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         Closed Strings in Open  String  Field  Theory

                  Nicolas MoELLER  and  Ivo SACHS

           Arnold Sommer:feld Center  for [I-heoretical Physics,

            T7Leresienstrasse 3Z D-80339  Munich, Germany

  Vvre show  that  cubic,  open  bosonic string  field theory  contains  a  second  nilpotent  operator

such  that  1) its cohomology  is isomorphic  to the space  ofphysical  closed  string  stat･es, 2) exact
elements  correspond  to physically  trivial deformations and  infinitesimal shifts  of  the open

string  background  and  3) this cohomology  is independent of  the open  string  background.

gl. Introductionandsummary

   Although  open  string  field theory (OSFT) was  fbrmulated to provide a  La-
grangian  description of  the  interactions of  open  strings  it is clear  that it must  contain

information about  the  closed  string  excitations  as  well  since  the  perturbative one-

loop open  string  diagrams  contain  closed  string  poles, In this talk we  shall  argue

that the closed  string  cohomology  can  in fact be identified at  tree level in open  string

field theory. Concretely, we  identify a  second  nilpotent  operator,  in addition  to the
open  string  BRST  operator,  ([?. The  existence  of  a  second  operator,  dll, can  be
understood  as  fbllows. Ifor our  purpose Witten's cubic  open  string  field theory

                           1 1

                     
Sw

 
-i<ilk,

 Qpt> +s  <e,V* di> (1-1)

is defined in terms  of  a  differential graded  algebra  (A, C2, *)  together with  an  invariant
inner product <pti *  !l)), !Pk}> =  <sPl, II)2 * !l73> of  the string  fields") !l)li c A. The  operator

dH  =  dH(C?, *)  is then constructed  in terms  of  Q  and  the  *-product  of  string  fields.
However, unlike  the  open  string  BRST  operator  ([?, the operator  dH  is not  defined

through  its action  on  the open  string  fields but through  its action  on  the maps

fN : AXN  -  A. Thus  while  dH  is constructed  entirely  in terms  of  objects  intrinsic

to open  string  field theory, its cohomology  is given by deformations of  OSFT,  In fact,
it turns out  that the cohomology  of  dff is isomorphic to the space  of, non-trivial  and

consistent  infinitesimal deformations of  OSFT  and  these turn out  to be precisely the
vertices  of  Zwiebach's linearized open  closed  string  field theory3),4) with  the closed
string  insertions given by physical closed  string  states.

g2. Applications

   As an  illustration we  may  consider  an  ordinary  field theory, of  a  photon  say,

with  Lagrangian

                        L[A.] ==  npanue4,.l7hs. (2･1)

   
')

 It is sometimes  useful  to include  extra  structure  in OSFT  such  as  the  existence  of  an  identity
string  fieldi) or  Chan-Paton factors.2) However, this plays  no  role  in the present discussion.
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It is clear  that  the  covariant  form of the Lagrangian L[Apal in flat space  already  de-
termines  its consistent  infinitesimal deformation that results  in a  linearized coupling

to gravity  through  Noether's procedure. However, it does not  imply  the  equation

of  motion  for the graviton. In contrast,  open  string  field theory,  or  more  precisely
dH  contains  the  wave  equation  for the graviton as  well.  On  the other  hand, dH-

exact  deformations correspond  to closed  string  gauge  transformations,  as  well  as

other  physically trivial deformations and  infinitesimal shifts  ofthe  open  string  back-

ground.

   We  shall  also  see  that the cohomology  of  dH  is independent of  the open  string

background. In fact, for any  solution,  !l)b, of  the open  string  equations  of  motion,

Q!P +  !P*or  =:  0, one  can  construct  the  corresponding  maps  fN in terms  of  those
in the trivial open  string  background, !l] =  O, [I]his allows,  in principle, to construct
the  linearized open-closed  string  field theory for any  given open  string  background
including Schnabl's solution  where  the  open  string  cohomology  is trivial.

g3. Derivation

   We  will  sketch  the  derivation of  the results  described in the Introduction,*) Fbr

this we  write  Zwiebach's open-closed  string  field theory as

          oo

S =-  Spv +  2  C.(!li,..., !z]),

         M=1

(3･1)

describing the  coupling  of  one  closed  string  and  Al open  strings  on  the  disk. It is
represented  by the integrated correlator  Cillr(IZi, glh, . . . 

,
 VM)  defined as  in Fig. 1. We

have a  disk with  one  puncture  in the middle  and  M  punctures  on  the  boundary, and

local coordinates  around  each  puncture. The  vertex  operators  ¢  and  !Pi are  inserted

v,hi(wi)

sl75V2(w2

 (wM)

geAllsf--1i(wM-1)

                         

Fig. 1. The  correlator  elef(uti,. ..,utM) on  the  disk D  with  global  coordinate  w.  [I]he open  st,ring

   punctures are  at  the points wi  =  eiSi.

')

 See 5) for details and  further references.
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in the local coordinates,  Since the moduli  space  of  our  punctured  disk has dimension
M  

-
 1, we  need  te insert M  

-
 1 antighosts  that  will  determine  the  measure  on  the

moduli  space.  We  do that by inserting line integrals ofbaround  each  but one  of  the

open  string  vertex  operators.  Using  the  doubling trick, we  can  write  them  as

                       b(Vz)= 2;, SCI b(z) vz(z)  dz (3 2)

The  vector  v(z)  must  correspond  te a  tangent  vector  in the  moduli  space,  i.e. it

moves  the punctures. We  can  now  write  the definition of  the integrated correlator:

C;l, (sli, 
,
 !l)2 

,
 , , , 

,
 !l)M ) ii 1 dsi . . . dsM-i<ip(O) b(vi) . . . b(vM-,)  !l,, (w,) . . . !liM (wM)>D

                  J･T7M

                                                                 (3･3)
Here  7'Mr is the  part of  moduli  space  of  the disk with  one  puncture  in the bulk and
M  punctures  on  the boundary, not  covered  by Feynman  diagrams obtained  by lower
order  vertices.  The  si are  M  

-
 1 real  numbers  parameterizing this moduli  space.

Concretely, we  will  take the coordinate  on  the disk to be

                              w=reiS,  (3'4)
so  the  si  are  the  angles  specifying  the positions of  the open  string  punctures, namely

uJi =  eiSi. Finally, g)i(uJi) denotes the  vertex  operator  inserted in the  local coordinates

by  virtue  of  a  suitable  conformal  map  hi. For simplicity  we  will  assume  that ip has
ghost number  2 and

                           bnlip> =  bnldi> =  Oi

                          Lnlip>=Lnlip>=07 (3'5)
for n  2  O. This can  always  be achieved  by a  suitable  gauge transfbrmation.  These

conditions  then ensure  that the maps  Ck  : AOM  -)F R  ha]ve the cyclic  symmetry

    Ck(g)l],.,,,utM,!lil)=(-1)M-i+Vi(pt2+--･+VM)C;et(sl)1,,,.,eM-1,utM). (3･6)
We  denote the  space  of  such  maps  by CCM.  We  note  in passing that Ci

¢ (ut) repro-

duces the set  of  gauge  invariant operators  introduced in 6).

   Let us  now  act  with  the  BRST  charge  (? on  the closed  string  field ip. This can

be.represented on  the disk by inserting an  integration of  the BRST  current  2' along  a

closed  contour  around  the  origin  (the closed  string  puncture). We  can  further deform
the contour  by pushing  it towards  the  boundary  of  the disk and  then splitting  it to
M  contours  around  the  open  string  punctures  and  b(vi) insertions,

Cilidi(g),,.,,,il,M-i,orM)

 
=

 
.L.

 dsi dsM-i<(?  ip(O)b(vi) b(vM-i) !Pi(wi) eM-i(wM-i)!l7M(wM)>D

 ==-.L.dsi  dsM-i<ip(O)qb(vi)  b(vM-i)uti(wi) ･!knf-i(wM-i)WM(wM)>D-

(3･7)
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Next  we  cross  the  b(vi) insertions, thereby  producing  a  T(vi) ev  
-
 o2, so  that we  end

up  with

                  M-1

 
-
 1]r. dSl'''dSnf-1 Z.l?1 ('1)l

               o

             
×
 o,, <ip (0) 

b(Vi)･･･-(Vt)
 
･･･

 
b(VM-i)

 
SPri

 (iVi) 
...

 
g)i
 (wi).,, 

!IiM
 (wM)>D

      M

   
-2(Ll)M-i+ei+･･･+Vt-ick(wk,,.,,,Q!plr,...,utM).  (3･8)

     l=1

The  first term  in (3+8) is a  sum  of  total derivatives on  the  moduli  space  nf. On  the

other  hand, when  sk  is at  a  boundary of  711v, then the punctured  disk is identical to

the  Riemann  surfaee  given by the Feynman  diagram  obtained  by  gluing the  Witten

cubic  vertex  to the disk with  M  
-

 1 punctures  via  a propagator  of  length zere.

Therefbre this contribution  can  be  written  equivalently  as

              (-1)pti(V2+---+ptM)Ci(l,-,(!l)2, . . . , SILiLf * !Pi)

                    M-1

                  +E(-1)ick-,(w,,...,n*n+i,...,diM).  (3Jg)
                    l=1

This expression,  in turn, is recognized  as  the  Hochschild differential

                   6: Hom(AMT',R)-Hom(AM,R)  (3･10)
fbr Z2 graded algebras.  Adding the last term  in (3･8) we  can  write

   Cstdi(uti , . . . , diM) -  -  ((6Ck .,)(ei  , . . . , gkM) -  (-1)"(qc.di,)(ei , . . . , spM  )) ,

                                                                (3-11)

where  (C2Cglt) is defined by (3･8). Equation (3･11) defines an  operator,  dH  : CC'  ->

CC',  where  CC*  =  OTf..iCCM. If we  impose  the  condition  that the  closed  string

field be on-shell,  Qip =  O, we  then  conclude  that the maps  (Ciip, Cle, . . . , Ciet, . . .) are

closed  with  respect  to dH. If the closed  ghost number  string  field is off-shell,  Qdi l O
then  it is not  hard to show  that  Cii}di(gl,.. ,,!P)Lf) is cyclic,  so  that the operator

dH  takes cyclic  elements  into cyclic  elements.  Moreever, the above  calculation  also

shows  that  if ip is pure gauge, i,e. ip =  (?A fbr some  A, then

   C;l2(wi,,,,,ptM)=(6Ci(llr-i)(ei,...,tuM)-(-1)"(QCXIt)(spl,.,.,vM). (3･12)

In other  words,  Cl;ef is exact  with  respect  to dH. Furthermore, d}  =  O. We  conclude

that the on-shell  closed  string  states  are  contained  in the cyclic  cohomology  of  dH.

S4. 0ther  dH-exact  elements

   We  should  note  that not  all exact  elements  in the cyclic  complex  are  closed  string

gauge transformations.  In fact it can  be shown  that  generic defbrmations of  cubic
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OSFT  which  do not  correspond  to an  on-shell  closed  string  state  are  dH-exact. For
illustration we  give some  examples  below,

4.1. Dofbrmation  of  the open  string  background

   Let !l)b be an  infinitesimal marginal  open  string  deformation. We  express  it as

ll]b =  O(E). And  !I)b is a  solution  ofthe  equations  of  motion,  therefore  C?sPb =  O+O(E2).
Writing  !IT =  g7b +  V, the action  becomes

                       S' -S+  C2(ll)r, sl,)+O(E2),  <4-1)

where  C2 is defined by

                       1
                                                                 (4･2)            C2 (ilii, !l,2) =

 i (<!l)b, dii, !l)2> +  (-1)i+pti 
pt2
 <il)b, g)), !pi>) .

In fact the collection  of  maps  formed  by C2 alone,  namely  (O, C2,O,O,
Indeed, let us  define
                                   1

                          
Di(ut)

 
-

 
-s<!l)b,V>,

We  then  have

                         1 1

            (QDi)(or) 
-

 
-i<!Pb,Qdi>

 
=

 
-i<Q!pb,

 !p> 
-

 o+  o(,2).

And,  straight  from  the definition of  i, we  find that

                              C2 =  6Dl,

'I]hus

 we  conclude  that, to order  E, (O, C2,O, O,...) is exact,  namely

                 (O, Q, O, .. .) -  (d -  (-1)NQ) (Di,0, 0, ,, .).

4.2, Strips

   As example  of  a  geometric deformation  of  the 3-vertex which  is
consider  an  infinitesimal version  of  Zwiebach's open-closed  string

which  the vertices  in the  action  include strips  of  length
even  in the  absence  of  closed  strings.  This
it is merely  a  reorganization  of  the  moduli  space  of the same  theory.
shown  in 7) using  the  BV  formalism and  also  in 8)
isomorphisms, [[b see  this in our  context  we  define C5 pictorially in
deviation from Witten's vertex.
expresslon

   CS(!l]1,!Pii,!l)3) =  <e-ELOIPI,e-CLO!P2,e-ELU!I)3> -  <!Iii,!l)2,!l)3>
              =  

-E
 (<LoIIkl , gl)2,

--･),  is exact.

(4･3)

(4･4)

(4･5)

(4･6)

                                d"-exact we

                              field theory  in

                  E for the extemal  open  strings

        deformation should  not  be  physical since

                               This has been

               as  a  particular case  of  A..-quasi-

                               Fig. 2 as  the
We  can  easily  translate this picture  to the algebraic

                            e)3) +  <eii, Lopt2, g)i]> +  <dii, sl)l], Le!l]3>) +  O(E2).

                                                                 (4･7)
A  four-vertex CS is now  needed  to produce  the part of  moduli  space  of  disks with  four

punctures  on  the  boundary  that  is missed  by  the Feynman  diagrams constructed  with

NII-Electronic  
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+ V3E

--..V-.--rv--------------'

C5

Fig. 2. Definition of  CS. The  symbol  on  the left-hand side  represents  l/#, the  three-vertex  with

   strips.  The  first symbol  on  the  right-hand  side  represents  the three-vertex  without  strips.

CE -Led, t + yg
2C

 dt

Fig. 3. Definit･ion of  CE.

C5. The  missing  surfaces  are  readily  identified as  the  ones  whose  internal propagator
has length smaller  than 2E. We  can  thus define (;:i pictorially as  in Fig, 3, At O(c)
only  CS and  C i give non-vanishing  contribution  since  the volume  of  the moduli  space

of  CX4 is O(EM-3). This can  be seen  by considering  tree-level diagrams involving
M  >  3 vertices.

   In order  to show  that (0,O, Cg,Ci,O,...) is an  exact  element  of  the  cyclic  coho-

mology  one  neds  to find a  Dg  such  that  QDS =  Cil and  6Dg  =  Cil. We  claim  that

the  expression  for Dg  is

DS(!Pi 
,
 !P2, !li3) i  -E  (<boSPi , !P2 , !l)3> +  (-1)dii <SPi , boSP2, !P3> +  (-1)uti+ut2 <Sl,i, !l)2, bo!P3>) .

                                                                 (4･8)
Indeed  one  can  show5)  that

             (o, o, cs, ca,o, .. .) -  (6 -  (-1)"Q) (o, o, Dg, o, o, .. .). (4･g)

Thus  these  geometric deformations  do not  contribute  to the cyclic  cohomology.

S5. Background  independence

   Let us  expand  the theory around  a  classical  solution  of  the equations  of  motion,

!P -  gPb +  V  with  QgPb +  g)b * g)b =  O. The Witten action  is then  the same  except  for
the appearance  ofa  cosmological  constant  (irrelevant for us)  and  for the  fact that Q

NII-Electronic  
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is replaced  by a  new  BRST  operator  Q' given by

                   Q'ut ==  (?e+ll)b*ut+(-1)i+pte*!l)b.  (5･1)

In order  to show  background independence  it suMces  to show  that there  exists  a

linear bijection h : CC'  -  CC*  such  that

  (6(hC)M-i)-(-1)M(Q'(hC)M)=0 o  (6CM-i)-(-1)M(QCM)-O. (5･2)

It turns out  that  this map  can  be constructed  explicitly  as  an  infinite series  in powers
of  !Pb,5) Rather than displaying the explicit  expression  which  is not  very  illuminating

we  illustrate the idea of  the  construction.  Ignoring signs  and  combinatorial  factor
we  can  write  for instance

                                    oo

                     (hC)2(ori,gi2)-2C,n(!P,,!lb), (s･3)
                                   n=O

where

     C20(Vi, g))) -  C2(ei, g)2),

     C,' (!lki, !l)2) =  C3(g)b, Vi, !l)2) +  C3(uti, !lb, W2),

     C3 (9i, g)2) =  C4(g]b, g)O, e71, g]2) +  C4(!Ib, 9i , g]b, li2) +  Q(ori, glo, g)b, iP2).

            
''''''

 (5･4)

feking the convergence  of  this series  fbr granted this allows in principle to construct
the  maps  Ck  and  therefore the linearized open-closed  theory  in any  open  string

background and,  in particular, in the  closed  string  vacuum  where  there are  no  open

string  physical states.  This may  provide a  new  probe  to analyze  the tachyon  vacuum

solution.

g6. Discussion

   The  natural  question that  arises  then  is whether  there is more  information to be
uncovered  by considering  second  order  deformations in the  closed  string  deformation.
We  think the answer  is positive since  a  general property of  the cohomology  ring

HC(A)  is that it possesses a  natural  Lie super-algebra  structure,  more  precisely an
L..-structure just like closed  string  field theory.  So one  can  hope to learn more

on  closed  strings  by  considering  consistent  deformations of  OSFT,  On  the other

hand there are  certain  obstructions  in extending  infinitesimal deformations to second
order.  This  is, however, expected  since  not  evcry  marginal  closed  string  deformation
is exactly  marginal.

   Are there any  applications  of  our  results  to open  string  field theory?  For one
thing  the  reformulation  of  closed  string  cohomology  and  in particular  the open  closed

vertices  in terrns of  cyclic  cohomology  of  OSFT  together  with  the background inde-
pendence  of  the latter provides  a  formal definition of  linearized open-closed  string

theory in any  open  string  background. For instance, in Schnabl's vacuum  solution
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where  the  open  string  cohomology  is empty  but the closed  string  cohomology  is not

we  conclude  that the closed  string  spectrum  is still  encoded  in OSFT.
   Finally we  would  like to mention  another  possible avenue  for further investiga-
tion. Within boundary string  field theory it has been  argued9)  that  certain  defor-

mations  of  the closed  string  background  are  equivalent  to "collective
 excitations"  of

the open  string  (i,e, insertions of  non-local  boundary  interactions on  the  boundary

of  the  world  sheeO,  At  first sight  this seems  to be in contradiction  with  our  present
result  that generic boundary deformations correspond  to exact  elements  in the  cyclic

cohomology.  However,  we  should  note  that the our  argument  for this is based on
insertion of  generic local operators  on  the boundary.  It would  be  interesting to relax

the latter condition,
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