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Hadron-Nucleon Scattering Lengths from QCD Sum Rules

Osamu MORIMATSU

Institute for Nuclear Study, University of Tokyo, Tanashi 188, Japan

Recent works of applying the QCD sum rule to the calculation of hadron-nucleon scatter-
ing lengths are reported. After a brief introduction to the QCD sum rule, how to obtain
scattering lengths in the QCD sum rule is explained. Then it is applied first to the nucleon-
nucleon and hyperon-nucleon channels and secondly to the pion-nucleon and kaon-nucleon
channels.

§1. Introduction

1),2)

Let us start by two examples of the QCD sum rule,”'® which are related with our

following discussion:
2
MN:_ESW—ZZ<Z7M>O’ (1)

Zmn:zfnzz_(Wlu‘i’m‘i)<<7/_lu>0+<07d>0) , (2)

where M3 is the Borel mass. The former is derived by Ioffe®¥ and shows that the
condensation of quarks is responsible for the nucleon mass. The latter is the
well-known Gell-Mann-Oakes-Renner relation,” which was rederived in the context of
the QCD sum rule by Shifman, Vainshtein and Zakharov.” Both of these are rela-
tions between observables of hadrons, such as masses and decay constants, and
vacuum expectation values of quark-gluon operators.

The QCD sum rule is a nonperturbative method which provides us with relations
between physical quantities. However, it does not directly solve the QCD. There-
fore, it cannot answer questions concerning such as confinement and/or spontaneous
chiral symmetry breaking.

The structure of the QCD sum rules, Eqgs. (1) and (2), can be illustrated as follows:

Observables of 1-Hadron States < Information on the 0-Hadron State .
(mass, decay constant) (vacuum)

We proposed in Refs. 5) and 6) to extend the QCD sum rule by increasing the number
of hadrons by one on both sides of the above relation:

Observables of 2-Hadron States <= Information on the 1-Hadron State .
(S-matrix)

Namely, the scattering quantities of hadrons are related with the expectation values
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of quark-gluon operators with respect to the one-hadron state. To be specific, we

show here two examples of new QCD sum rules:>"®
A — ) .
axN:ﬁZ—g—MN« ddys+3<u" wp+<d d>p), (3)
4 (a;ff”ha;;s”):ﬁ% (' udp—<d" dds) . @)

The former shows that the nucleon-nucleon scattering length is determined by the
quark densities in the nucleon. The latter is a similar relation for the pion-nucleon
scattering length, which reproduces the well-known Tomozawa-Weinberg relation.”®

In the next section we will show how to obtain scattering lengths in the QCD sum
rule. ‘

§ 2, Formulation

Let us consider the correlation function,
IT(q) =i [d*xe <G| T (nu(2) (O] (5)

yu is the interpolating field for the hadron, A, i.e. a quark-gluon composite operator
which creates . The spectral function is then defined in terms of the correlation
function as

0"(w, @) =5 T (0+ in, @)~ T"(w—in, @) (6)

The spectral function contains the information on the physical spectrum of the
system:

0™ (@)=Q2n)* 26" (g +ps—b)<nlnk(O)¢5F £ 6 (g — Dot pa)[<nl2a (O} (7)

In the physical region, ¢*~my®, 1T is nonperturbative and difficult to calculate.
However, in the deep-Euclid region, ¢°— —oo, IT" is perturbative so that the operator
product expansion (OPE),

- ifd4xeiq”T(nH(x)n§(0))= CiA) I+ Caa(@) T+ Cor(q) GuuG*™ + - (8)

makes sense. Namely, in the deep-Euclid region the correlation function can be
expressed in terms of the expectation values of quark-gluon operators.

Then the deep-Euclid region is related to the physical region by the Lehmann
representation for the correlation function as

o0 H 4
H _ o', q)
(o, q) [wdw P 9
" in the integral runs over the physical region while @ can be taken to be any value

in the complex plane, therefore in the deep-Euclid region. Thus, by evaluating the
left-hand side by the OPE and expressing the right-hand side in terms of physical
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quantities of hadrons with @ in the deep-Euclid region, one obtains relations between
observables of hadrons and the expectation values of quark-gluon operators. These
relations are the QCD sum rules.

As we have seen, there are two essential ideas employed in order to derive the
QCD sum rule, i.e. the OPE and the Lehmann representation. These two ideas are
valid independent of the choice of |¢> with which the correlation function is defined.
In the original sum rules"? |¢> is taken to be the vacuum. In Refs. 5) and 6) it was
proposed to take |¢> to be the one-nucleon state, |[N(p=0)>. Then, the reduction
formula tells us that the correlation function has second-order poles at ¢*>=my® with
their coefficients proportional to the 7-matrices for the forward elastic HN and HN
scatterings:

T (mvy(ap= ap)o< lim (¢*—mu*)' 11" (q) . (10)
Thus, the spectral function has the following structure,
o (w, Q)< 8 (w—Vmu®+q%) Tun — 8(w — v mu+ *) 6 Tun
+ 5 (w+Vma®+ @) Tan + 6w+ mu*+ )0 T
+ (continuum part) , (11)

where 07Tunv and 67Tav are given by the 7 -matrix and its derivative. If there is a
bound state in the hadron-nucleon channel the spectral function has another first-order
pole term, which will be incorporated if it is necessary. By substituting the above
expression to the r.h.s. of Eq. (9) and evaluating the Lh.s by the OPE, we obtain the
relation between the 7T -matrix and the matrix elements of quark-gluon operators with
respect to the one-nucleon state.

Before closing this section we summarize here the parameters used in the follow-
ing calculations: the quark masses are

Mmu=mq=17 MeV , ms=170 MeV ,
the condensates of quark-gluon operators are?

<ﬁu>0:< C;fd>o: '"(225 MGV)3 s < §S>o:: "‘(217 MQV)3 ’
as -
<7GZ>O — (340 MeV)* |

and the expectation values of quark-gluon operators with the nucleon are”~'"

Cutudp=<Xd"d>,=2, <u'u>,=<d"d>,=1, {s's),=<s"s>»=0,
auyp=<dd>»=346, {iau>,=<dd>»=2.96, <{(550,=(5s>,=0.77,
iKSwyuDvul>p=1<{ S| dy.D.d]>»=222 MeV ,

i S[dyuDud 1o =i< S| @yuDou]>»=95 MeV ,
iKS[5yuDusDpr=1<S[5yDusPn=18 MeV ,
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<»“7§GWGW>N =—738 MeV , <~‘7’778 [GﬂoG"°]>N =—50 MeV .

Having understood how to obtain hadron-nucleon scattering lengths in the QCD
sum rule, we will discuss its applications in the following two sections.

§3. Nucleon-nucleon and hyperon-nucleon scattering lengths

The interpolating fields of the octet baryons are taken as”

7p(2)= €avc(1e () Cyruu®(x)) ysy*d(x),

()= 2 a0 () Cras () 177 () —(d ™) Crs (@) ")

75(2)= €avc(t™(2) Cruu”(x)) ys7"s(x) ,
750(2)= — €anc(s™(x) Cyus®(x)) s 7" u(x) . (12)

The spectral functions in the vacuum and in the nucleon are assumed to be
saturated by the nucleon (hyperon) pole terms as

0% (w)=226(w— M) P, — 26(w+ Ms)P- |
o (@)=2{— T8 (w—Mp)+ A (w— Mp)} P+ A4~ T8 (w+ Mp)
— oA~ 8w+ Ms)} P, (13)

where A is the coupling strength of the interpolating field to the octet baryon and P-
=(1%x9%/2. The continuum part is neglected for simplicity. In the spin-triplet
nucleon-nucleon channel, the contribution of the deuteron to the spectral function has
to be taken into account. In nonrelativistic approximation it amounts to replacing
the scattering length as, adw— @w=abw +27°MyBo| fp(0)]?, where By is the binding
energy and fo(p) is the relative wave function of the deuteron in momentum space.

In the nucleon-nucleon channel the OPE for the correlation function is given up to
dimension six as follows:

I*(q)= 4;4 mq”[qﬂnFqE)i%+ln(—qz)7r2{md< Jd>o+% <%’°‘G2>O }

+£7 % (r*itu >o)2] + 424 [q”*ln(— qz)—é—md +¢4n(— ¢g)(— 7% jd>o)} ,
W (g)= 4;4 7”[@211(1(— qz)ﬁz{ ——% {yuudn —%— < c?’fyﬂdm}

+quq”In(— 42)7?2{ ——g% {T@youdn —% < Jyua’m}]

+ 424 [qzln( —g)(— 1% dd>1v)}
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e[ @i {26 |

+—(—]1— %72’ <uu>o<uu>N}

+ 4}[4 7"4”[ln(— qz)ﬂ"‘{—lgﬁﬂ S [imDuu]>N+—%—z'< S [JyﬂDud]mH

+ 4%4 q#[ln(“02)”2{_2md<ﬁ7/4u>1v+2i< JD/4d>N}
+ LW adsanay ] (14)
By substituting Egs. (13) and (14) into Eq. (9) and Borel transforming both sides we
obtain
d};p:%Mp ApMB4“Mp(BpMBZ+ Cp)

M+ 7 <8md<dd>o+< Je) )M32+%4 (2 @ude)?

1 3 ~3 _ 4 MPMH
Tt =
AnMB4 - Mp(BnMBZ‘I“ Cn)
X - a 64 , (15)
M36+ 72'2<8Wld< dd>0+<‘“S*G2> >M32+ (7[2< Zvlu>0)2
T 0 3
where Mp is the Borel mass,
AN:ﬂ2<d—d>N+37f2<%Tu>N+7T2<CZ”d>N,
BN=md7r2(z<u*u>N—<d‘d>N)~27z2z'<JDOd>N—%n2<&GZ>
T N
““%“7[2(4Z< 8 [ Z:Z}’()Dou]>1v -+ Z< S [ j}’o.DOd]%v) N

Cu= =22 dd>ku wrn+< TS TU>w) (16)

and S [AyBy]:(AyBu+AuBy)/2 *g#quB'l/il.
Let us first concentrate on the leading order results. The results are

ann = MzMN(<dd>p+3<u u>p+<d"d>,)=23.2fm,

J%N*3M2MN(2<dd>n+6<u wnt2{d d>n—<dd>»—3u u>p—<d* d>n)

=54 fm . a7

Experimental scattering lengths are aiv(exp)=23.7 fm and adw(exp)=—54fm. We
evaluated the deuteron pole contribution by employing the Paris potential'® and found
that 27°MxBo| f (0)?=9.4 fm. By adding this contribution to ai~(exp), we obtain
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av(‘exp’)=4.0 fm. The calculated scattering lengths are surprisingly close to these
values. It is also interesting that the scalar and vector densities of quarks in the
nucleon induce attraction between two nucleons.

By taking into account higher order terms and determining the Borel mass by
stability condition, we obtain aiww=11.6 fm and div=2.8fm. These values are in
qualitative agreement with the experimental ones. Even though the leading-order
results are closer to the experimental values than the full results, we do not take it
seriously because of crude approximations used in the present calculation. It should
be also noted that aiw~ is sensitive to the change of the interaction strength since there
is almost a bound state in the spin-singlet nucleon-nucleon channel.

In the hyperon-nucleon channels the leading order results are as follows:

- 4 MMy
W Mg —4Ams® M+ My

{é— (2 2>+ 2 dd s — < 555p)

+% (<! u>p+7<d*d>p+1o<s*'s>p)}:1o.9 fm

aLr = Mgzﬁ’;m ) MﬂfiMﬂf}N (55130 U p+<s"$5p) =94 fm
67'1‘:1/2: 472' MZMN
=N M32—4m52 M2+MN

{< S0+ (d dop— <u'fu>p+<s*s>p}:5.o fm |

T =g e R (U et K 50} =9.0
Gleo—. AT MeMu_ 100 F05 s — Catudp+24d  d>p— < udp+3¢s" )

M32*6WZ32 M3+Mn
=6.51fm,

Gop= 8x MN N
PP Mt My + My

Kdd>p+3u udp+<d"d>p}=23.2 fm,

= 47f MNMN
Gon="IZ My~+ My

(dd>n+3<u" udn+<d " d>n}=9.8 fm, (18)

where @z, is the spin-averaged scattering length, @s.s,=(3a%s,+ aks,)/4 (Gon
=(3a%.+abn)/4), and the nucleon-nucleon scattering lengths are also shown for
comparison.

From the above results, we obtain the following inequalities:

ann > A an, A sn, Aan

—T=3/2~, =T=1/2
asv’“>asw’’,

k]

vi>ain®.

a

These inequalities can be understood by the following relations between the matrix
elements of the quark densities (and a factor 2 in the expression for abp),
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Culudn, Kd d>n><s"sdn, utwo>utudn, d'd>.><d"d>,,
Ctuyn, <dd>w><5s>n, Luudp>Laud,, <{dd>»><{dd>s.

Namely, the scattering length is larger or roughly the interaction between baryons at
low energies is stronger, if the overlap of two baryons in the flavor space is larger. It
is extremely interesting to see if above inequalities among scattering lengths really
hold in nature.

§4. Pion-nucleon and kaon-nucleon scattering lengths

We take the axial-vector current for the pion and kaon interpolating field,
Au(x)= q:(x) 70750:(x) , (19)
which has a property required for the interpolating field,
C0LAL0) | (k)> =iV 2 ok (20)

with f» being the pion (kaon) decay constant. The spectral functions in the vacuum
and in the nucleon are assumed to be saturated by the pion (kaon) pole terms:

0™ (@)= mefo {00 —me)— 6w+ my)},

on'(w)= m%—fqoz[c?’(w —p) Ton— w— qu)( Ton *m% va)

+ 8 (w+my) Tox +0(w+ m¢)< ‘T@—%Twﬂ . (21)

T(g%)z T(E£meg, 0, me?, me>), T’(%)= +(0/0w) T(w, 0, @%, ®*)|w=+m, with the off-shell

T -matrix defined by

2 2\( 2 2 )
T(v, t, ¢, q’z)z—i(q ”;?32(12# m¢>fd4xezq”

XN T (0 Au() 3" ALONIN (), (22)

where v=w+t/4My, t=(q—q’)? and g+ p=4g +7.
The correlation functions in the OPE are given up to dimension six as follows:

Ho(a)):’g‘%’z‘ (my+ m)*In(— 0?) — (m1+ ma) (K §1q100+< T2q2>0) 73‘7
1/ as A\ 1L
~Omrm =g 6nC), e

IIv(w)=(agl ¢ion—<qs g2>n) %—(Wlﬁ" o) Grq1on+< Gaq2dn) 737

+(my+ mZ)Z[(Q]f gon—<q3 g2>w) Elg*— {2(i< S{q1veDogiDw
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+ i S[eroDhaslw) — g (GG~ (28(Gu6) } 2| @3)

From Egs. (21) and (23) we obtain

2 2

My

M 6f¢ T¢N€XD< MB >: M 2 <@1>N+M 5 <@2>N+<1_ Mo ><@4>N, (24)

where
01:Q1"k6]1—6]2?qzy
Oz=(mi+m)( 7101+ 72q2) ,

OBZ%G/MG#U,
@4:(M1+MZ)2[74’L¢(C]1T 611_02'.r QZ)_{Z(Z'@]S (?’0Do>qﬁ— 1728 (Q’ODO)Qz)

dlas o 1o v H
g 5 OG5 =S (GoGo ) (25)
In this paper we concentrate on the leading order terms. The effects of the
higher order terms are discussed in Ref. 6). We also neglect higher order terms in
mz” [Ms.
In the pion-nucleon channel the 7 -matrices are obtained as

T(j-v*—): (Wlu+md)< du—+ Jd>N _ Onn

fi S
T, AT
W= iLeaS ijnz d’d2 - Zy?z:z ) (26)

where T%' =(Tr-pt Trip)]2=(Trwn® Tn-n)/2 and oz is the pion-nucleon sigma term.

The leading order term, the dimension-three operator, contributes to the isospin-
odd component of the 7-matrix and gives the Tomozawa-Weinberg term.””® The
next-to-leading order term, the dimension-four operator, contributes to the isospin-
even component of the 7 -matrix and gives the sigma term, which is the same as that
obtained by using the PCAC and current algebra at the Weinberg point.'?

It is interesting that the quark number in the nucleon determines the leading-order
form of the 7T -matrix.

In the kaon-nucleon channel we take into account the contribution of /A(1405)
which exists below the KN threshold. Having done this modification the 7"-matrices
are obtained as

TS = GKP+ Ja mx’ < 1 )2
R Rt 2 mgtMy—Muy \ Mas— My )’
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Okn
T =—%

fxt

T(_):_ Mk + gﬁ* mK?‘ < 1 )2
. 2 T 2 mx+My— M \ Mas—My )
Ig';): - 27};;{2 y (27)

where T =(Twx-vT Tx+~)/2, oxv is the kaon-nucleon sigma term, ga« is the
KNA(1405) coupling constant and Ma» is the mass of /A(1405). In Eq. (27) we neglect-
ed higher order terms in the binding energy, mx + My — M».

The results for the kaon-nucleon channel are similar to those for the pion-nucleon
channel except for the contribution from /(1405): the dimension-three operator gives
the Tomozawa-Weinberg term to 77 and the dimension-four operator gives the
sigma term to 7. Though the error of the A(1405) contribution due to the experi-
mental uncertainty of the KN/(1405) coupling constant is quite large, the inclusion of
the A(1405) contribution seems to improve the agreement with the observed scattering
lengths which are determined by the scattering experiments.

§5. Relation to sum rules at finite density

In Ref. 9) Drukarev and Levin pointed out that if the condensate of the operator
O in the nuclear medium is expanded in the baryon number density, o, the coefficient
of the term linear in p is given by the matrix element of @ with respect to the
one-nucleon state:

O=0o+0no+0(0). (28)

Then in Ref. 5) it was pointed out that if the correlation function is expanded similarly
in p, the coefficient of the term linear in o is given by the correlation function in which
the expectation value is taken with respect to the one-nucleon state, /Iy, on the one
hand,

IT,= [T+ Tvo+ 0(p) (29)

and the same coefficient is related to the self energy of the baryon, B, in the nuclear
medium, 2, on the other hand,

1 1 0 1

iy v iy 7 vy T AL CR (30)

By comparing the second-order pole position of /Iy in Egs. (10) and (30), and noting
the relation,

8M32g—‘§p+ o(p), (31)

we finally obtain
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—-27ZMCZBMO+ olo), (B#N)
MMy
5MB: 1
—‘37ZWONNP+ 0(,O> . (32)
N

This clearly shows that the calculation of the effective mass in the linear density
approximation is nothing but the calculation of the scattering length.

§6. Summary

To summarize, recent works on the application of the QCD sum rule to the
calculation of hadron-nucleon scattering lengths are reported. The formalism to
calculate scattering lengths in the QCD sum rule is explained and then it is applied
first to the nucleon-nucleon and hyperon-nucleon channels and secondly to the pion-
nucleon and kaon-nucleon channels. It was found that the quark densities in the
nucleon determines the hadron-nucleon scattering lengths in the leading order and
that the calculated scattering lengths are in qualitative agreement with experimen-
tally known scattering lengths.

Finally, I should mention that recently Furnstahl and Hatsuda made critical
comments on our work® but we disagree with them.?

In conclusion the application of the QCD sum rule to the hadronic interactions is
promising. But, clearly much work has to be done in order to confirm the present
results and clarify existing discrepancies.

I would like to thank K. Kondo and Y. Nishino for the collaboration on which this
talk is based.
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