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Phase  Structure of  Dense  QCD
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DqpartTnent of Physic$, The Utr}iversity of CIbkyo, [Ibkgyo 113-O033, Jopan

   QCD  phase structure  a[nd  a  new  critical  point  at  finite ba[ryon density are  discussed with
special  emphasis  on  the  interplay between  the  dynamical  chiral  symmetry  breaking and  the

color  superconductivity.  Resu]ts of  a  model  independent Ginzburg-Landau  approach  and

of  a  phenomenological  Nambu-Jona-Lasinio  model  are  presented,  A  theoretical  connection

between  the hadron-quark  phase transtiQn  at  finite baryon  density and  the  boson-fermion
mixture  of  ultracold  atoms  is also  discussed.

Sl. Introduction

   QCD  exhibits  various  phases  depending on  the temperature  T  and  the baryon
chemical  potential  paBi) as  illustrated in Fig. 1. Three  typical  examples  are  the QGP
(quark-gluon plasma)  phase  at  high T, the NG  (Nambu-Goldstone) phase  at  low T

and  ptB, and  the  CFL  (color-flavor locked) phase  at  high paB. Among  others,  the NG

phase  is charactetiized  by the dynamical breaking of  chiral  symmetry  due to nonvan-

ishing chiral  condensate  <a-q>.2) On  the  other  hand,  in the color  superconductivity  at

high chemical  potential,  the diquark condensate  <qq> is formed.3) In the  presence of

these condensates,  the light quarks  acquire  the Dirac type  mass  M  and  the  Majorana
type  mass  A.

   Our  understanding  of  the phase  structure  at  finite paB is still  immature  due to

the severe  sign  problem in the lattice QCD  simulations.  Therefore the analyses  based
on  the Ginzburg-Landau (GL) functional and  also'on  effective  theories such  as  the

Nambu-Jona-Lasinio  (NJL) model  are  usefu1  to grasp qualitative features of  dense

QCD. Also, studies  on  similar  many-body  systems  such  as  the mixtures  of  ultracold

fermions and  bosons may  give us  a  hint to understand  dense QCD  matter.  In the
fo11owing,sections, we  will  discuss some  recent  attempts  along  this line.

92. Ginzburg-Landau  potential  fbr hot/dense  QCD

   In this section,  we  focus our  attention  on  the QCD  phase  structure  at  inter-
mediate  value  of  the quark  chemical  potential (p =  psB/3 tv  400 MeV)  where  there

would  be an  interplay between  the  chiral  condensate  <q-q> and  the diquark conden-
sate  <qq>.4)75) Study of  this region  is not  on!y  important to understand  the quantum

phase  transition to quark  matter  in the deep interior of  the neutron  stars,  but also

interesting in relation  to similar  phenomena  such  as  the interplay between magneti-

cally  ordered  phases  and  metallic  superconductivity6)  and  that between superfluidity
and  magnetism  in ultracold  atoms.7)

   
'Ib

 analyze  such  interplay in QCD  in a  model-independent  manner,  we  con-

struct  a  Ginzburg-Landau (GL) potential n  on  the basis of  the QCD  symmetry,

9(ep, cl. , dR) =:  9x(di)+ S?d(d, , d.)+  Oxd(di, cl, , cl.).  Here the  chiral  field di, which  has
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1, QCD  phase  diagram  in the plane  of  temperature  T  and  baryon chemical  potential
pB  taken  from 1).

a  3× 3 matrix  structure  in the flavor space,  is defined by  ip i  <di> with  diiJ' 
-=

 [q-.]ja[qL]a
having the  transformation  property, di ->  e-2ieA  VZipl!ll. On  the  other  hand, the  di-

quark  field d., which  has a  3× 3 matrix  structure  in the flavor-color space,  is defined

by d. !i  <D.> with  [Dl]ai =-  Eij'kc.b.[q.]Ob(i'y21tO)[g,]2  having  the  transfbrmation  prop-

erty,  d, -  e2ieAe2ieB  ItLd.Ii?S. Similar definition holds fbr dR too. In the above,
l,b, Ixz, Iti{, e-ieB  and  e-ieA  belong to S(J(3)c, SU(3)L, SU(3)R, U(1)B, and  U(1)A,
respectively.

   General  form  of  the  GL  potential in the  chiral  limit which  is invariant under

g =  SU(3)c  X  SU(3)L  @  SU(3)R  op U(1)B, written  in terms  of  the chiral  field up  to

O(ip4), reads,8)

    ox ==  flt' [[lr iptip +  Zlf/ (Tt iptip)2+ XliTr (iptip)2- !II'L (detip +detipt) , (2･i)

where  
L`[[lr]"

 and  
"det"

 are  taken  over  the flavor indices, i and  i The  first three
terms  on  the right-hand  side  are  invariant under  9 X  U(1)A, while  the last term
represents  the axial  anomaly  which  breaks U(1)A  down  to Z(6)A. [I]he potential nx
is bounded  from below for bi +  b2/3 >  O and  b2 >  0. If these conditions  are  not

satisfied,  we  need  to  introduce terms  in O(ip6) to stabilize  the  potential, a  situation

we  will  indeed encounter.  We  assume  co  to be positive so  that the chiral  condensate

at  low  temperature  is positive. Also, we  assume  that ao  changes  its sign  at  a  certain

temperature  to drive the chiral  phase  transitioB. Most  general fbrm of  the  GL

potential which  is invariant under  g, written  in terms  of  the diquark field up  to

O(d4), reads,9)

     9d  ==  cvo Tr[d.d: +d.dR]

          +fii ([ft(d,d:)]2 +  [[[b(d.dS)]2) +  fi2 (k[(d.d:)2] +  [Ile[(d.dK)2])

          +63  [[lr[(d.d:)(cl,ctA)]+54 [[lr(d.d;)Tr(d.dk). (2･2)
The  transition from the  normal  state  to color  superconductivity  is driven by ao
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changing  sign.  The  interaction potential which  is invariant under  g, written  in
terms  of  both chiral  and  diquark fields to fourth order,  reads,5),iO)

9.d  ==  7i [[ho[(d.dZ )di +  (d, dA)ipt]

      +Ai  [[h [(d.dl)diipi +  (d.dk)iptip] +  A2 [Dr[d.dt +  d.dk] ･ [[b[{Ptip]

      +A3  (detip ･ [[te[(d,dk)ip-i] +  h.c.) . (2･3)

The  term  with  the coefflcient  tyi originates  from  the axial  anomaly  which  imposes
the  sign  of  ori in Eq. (2･3) and  that  of  co  in Eq. (2･1) being the  same.

   Equations (2･1), (2･2) and  (2-3) constitute  the most  general form of  the GL  po-
tential under  the  conditions  that  the  phase  transition  is not  strongly  first order  (i.e.,
the magnitudes  of  ip,d.(.) are  suMciently  smaller  than  those at zero  temperature)

and  that the condensed  phases  are  spatially  homogeneous.  [[b proceed  analytically

for the flavor-SU(3) chiral  limit, we  restrict  ourselves  to maximally  symmetric  con-

densates ofthe  form: ip =  diag(a, a,a),  d. ==  
-d.

 =  diag(d,d, d), where  g  and  d are

assumed  to be  real  and  spatially  uniform.  We  have chosen  the relative  sign  between
d. and  d. so  that the ground  state  has positive parity, as  is indeed favored by  the

a)cial anoma!y  together with  finite quark  masses.  The  above  ansatz  for the diquark
condensate  has residual  symmetry  SU(3)c+L+R  op Z(2) and  ls called  the color-flavor

locking (CFL) because  of  its symmetry  realization.  (Note that Z(2) corresponds  to

the reflection,  qL(R) -  
-qL(R)･)

   [Vhe reduced  GL  potential with  the  above  ansatz  reads

o3F =  (ga2 -  ga3 +  2a4 + ga6) + (gd2 +  id4) 
-
 7d2a+  Ad2a2 (2･4)

Here  the axial  anomaly  leads to c >  e and  7 >  O, while  microscopic  calculation  based
on  the  Nambu-Jona-Lasinio  model  as  well  as  the  weak-coupling  QCD  suggests  that  A

is positive  and  plays  a  minor  role  in comparison  to 7.10) Note that we  have introduced

f-term (f >  O) in case  that  b becomes  negative.  This  system  can  have  fbur phases
with  the fo11owing dynamical  breaking  patterns  of  continuous  symmetries;

QGP  phase  : o  =  0,d=  0,

 NG  phase  : a  7C 0,d=  O : 9 
->

 SU(3)c  op SU(3)L+R  X  U(1)B,

CFL  phase  :a  =:  O,dlO  : 9-  SU(3)c+L+R,

COE  phase  : a;  O,d 74 O : 9-  SU(3)c+L+R- (2･5)

[I]he COE  (coexistence) phase  is favored by the axial  anomaly,  since  the simultaneous

presence of  d and  positive a  makes  the GL  potential lower because of  the or-term with

7  >  O. Note that even  the unbroken  discrete symmetry  Z(2)  is common  between CFL
and  COE  phases, so  that  they  cannot  be  distinguishable from the  symmetry  point  of

view.  gbr fiaMor-SU(2) chiral  limit with  m.,d  =  O and  rn,  =  oQ,  the condensates  with

thesquark  disappear, so that we  have ip ==  diag(a,a,O) and  d. ==  
-d.

 ==  diag(O,O, d).

Then  the reduced  GL  potential becomes S?2F =  (ga2 +  2a4 + ga6) +  (gd2 +  id4) +
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Fig, 2. Schematic phase structure  with  two  light (up and  down) quarks and  a  medium  heavy

   (strange) quark.5)  The  double line indicates the  first order  transition, AY  and  HTYB  are  the

   second-order  critical  points  at  which  the first-order line terminates.

Ad2a2. [Vhus, the coexistence  of  d and  a  is disfavored in this case,  because of  the

A-term with  .A >  O.

   The  mapping  of  the phase  diagrams  obtained  from the GL  potentials, 93F and

S22F, in the a-a  plane  to the T-pa plane  is a  dynamical question which  cannot  be
addressed  within  the phenomenological  GL  theory. Nevertheless, we  can  draw a

speculative  phase  structure  of  QCD  for nz,  N  AQc. >  m.,d  l O by interpolating the

phase structures  obtained  from 03F and  02F as  shown  in Fig. 2.5) In this figure,
the  double line indicates the  first order  phase  transition  driven by the  negative  b in
Eq. (2･4). The  single  lines indicate the second  order  phase  transitions (within the

analysis  ofthe  GL  potential without  fluctuations) which  separate  the d 7! O and  d =  O

phases. We  draw  two  critical  points  at  which  the first order  phase  transition turns

into crossover;  the one  near  the vertical  axis  indicated as  
"AY"

 (Asakarsva-Yiizaki
critical  pointii)) and  the other  one  near  the horizontal axis  indicated as "HTYB".5)

The  latter is driven by the axial  anomaly  with  positive 7 in Eq. (2･4).
   The  existence  of  the AY  critical point implies that the transition from the NG

phase  to the QGP  phase  on  the pa =  O axis  is a  crossover.  Indeed, the lattice QCD
Monte  Carlo simulations  at  finite T  with  the finite-size scaling  analyses  indicate that
the thermal  phase  transition at  ps : O is likely to be crossover.i2)  On  the other  hand,

the existence  of  the HTYB  critical  point implies that the haronic matter  (character-
ized by a  >  d >  O and  the quark  matter  characterized  by d >  a  >  O are  continuously

connected  with  each  other  and  both are  classified  into the COE  phase. This is in-
timately  related  to the  idea of  hadron-quark  continuity,  i.e. smooth  transition from
the superfiuid/superconducting  hadronic matter  to the  superconducting  quark  mat-

ter.i3),i4) Indeed, there are  evidences  of  the continuity  not  only  fbr the ground  state

but also  fbr the excitation  spectra:  Typical example  is the  continuity  of  the  flavor-
octet  vector  mesons  in hadronic matter  at  low pa and  the color-octet  gluons in quark
matter  at  high pa.13),15)
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g3. Incorporating  the  axial  anomaly  in the  NJL  model

   Let us  now  try tQ locate the HTYB  critical  point  in the  QCD  phase  diagram
using  the phenomenological  NJL  model.i6)  The  Lagrangian  of  the NJL  rnodel  with

three-flavors consists  of  three  terms:  L  =  q-(i7paOpt -fnq+pa7o)q+L(4)+L(6),  where  q =

(u,d,s) is the flavor triplet quark  field, rna  is a  fiavor symmetric  quark  mass  (mu =

md  =  ms),  and  pa is the  quark  chemical  potential. The  four-fermion interaction L(4)
is chosen  to have a  standard  form2)720)

L(`) =  sGtr(ditdi) +  2Htr[DtD,  +  DAi DR]･ (3･1)

The  term  proportional to G  in L(4) produces  attraction  of  qq- pairs, leading to the

formation of  a  chiral  condensate,  while  the term  proportional to H' in £ (4) leads to
attraction  of  qq pairs in the color-anti-triplet  and  spin-parity  Ot  channel,  inducing

a  color-flavor  locked (CFL) condensate.  We  treat the two couplings  G  and  Il as

independent parameters.
   The  six-fermion  interaction L(6) consists  of  two  parts,

L(6) =  -8K  (det di +  h.c.) +  K' (tr[(DkD.)di] +  h･c･) ･ (3･2)

The  first part is the standard  Kobayashi-Maskawa-'t  Hooft (KMT) interaction2i)
which  breaks U(1)A  symmetry.  Consequently the  Mass  of  the  n' meson  becomes

larger than  that of  the other  pseudoscalar octet  Nambu-Goldstone  (NG) bosons
(T, n, K)  for positive value  of･ K.  The  second  term, as  shown  in 5), induces a  coupling

between the chiral  and  diquark condensates.:  It is this term  that is responsible  for

the aforementioned  HTYB  critical  point. We  assume  K'  >  O, so  that qq pairs in the

positive parity  channel,  <D.> =  -<D.>,  are  energetically  favored. We  keep K  and

K' as  independent parameters.
   The  condensates  ftwored by the interaction L(4) +  LC6) are  the  fiavor-symmetric

chiral  and  diquark condensates  in the spin-parity  O+ channel,  defined by 2@io･> ==

x6ij,2<(D.)ai> =  
-2<(D.)ai>

 =  s6ai. Here the condensate  order  parameters  are  x
and  s. The  thermodynamic  potential of  the model  at  the mean-field  level readsi6)

n(x,s;pa,T)  =  u(x,s)'Lt

               -2Tf,g;g,

d3p

<A  (27r)32
 [8ws±

 +wi]
±

2  [8 ln(1 +  ermWs
±/T)

 +  lnO +  e-wi
±!T)]

±

;(3･3)

where  A  is a  momentum  cutoff  to regulate  the vacuum  energy,  U(x,s) =  6Gx2  +
3Hlsl2 -  4Kx3  -  ;K'lsl2x, is a  constant  term  which  is needed  to cancel  dou-

ble counting  of  the interactions, and  ws
±
 =  (pm ± pa)2+(2A)2,  w}  ==

  (pm  ± pa)2 +  A2  are  the dispersion relations  for the quasi-quarks in the

octet  and  singlet  representations,  with  M  and  A  the dynamical Dirac and  Majorana

masses,  defined by M  =  mg  -4(G-  gKx) x+  iK'lsl2, A  ==  -2  (H -tK'x)  lsl.
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Fig. 3. The  phase  structure  in the  (p,T)-plane in the  three-flaver NJL  model  without  (a) and  with

   (b) the K' term. The upper  and  lower panels  present  the  results  in the  massless  caseIand  the

   massive  case  II respectively.  Phase  boundaries with  a  second-order  transition are  denoted by a

   single  line and  a  first-order transition by a  double line. The  dash-dotted line at  high T  in case

   II shows  the chiral  cressover  line, while  the dotted line in (b) denotes the  BEC-BCS  crossover,

   See 16) for further details,

These equations  imply that x  <  O is energetically  favored fbr non-zero  mq,  while  s

is generally complex;  the thermodynamic  potential is a  function of  lsl2.
   We  show  in Fig. 3 the phase  structures  fbr parameter  Set I (mq, GA2, llA2, KA5)  =

(O, 1.926, 1.7, 12.36) MeV  in the  upper  panel,  and  those fbr Set II (mq, GA2, HA2,  KA5)
:==  (5.5, 1.918, 1.74, 12.36) MeV  in the lower panel. Those parameters  are  taken  from

20) with  the momentum  cutoff  A  =  602.3 MeV.  Panels (a) and  (b) show  the results

without  and  with  the K'-term; in (b) we  have taken K'  ==  4.2Ko with  Kb  ==  12.36/n5
as  a  representative  value.  

rl]he
 phase  diagrarns contain  a  CFL  phase  with  s  itl O with

U(1) baryon number  broken, and  other  two  phases  both characterized  with  s  =  O, a
Nambu-Goldstone  (NG) phase  with  x l O and  a  normal  (NOR) phase with  either

x =  O (in case  mq  =  O) or  x A)  O (in case  mg  l O). Frrom the two  figures in the

panel (a), we  see  that the current  quark  mass  leads to the AY  critical  point on  the

high temperature  side  of  the first-order line of  chiral  phase  transition,ii) The critical

point moves  downwards  with  increasing quark  mass  mq  since  it acts  as  an  external

symmetry  breaking source  of  chiral  symmetry  bteaking and  thus smears  the strength

of  the phase  transition.

   The  effect  of  nonvanishing  K' can  be seen  by comparing  (a) and  (b). We  indeed
see  that the H[I]YB critical  point shows  up  at  the  other  end  of  the  line of  the  first
order  chiral  phase  transition, This is, as  discussed in 5), because the K'-term acts

as  an  external  field for x, which  turns the  first-order chiral  phase  transition  inte a

NII-Electronic  
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crossover  in the CFL  phase  where  s  7I O. Note  that the CFL  phase  in the panel

(b) accompanies  a  nonzero  chiral  condensate  x  l O induced  by the  anomaly  mixing

term  in £ (6). The  axial  anomaly,  for suMciently  large chiral-diquark  coupling  K',

not  only  triggers the HTYB  critical  point, but also  drives a  BEC-BCS  crossover  in

the  CFL  phase, as  discussed in 19). Within an  NJL-type  model  such  a  BEC  regime

appears  for suMciently  Iarge pairing  attraction,  H,  in the gq-channel.i8)  The  novel

feature here is that  the  axial  anomaly  helps to  realize  the  BEC  regime  through  its

contribution  to the effective  qq coupling.i6)

   The  axial  anomaly,  by  driving a  coupling  between  the  chiral  and  diquark con-
densates, plays an  important  role  in the many  body  physics of  QCD, making  the

phase  diagram extremely  rich.  For one,  we  demonstrated that it'can indeed pro-
duce the low  temperature  critical  point between the hadronic phase  and  the color

superconducting  phase  predicted by the previous GL  analysis.5)  In addition,  the

coupling  helps the formation of  a  BEC  of  diquarks via  increasing effective  quark-

quark attraction  in the O+  channel.  As a  result,  a  BEC-BCS  crossover  or  even  the

a  first order  BEC-BCS  transition  can  be realized  in the CFL  phase. We  note  here
that very  recently  the extension  of  our  analysis  incorporating the effect  of  heavy

strange  quark  mass  was  reperted.22)  It still remains  an  important  task to extend  the

analyses  imposing  the charge  neutrality  and  6-equilibrium conditions.

S4. Simulating  dense  QCD  with  ultracold  atoms

   Let us  now  turn to an  intimate correspondence  between the ultracold  atomic

systems  and  high density QCD  matter.  Akhough  difft]ring by some  twenty  orders  of

magnitude  in energy  scales,  share  certain  analogous  physical aspects,  e.g., BEC-BCS
crossovers.i9)  Motivated by phenomenological studies  of  QCD  that indicate a  strong

spin-sing}et  diquark correlation  inside the nucleon,23)  we  focus here on  modeling  the

transition from the 2-flavor quark  matter  at  high density to the nuclear  matter  at

low density in terms  of  a  boson-fermion system,  in which  small  size  diquarks  are

the bosons, unpaired  quarks  the fermions, and  the extended  nucleons  are  regarded

as  composite  boson-fermion particles.24) This would  be a  starting  point to under-

stand  the quantum  phase  transition between the hadronic superfluid  and  the color

superconductivity.  

'

   Recent advances  in atomic  physics  have made  it possible indeed  to realize  boson-
fermion mixture  in the laboratory. In particular, tuning  the atomic  interaction via  a

R2shbach  resonance  allows  formation of  heteronuclear molecules,  as  recently  observed

in a  mixture  of  
87Rb

 and  
40K

 atomic  vapors  in a  3D  optical  lattice,25) and  in an
optical  dipole trap.26) Let us  start  from a  non-relativistic  boson-fermion  mixture

with  Hamiltonian density,

7t=  
1

    2mb

  +z
    a

IVg(x)l2 -  Lt,igo(x)I2 +  llg,,lg(x)14
(2h, iVzba(x)i2 

-
 tiflzba(x)12) +gff1tht(x)121th"(x)i2
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+2gbflg)(x)l21th.(x)j2,
  a

(4･1)

where  g  is the boson and  V the fermion field. The  two  internal states  of  the fermions
are  labeled by  spin  indices a  =:  {t,l}. R)r  simplicity,  we  consider  an  equally  popu-
lated mixture  of  n  bosons and  n  fermions with  nt  =:  nl  =  n12.

   The  bare boson-fermion coupling  9bf is related  to the renormalized  coupling  gbf
and  to the s-wave  scattering  length abf  by

2\aR,, gibf+.LleigAd3k

l

(27r)3 Eb (k) +  af(k) 
' (4･2)

where  6i(k)  =  k2/2mi (i =  b,f) is the single-particle  kinetic energy,  m.  is the
boson-fermion reduced  mass,  and  A  =:  T/(2ro)  is a  high momentum  cutoff  with  ro

being a  typical atomic  scale.  We  assume  an  attractive  bare b-f interaction (g-bf <  O),

tunable in magnitude,  with  A  fixed, so  that the scattering  length abf  can  change

sign:  abf  
->

 9bfm./(2T) for small  negative  gbf, while  abf  
->

 ro  for large negative  gbf.
We  keep  the bare boson-boson and  fermion-fermion interactions fixed and  repulsive

(9bb >  O, 9ff >  O) for the  stability  of  this system.

   In the regime  of  the weak  bare b-f coupling  where  the dimensionless parameter
n E  -1/(n!13abf)  is large and  positive, the system  at low temperature  is a  weakly

interacting mixture  of  BEC  of  the  b-bosons (b-BEC) and  degenerate ffermiens. The
induced interaction through  the density fluctuation of  b--BEC may  also  lead to the

pairing of  f's (fBCS). On  the other  hand,  in the regime  of  strong  bare b-f coupling
where  the " is large and  negative,  bound  molecules  of  b-bosons and  ffermions called
composite  fermions, N  ==  (bf), are  formed with  a  kinetic mass  m.  =  mb+mf.  The  s-

wave  scattering  length of  two  N's of  opposite  spins･can  be estimated  by the exchange

of  constituent  b or  f.24)

aNN
    MN
ct -2m

  Rabf'

(4･3)

This is the same  in magnitude  but is opposite  in sign  from the scattering  length

between  difermion  molecul.es  due to different statistics.  It can  be shown  that this

result  is the leading order  term  in an  extension  of  the present model  to large internal
degrees of  freedom.

   Equation  (4･3) implies that the  low  energy  effective  interaction between com-

posite fermions in the spin-singlet  channel  is weakly  attractive;  the stronger  the bare
b-f attraction  the weaker  the N-N  attraction.  Such an  effective  interaction causes

composite  fermions to become  BCS-paired (N-BCS) below a  transition  temperature,

[I'l,(N-Bcs) =  !lryl- (2)
7/3ENeTl(2kFaNN)

(4･4)

where  sN  =:  k312m.  is the Fermi energy  of  the  N.

   The  above  analyses  for large Inl suggest  a  possible phase  structures  of  boson-
fermion mixtures  in the T-n  plane as  shown  in Fig, 4(a). At intermediate bare b-f

NII-Electronic  
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Fig. 4. (a) A  possible phase structure  of  the boson-fermion mixture  (such as  
87Rb

 and  
40K)

 in

   ultracold  atoms  wit-h  attractive  b-f interaction and  repulsive  b-b and  ff interactions. Large  and

   positive (large alld  negative)  " cerresponds  to  the  weak  (strong) b-f attraction.  (b) A  possible

   phase  structure  of  QCD. Large (small) chemical  potential pa corresponds  to the  weak  (strong)
   coupling  due  to  asymptotic  freedom.

coupling  (n ev  O) where  a  transition from the  b-BEC  phase to N-BCS  takes  place, the

phase  diagram would  have  complex  structure  depending  on  the relative  magnitudes

of  gbb, 9ff, and  gbf. The  fBCS  phase  possibly occurs  for ep >  O is not  shown  in

this figure. For more  detailed analyses  of  the  phase  diagram and  its symmetry

clasification  of  the  present model,  see  24).

   The  phase  structure  we  find for boson-fermion mixture  of  ultracold  atoms  dis-

plays features of  that in QCD  with  equal  numbers  of  u  and  d quarks. The  ground
state  of  such  system  at high density is the 2-flavor color  superconductivity  (2SC). The
order  parameter  for color-symmetry  breaking is the diquark  condensate  d3 ==  <D3>
with  the diquark operator  D.  =  cijc.b.[q]t.' (i72707s)[q]0b. The  gap  is of  order  a  few

tens of  MeV;  remaining  quarks  are  unpaired  and  form degenerate Fermi seas.  On  the

other  hand, the ground  state  of  QCD  at  low  density is the  nuclear  matter  with  equal

numbers  of  protons and  neutrons  denoted by JV:i',;, a  superfluid  state  with  a  pairing

gap of  a  few MeV;  the order  parameter  for the spontanepus  breaking of  barygn-
number  symmetry  U(1)B  is the  six-quark  condensate  <A17kYV'e> ==  <(D.[qt]k)(Db[ql]jb)>･
If we  model  the nucleon,  of  radius  rN  eJ  O.86 im, as  a  bound  molecule  of  a  diquark

(of radius  r,  A,  O.5 fM) and  an  unpaired  quark, we  can  make  the correspondence

between boson-fermion  mixture  of  cold  atoms  and  the diquark-quark mixture.  Such
correspondence  can  be also  found  between  the phase  diagram  of  ultracold  atoms

in Fig. 4(a) and  that  of  dense QCD  in Fig. 4(b). In particular, the BCS-like  su-

perfluidity of  composite  fermion (N) with  a  small  gap  is a  natural  consequence  of

the strong  b-f attractlon  as  shown  in Eq.  (4･3), which  may  explain  why  the fermion

gap  in nucleon  superfluidity  is order  of  magnitude  smaller  than  the gap  in BEC-like
color  superconductivity.  It is thus  quite interesting to carry  out  the  experiments

of  boson-fermion mixture  in ultracold  atoms  for wide  range  of  the boson-fermion
attractlen.

   Note, however,  that tuning  the coupling  strength  at  fixed density is not  possi-
ble in dense QCD  matter  because  of  the running  coupling  ctz,(K  ==  pa); furthermore,
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dynamical breaking of  chiral  symmetry  and  its interplay with  the color  superconduc-

tivity have an  important  role  in the quantum  phase  transition in QCD  as  discussed

in S2, With  these reservations  in mind,  we  suggest  that fu11er understanding,  both

theoretical and  experimental,  of  the boson-fermion  mixture24)  as  wel}  as  a  mixture

of  three species  of  atomic  fermions7)'27) can  reveal  properties  of  high density QCD
not  readily  observable  in laboratory experiments.
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