ilsn) have  the same  probability  distribution.

   ForO<e<1,  we  can  compute

                  n

     P(maxy.i(n)>e)g2P(y,{n}>E)
       Of. J' -･,' n  J' --O

                =(n+1)P(yoC")>E)

                                  n

                -:(n+1)P((1-6)  Ub>eZ  Ui)
                                 j--e

                -(n+1)E[p(  Ub >-)-,S---.---te., e1 (1i, d-･, (lh)]

                =E[exp(-  iE.  
,;li],

 U')]

                ==(1-E)n.

Hence  by  taking E=  ffn=nUny, O<n<1,  we  obtain

     on

     Z  P(max  yj("> >  nr")  <  oo  
,

     n==1  O[v'sn

and  by  Borel-Cantelli's lemma, we  have  with  probability  one  and  for n  sufficiently

large,

     max  y.i{n) S  nm  
rp
 .

     OKJ's.'n

In particular, Mc=Mc(ye{n), ...,  yn(n)) =L'O  for n  sutiiciently  large. Moreover  with  prob-

ability  one,  we  are  in the situation  that yo("), yi("), ..., yn(") are  rationaliy  independent

for all n>1.  To  summarize,  with  probability  one  and  for n  sufficiently  large, we

have

     7rh(c;  y,{n), ...,  y.(n})=.4.l 
s(fe),UA(Lt}-(e)-)illl.,(1

 
-!\("')

 )
                   =(te.,(1-  

CYi'I'-))(..z.,,,,..-i9-1'S(tk'ig,-1it-)
 , k=-o. 1, ...,  n,

Now  it is easy  to see

     logte.,(1 -  
csti")

 )= te.,( -  ;-.vi(n}+ o((y,(n))2))

                  =  --C-+  o(max  yj(n)) ,
                     rr o t  ]' .c- n

//
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On the other  hand,

     A ..Zt  (k),P. 
-1
 LC;)ili( illlngla =L' ( 2 )k(o.. 

<Z.
 
..
 
,,
 
.
 
.(
 
plk..I.
 
,yJp

 ))(1 +  O(cm/ .. 
,a.i

 yj 
(")))

and

     ,g,.Z.f...,JIh[=,yip=  pl! 
(j.S,yJ{"})"+O(,m..,aL.x.y,("})

                  1

                
==

 p! 
+o(1) .

Combining  these estimates,  we  are  lead to

     l.i.m... iiA(c; yo(n), ･･., yn<")) =:-=- eLC""- £;rL (-1-)h, k=o,  1, ...

completing  the proof of Theorem  2.
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