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The last years have seen significant advances in hadron structure calculations in lattice
QCD. While extrapolations to the physical point and direct comparisons with experiment
are still very challenging, lattice calculations provide already very valuable insights into a
number of fundamental physics questions related to, e.g., the distribution of charge and
momentum inside hadrons and the nucleon spin structure. To illustrate the recent achieve-
ments, we present and discuss latest lattice results for a small number of observables related
to nucleon form factors and generalized parton distributions. We also present a study of the
decomposition of the nucleon spin 1/2 in terms of quark spin and orbital angular momen-
tum contributions. We briefly discuss results and limitations of the relevant chiral fits and
extrapolations.

§1. Introduction

Remarkable insights into the inner structure of hadrons have been provided dur-
ing the last decades by countless theoretical, phenomenological and experimental
studies. Complementary to these efforts, calculations from first principles in the
framework of lattice QCD represent a highly promising approach to a wide range
of fundamental hadron properties. In this contribution, we concentrate on a small
number of results from recent dynamical lattice QCD studies. For more detailed
accounts of the advances that have been made on the lattice, in particular with
respect to the quark and gluon structure of the pion and the nucleon, we refer to
1)-6). We begin with an overview of lattice results for the Dirac mean square radius
and the nucleon anomalous magnetic moment, including a brief discussion of cor-
responding predictions from heavy baryon chiral perturbation theory (HBChPT).
This is followed by a presentation of moments of generalized parton distributions
(GPDs) obtained by the LHP collaboration. The impact of these lattice results on
the decomposition of the nucleon spin in terms of spin- and orbital angular momen-
tum contributions is discussed in the final section, where lattice values for the up-
and down-quark angular momentum will also be compared to other experimental,
phenomenological and model studies.

Due to space limitations, we point the interested reader to Refs. 7) and 8) for
a first exploratory lattice study of transverse momentum dependent distributions
(TMDs) that already provided interesting insights into non-trivial correlations be-
tween spin- and momentum degrees of freedom for polarized quarks in a polarized
nucleon.

*) Current address: Institut fiir Theoretische Physik, Universitit Regensburg, D-93040 Regens-
burg, Germany
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Fig. 1. Overviews of results for the isovector Dirac mean square radius (left) and the isovector
anomalous magnetic moment (right) obtained by different lattice collaborations. The dashed
lines and the shaded band represent predictions and fits based on (SSE-)HBChPT as described
in the text. References are provided in the text.

§2. Dirac and Pauli form factors

Significant progress has been made during the recent years in dynamical lattice
QCD calculations of the Dirac and Pauli nucleon form factors, F1(Q?) and F»(Q?),
by a number of collaborations,? 1% with pion masses as low as ~ 300 MeV. Very
recently, QCDSF/UKQCD presented result for Ny = 2 Wilson fermions reaching
down to my = 180 MeV'6) (albeit with larger statistical uncertainties at the lowest
pion mass). Fundamental observables derived from the form factors are the mean
square radii, (r?)12 o< —(dF12(Q%)/dQ*)gz2=0, as well as the anomalous magnetic
moment, £ = F5(0). On the left in Fig. 1 we provide an overview of results for the
isovector Dirac mean square radius (r?),_4 as a function of the pion mass. Overall,
it is encouraging to see that the lattice data points obtained by the different col-
laborations are in good agreement within the statistical errors. Interestingly, at this
point there is no clear systematic difference visible between calculations with N; = 2
and Ny = 2 + 1 flavors. Although the lattice values are slowly increasing towards
smaller pion masses, they are still about a factor of two below the phenomenological
values'” 19 even at the lowest lattice pion masses of m, ~ 250 MeV. Notwithstand-
ing potential systematic uncertainties in particular due to the finite lattice volumes,
this indicates that a strong chiral dynamics has to set in for m, < 200...250 MeV,
and chiral perturbation theory (ChPT) indeed predicts that (r?) rises as In(m,) in
the chiral limit, as illustrated by the dashed HBChPT29 and dash-dotted small scale
expansion (SSE)-curves.?!)»22) It will be major challenge to numerically demonstrate
the onset of the predicted logarithmic rise in lattice calculations at lower pion masses.

An overview of results for the anomalous magnetic moment in the isovector chan-
nel is displayed on the right in Fig. 1 as a function of the pion mass. As before, the
lattice results obtained for the different actions and numbers of flavors mostly over-
lap within uncertainties. Despite the steady increase towards smaller pion masses,
the lattice data points are still about 30% below the experimental value even at pion
masses of = 250 MeV. In a first attempt to understand this difference more quanti-
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tatively, we have fitted the data below m, = 300 MeV, including the experimental
value, using results from HBChPT in the SSE approach,2!)22) ag illustrated by the
shaded band on the left in Fig. 1. Fixing the axial nucleon-A coupling to ¢4 = 1.5,
and varying the isovector nucleon-A coupling between ¢y = —1.5,...,—3.5 GeV ™!,
we find a good description of the data points with a comparatively large value for
the isovector anomalous magnetic moment in the chiral limit, k%%~% ~ 5.2,...,5.4.
Using the low energy constants obtained from this fit in a similar SSE-fit to the Pauli
radius (r?)y it turns out, however, that the SSE HBChPT expansion for (r?)s breaks
down shortly above mphy . This indicates that the range of applicability in m, of
ChPT for radii is rather limited (at least to the given order in this ChPT-approach),
in particular in comparison to the anomalous magnetic moment discussed before. A
possible explanation for this can be seen in the fact that radii are given by deriva-
tives with respect to a small expansion parameter (Q?) and therefore correspond to
a lower order in the chiral expansion relative to, e.g., Kk = F»(0).

§3. Moments of GPDs and the nucleon spin structure

Generalized parton distributions (GPDs)*) provide a particularly successful
framework for the investigation of hadron structure, that not only encompasses the
well known hadron form factors and the PDFs, but that also provides a solid basis
for the decomposition of the nucleon spin in terms of spin and (orbital) angular mo-
mentum contributions of quarks and gluons. According to 26), the nucleon spin can
be given in terms of z-moments of the GPDs H(zx,£,t) and E(x,&,1),

1
_;_ — qu’g - Z % /d:z::v{Hq’g(ZC, &t) + E¥(x,6,6) ),
1

= Z (A% (1) + BE 1)) oy - (3-1)

where Agg and By are generalized form factors (GFFs) that will be discussed
in greater detail below. It is important to keep in mind that the total angular
momentum of quarks can be further decomposed in a manifestly gauge-invariant
manner in terms of quark spin and orbital angular momentum contributions, J, =
AX, /24 Ly.29)

GPDs can be measured for example in deeply virtual Compton scattering em-
ploying QCD factorization, however their extraction from experimental data turns
out to be very challenging. This holds in particular for their dependence on z at
fixed &, and therefore also for the z-moments in the decomposition in Eq. (3-1). As
it turns out, this is different in the framework of lattice QCD, which represents at
least in principle a straightforward (but in practice also challenging) approach from
first principles to the lowest xz-moments of PDFs and GPDs.

Substantial progress in particular with respect to moments of GPDs has been
made since the pioneering calculations by the LHPC and QCDSF collaborations in

*) For reviews, we refer to 23)-25).
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Fig. 2. Generalized form factors A, B, C as functions of the squared momentum transfer ¢, in the
MS scheme at a scale of g = 2 GeV, for a pion mass of mx &~ 300 MeV.??) The ¢-dependence
can be parametrized by, e.g., a dipole ansatz, as illustrated by the shaded error bands.

2003.27:28) A comprehensive lattice study of GPDs by LHPC using a mixed action
approach was presented in 29). The discussions in the following sections will be
based on a recent update of this study,?® which includes an additional ensemble at
a lower pion mass of m, =~ 300 MeV, a factor of 8 increased statistics, and a strongly
improved statistical analysis.

The z-moments of generalized parton distributions can be written in terms of
polynomials in powers of £ with the GFF's as coefficients. For the n=2-(z-)moments
in the unpolarized case, the relevant GFFs Ao, Bog, Cog parametrize the off-forward
matrix element of the (symmetric, traceless) energy momentum tensor, e.g. for
quarks

iAo P

Bog(t
2mpy 20( )

(P'lgy\#D¥}q|P) = (P'|T}*|P) = U(P') {’Y{”?V}Azo (t) -

AR AY
+
my

C’zo(t)}U(P) : (3-2)

where P = (P — P)/2, A = P' — P, and t = A%, Examples of lattice results
from LHPC3? for the ¢t-dependence of these GFFs in the isovector and isosinglet
channels are displayed in Fig. 2 for a comparatively low pion mass of ~ 300 MeV.
We notice at least two characteristic features: First, while the Bog-GFF is dominant
in the isovector case, it is very small and fully compatible with zero within the
uncertainties for all accessible values of ¢ in the isosinglet channel. Conversely, the
GFF Cy (which is directly related to the n=2-moment of the so-called D-term3")) is
zero within relatively small errors in the isovector channel, but clearly non-zero and
negative for u+d-quarks. From the sum of Agy and By at zero momentum transfer,
we can compute the quark angular momentum Jg, cf. Eq. (3-1). The above findings
for By obviously have a significant impact on the decomposition of the nucleon spin
in terms of quark and gluon degrees of freedom.
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Fig. 3. Quark spin and OAM contributions to the nucleon spin 1/2 in the MS scheme at a scale of
p=2 GeV.3%

§4. Decomposition of the nucleon spin

Instead of directly calculating the matrix elements of the gauge invariant quark
OAM operator, we employ the relation L, = J, — AX,/2, together with correspond-
ing results for the quark spin fraction AX,, to compute the OAM carried by the
quarks. The numerical results for u+d-quarks are shown on the left in Fig. 3 as a
function of the squared pion mass. For the extrapolation of AY), 4 to the physical
pion mass, we employed the heavy baryon ChPT results of 32). Although HBChPT
at the given order is most probably not applicable at the accessible pion masses, the
two-parameter fit to the lattice data points, indicated by the error band, shows an ex-
cellent (but likely accidental) agreement with the value from HERMES,3?) indicated
by the cross, at mEYs.

We used the results of a covariant baryon ChPT calculation®® for the simulta-
neous extrapolation of the GFFs Asg, Bog, Coo in m, and in ¢, in particular to obtain
Bao(t=0, mghys). The results of the fits to the lattice data were subsequently used
to compute L, = (A, + Bi))e0/2 — AX,/2, which is shown on the left in Fig. 3 for
q=u-+d by the diamonds and the error band. Most remarkably, following this proce-
dure, we find a very small OAM contribution of only L4~ (6 +3)% of 1/2 at the
physical pion mass. Note that we obtain a slightly larger value, L, 4 ~ (11 &+ 3)%,
on the basis of a HBChPT extrapolation of J,, 4 employing the results of 35). These
results may be surprising and at first sight even appear to be in clear contradiction
to expectations from relativistic quark models, where the quark OAM contributes
about ~ 30 —40% to the total nucleon spin. Moreover, it has been frequently pointed
out in the past that non-zero quark orbital angular momentum is strictly required
with respect to certain non-vanishing single spin asymmetries related to, e.g., the
Sivers effect, as well as for the Pauli form factor F»(Q?) to be non-zero.36)-39)

Concerning the latter, it is important to be precise in the use of the term quark
orbital angular momentum: The lattice results on the one hand correspond to the
proton matrix element of the manifestly gauge invariant quark OAM operator as
given in, e.g., Ref. 26), which is part of Jis nucleon spin sumrule, see Eq. (3-1) and
the adjacent discussion. On the other hand, what is required with respect to a non-
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vanishing F»(Q?) and the Sivers effect are light cone wave functions with non-zero
orbital angular momentum in an overlap representation of the corresponding matrix
elements. Also, the more heuristic approach to explain single spin asymmetries,
e.g. the Sivers effect, proposed in 38), requires a generically non-zero quark orbital
motion. The notions of OAM and orbital motion in these contexts are, however,
not necessarily in one-to-one correspondence with the gauge invariant L, discussed
before.

Furthermore, we note that L, is in general not positive definite. To appreciate
the potential consequences of this basic observation, it is useful to study the individ-
ual up and down quark OAM contributions to the nucleon spin, which are shown on
the right in Fig. 3 as functions of m2, together with AX, 4/2 and the corresponding
chiral extrapolations (given by the error bands). It indeed turns out that the orbital
angular momentum of up and of down quarks is in each case large and of similar
magnitude, but opposite in sign, and therefore nearly cancels in the sum over a wide
range of pion masses. From the chiral extrapolations, we find that the individual
quark OAM contributions are also substantial at the physical pion mass, amount-
ing to |Ly, 4| =~ 33%. We also note that cancellations of this sort in the isosinglet
channel are not unusual. A well known example is the anomalous magnetic moment,
which is large both for the proton and for the neutron, s, = F§(0) ~ 1.79 and
kn = F3(0) ~ —1.91, respectively. Using isospin symmetry, however, one finds that
the sizeable, individual contributions from up and down quarks to , largely cancel
out in the sum, K,g+d ~ —0.36. Keeping in mind that F3(Q? = —t) correspond to
the first, and the GFF Bagg(t) to the second z-moment of the GPD E(x,£=0,t), we
also find this to be perfectly consistent with the results in Fig. 2, where in particular
BYF4(t) = 0, while BY %(t) is large and positive.

We now briefly comment on the apparent discrepancy between the common
expectations from relativistic quark model calculations that L, 4 ~ 30 — 40%, and
the lattice QCD result of a nearly vanishing total quark OAM, L, .4 =~ 0. As has
been pointed already out some time ago,*?*1) the model calculations generically
correspond to a low hadronic scale < 1 GeV, while a typical renormalization scale
for which the lattice results are given is u ~ 2 GeV (e.g. in the MS-scheme). Since
OAM is a scale and scheme dependent quantity,*?) a naive, direct comparison of
lattice and model values at the respective scales is therefore in general meaningless.
In practice, based on LO and NLO QCD evolution, it indeed turns out that the scale
dependence of quark OAM can be very strong at low scales,” and even lead to a
change in sign for, e.g., L, 4, as one goes down from larger scales to low hadronic
scales.30):40):41) A detailed comparison of improved model calculations with results
from lattice QCD will be given in 43). '

Finally, we show a comparison of the results for the total quark angular momen-
tum J; = (Ady + Bdy)e0/2, as obtained from the chiral extrapolations of Agg and
Bop mentioned above, with earlier lattice as well as model- and phenomenological
calculations in Fig. 4 in the J,, Jg-plane. It turns out that the numerical values,9

*) Keeping in mind that the evolution equations in QCD perturbation theory might not be
quantitatively applicable at the low scales.
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Fig. 4. Comparison of quark angular momentum contributions to the nucleon spin, obtained from
different lattice (for systematic uncertainties, see footnote in this page), model and phenomeno-
logical studies,')2%)>41)-49-46) gigplayed in the J,, Ja-plane in the style of Refs. 47) and 48),
for the MS scheme at a scale of u = 2 GeV. Note that the shaded bands are mainly given for
illustration purposes and only approximately represent the constraints obtained in Refs. 47) and
48), which are still strongly model dependent.

Ju = 0.236(6) and J; = 0.0018(37), are in surprisingly good agreement not only
with the previous lattice computations, but also with most of the phenomenological
and model results, at least when they are evolved to the common renormalization
point of 4 GeV2. We note in passing that in the lattice calculations, the smallness
of J4 can be traced back to a cancellation of the separately sizeable spin- and OAM
contributions of down quarks, as can be inferred directly from the plot on the right
in Fig. 3. It will be very interesting to see if the slight discrepancy to the cloudy bag
model (CBM) study of Ref. 41) is due to systematic effects, missing contributions or
similar on the side of the lattice*) and the other approaches, or if it points towards
the need for a further improvement of the CBM calculation.
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