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   Motivated  by recent  chemical  explorations  into organic-radical-based  higher-spin ladder

systems,  we  $tudy  the  ground-state properties  of  a  wide  class  of  antiferromagnetic  spin-1

ladders, Numerical  analysis  featuring the  level-spectroscopy technique  reveals  the rich  phase
diagram, correcting  a  preceding  nonlinear-sigma-model  prediction. A  variational  analysis  well

interprets the phase  competition  with  particular  ernphasis  oii the re-entrant  phase boundary
on  the  way  from  single  to coupled  chains,

   Since Haldane's predictioni) on  a  striking  contrast  between integer- and  half
odd-integer-spin  Heisenberg antiferromagnets  was  given both experimenta12)  and

theoretical3) supports,  the energy  gaps in magnetic  excitation  spectra,  that is, spin

gaps, have  been a  central  issue in materials  science.  In the last decade more  and

rnore  researchers  made  a  wide  variety  of  explorations  into the spin-gap  problem,  such

as  the spin-Peierls  transition in inerganic compounds,4)  quantized plateaux in mag-

netization  curves,5)  and  antiferromagnetic  gaps in the  ferromagnetic background,6)
Among  others  Dagotto et al.7)  pointed out  that another  mechanism  of  the gap  for-
mation  should  !ie in a  ladder, that is, two  coupled  chains,  A  spin  gap  was  indeed

observed  in a  typical two-leg ladder material  SrCu203. 8) Moreover superconductiv-
ity was  brought about  in its hole-doped version  (SrCa)i4Cu2404i.9) Then  we  were

led to regard  the two-leg CuO  ladder compounds  as one-dimensional  analogs  of  high-

temperature  superconductors.  Ladder  systems  caused  us  further surprise  exhibiting

varying  excitation  spectrum  with  the number  of  their legs. iO)

   So far metal  oxides  have  been  representative  of  ladder materials.  Though  mole-

cule-based  onesii),i2)  have been  synthesized  in an  attempt  to reduce  the spin  gaps
and  obtain  experimental  access  to them,  the situation  of  copper  ions supplying  the

relevant  spins  remains  unchanged.  Therefore they  are  all  spin-i  antiferromagnets.

In such  circumstances  there  has occurred  a  brand-new idea of  constructing  purely
organic  ladder systems,  Katoh et al.i3)  synthesized  novel  organic  biradicals and

tetraradicals which  crystallize  to form an  antiferr

and  a

ladder ferrimagnet of  mixed  spins  1 and  l, i5) displaying the wide  tunability of  the

crystalline  structures  in higher-spin systems  as  well.

   Distinct spin-gap  mechanisms  may  lie in higher-spin 
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exist  pioneering works  in this context.  Sierra i6) generalized the well-known  nonlinear-

sigma-model  analysis  
i),

 
i7)

 on  quantum  spin  chains  to multi-leg  ladder systems,  His
findings suggest  that only  an  odd  number  of  halfodd-integer-spin chains  are  mass-

less, supporting  experimental  observations  on  a  series  of  spin-e  ladder antiferromag-

nets.8),i8)  The  technique  was  further developed for spatially  inhomogeneous  lad-

ders.i9) Mixed-spin ladders20),2i) were  also  investigated with  particular emphasis

on  the competition  between massive  and  massless  phases.

   Thus, there also  lie fascinating predictive theories on  higher-spin ladders, to-

gether with  a  materials  background now  estab}ished.  However, in comparison  with

extensive  calculations7)i22)-24)  on  spin-S  ladders, there  exist  few quantitative and
conclusive  investigations into higher-spin ladders25) and  most  of  the predictions  on

their ground-state phase  competition  remain  to be verified.  Hence, in this article,
we  so]ve  the  ground-state properties of  spin-1  two-leg ladders. Ernploying  various

numerical  tools and  cornplementing  them  by a  variational  argument,  we  elucidate

the valence-bond-solid-like  nature  of  their ground  states,  which  is in contrast  with  the
spin-liquid  or  resonating-valence-bond  ground  states22)723),26),27)  of  spin-E  two-leg
ladders. The  obtained  phase  diagram is reminiscent  of  the preceding  sigma-model

prediction 
i9)

 but contains  a  re-entrunt  phase  boundary, which  was  never  fbund in
any  previous investigation.

   An  advantage  of  assembling  organic  open-shell  molecules  into a  magnetic  mate-

rial  is the isotropic intermolecular exchange  couplings,  while  the polyradical strategy
is accompanied  by spatial  variations  in magnetic  interaction. i4) In this context  we

consider  a  wide  class  of  spin-1  antiferromagnetic  ladders

                    L12  N

              "=2  tE JIItvi,, S,,,- 
･
 S,,j., +  J,- S,,,- ･ S,.-J , (1)

                   j' 
--1

 Ni=1  1

where  the bond-alternation parameter  
'ri"･

 i's defined in two  ways  as

ici,, =(  l:E:lli}',gop

(out-ofphase legs) ,

(in-phase legs) . (2)

We  consider  the  region  of  O S  6op(6ip) S 1 and  hereafter set  .1)-IJ"  equal  to

r(2  O). Martin-Delgado, Shankar and  Sierrai9) studied  the cases  efout-ofphase  legs
deriving a  low-energy-relevant sigma  model.  Fbr the spin-S  ladders with  two  out-of

phase  legs, the  topological  angle  in the effective  sigma  model  turns out  8TS6op1(r+2)

and  reads  as  the critical  lines 8S6op  =  (2n +  1)(r +2)  (n =  O,±1,-･･), However,
these  findings do not  smoothly  merge  with  the  well-established  critical behavior in
one  dimension, 2S(1 -  6) =  2n  +  1, i7) as  is shown  in Fig. 1(a). Thus, it is necessary
to verify  the true scenario  all the more  in higher dimensions.

   One of  the most  reliable  solutions  may  be a  numerical  analysis28)  on  the phe-
nomenological  renormalization-group  equation.29)  However, the scaled  gaps are  ill-

natured  due to the close  critical  points,  so  as  to make  the fixed points hard to extract
from available  numerical  data. Then  we  switch  our  strategy  to the  level spectros-
copy,  

30)
 the core  idea of  which  is summarized  as  detecting transition points by cross-

ing of  two  relevant  energy  levels. Although  the method  is generically applicable  to
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Fig, 1. Phase  diagrams for the antiferromag-

   netic  spin-1  ladder with  two  out-ofiphase

   leg$, (a) A  field-theoretical prediction  of

   Ref, 19), The  two critical  lines (dashed
   lines) derived from the  effective  sigma

   model  for ladders are  incQnsistent  with

   the  sigrna-model  analysis  on  isolated chains

   (.). They  remain  frLr apart  from each

  other  even  in the decoupled-chain limit

  r  =  O. Therefore qualitatively  patched-

   up  phase  boundaries (solid lines) were  pre-
  dicted, (b) Our  numerical  findings. The

  series-expansion  estimates  are  shown  by × ,

  while  the level-spectroscopy analyses  by D

   (L =  6) and  o  (L =  8).
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Fig.2, Demonstration  of  the  level spec-

   troscopy.  The  lowest-lying two  eigenval-

   ues  in the  subspace  of  zero  
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We  know  that singlet  dimers on  rungs

[Fig, 3(h)] are  stabilized  fbr r  -  co,

whereas  either  dimers on  legs [Figs. 3(d)

and  3(e)] or  the double AKLT  VBS

[Fig, 3(c)] for r  -  0. Two  more

interchain VBS  states  [Figs. 3(f) and

3(g)] may  be adopted  as  variational

components  for the intermediate-r re-

gion. Thus  the  linear combination  of

Figs. 3(c) to 3(h) can  be an  approx-

imate  ground-state  wave  function for
spin-1  ladders. Since the present vari-

ational  components  are  all asymptoti-

cally  orthogonal  to each  other,  the vari-

ational  ground  state  turns  out  any,of

them  itself. 36) The  thus-obtained phase
diagram  is presented in Fig. 4. The
significant  stabilization  of  the  interme-

diate phase, which  is now  character-

ized as  SH, and  the  resultant  re-entrant

phase  boundary  are  successfu11y  repro-

duced. Considering that a  couple  of

critical  chains  immediately  turn  mas-

sive  with  their rung  interaction switched

on,7)  the point C  should  coincide  with

the point A  under  more  refined  (and
thus inevitably numerical)  variational

lnvestlgatlon.

   The  present variational  calculation

implies possib!e phase  transitions for
in-phase-leg ladders as  well,  but this

is totally due to the naive  wa:ve  func-

tion. Numerical observation  of  the en-

ergy  structure  ends  up  with  no  gap-
less point in this region.  The  sigma-

model  approach  also  concludes  no  crit-

ical point, giving the topological angle

47S  independent  of  both r  and  6ip. The
key to the ground-state nature  of  in-

phase-leg ladders is the four-spin cor-

relation.25)  Let us  consider  interacting
four spins  of  S =  g which  are  described
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Fig.3. Plaquette-singlet-solid and  valence-

   bond-solid states  relevant  to the  two-leg  an-

   tiferromagnetic  spin-1  ladders, .  denotes a

   spin  ; and  their segment  linkage mean$  a

   singlet  formation. O  represents  an  opera-

   tion  of  constructing  a  spin  1 by symmetriz-

   ing the  two  spin  S's inside.
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Fig.4. Variational phase  diagrams  fbr the

   two-leg antiferromagnetic  spin-1  ladders,

   The  thick soiid  lines describe phase  transi-

   tions, whereas  the thin ones  represent  the

   cressover  ef  the  ground-state  nature  within

   the present variational  scheme.  The  dotted

   line is enly  a  guide fbr eyes.
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symmetric  point 6 =  O. Therefore, the critical  line cannot  exhibit  the initial re-

entrant  behavior in the  r-6  phase  diagram, because it should  be symmetric  for ±6.
We  finally point out  that no  explicit  phase  transition  in the in-phase-leg region  is
closely  related  to the collapse  of  the fractional-spin edge  states  due to the  interchain
interaction introduced.

   We  are  grateful to Professor H. Takayama  fbr helpfu1 comments.  This  work  was

supported  by the  Japanese Ministry  of  Education, Science, Sports and  Culture and
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