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Cavitation in am  aperture  fiow in a flat plate is studied  using  viscous potential fiow. The  maximum  tension criterion for cavitation  used

here was  proposed by  Joseph 1995, 1998: "Liquids
 at  atmospheric  pressure which  cannot  withstand  terision wi"  cavitate  when  and

where  tensile stresses  due to motion  exceed  one  atmosphere.  A  cavity  wil1  open  in the direction of  the maximum  tensile stress  which

is 450 from the plane of  shearing  in pure shear  ofa  Newtonian fluid." The aperture  flow is expressed  using  a complex  potential and  the
stress is obtained  using  viscous  potential fiow. The  viscous stress is huge near  the tips ofthe  aperture,  thus cavitation  could  be induced.

1 [ntroduction

 It is well  known  that  cavitation  may  be induced  at sharp  edges

of  the  inlet of  nozzles  such  as those used  in atomizers.  It is at just
such  edges  that the  pressure ef an inviscid fluid into a nozzle  is

minimum.  At higher pressure drops (1arger cavitation  number)  thc

liquid in the nozzle  rnay  break away  froin the nozzle  wall;  the fiow

then attaches  to the sharp  edge  ofthe  nozzle  and  is surrounded  by

atmospheric  gas. The  term  incipient cavitation is used  to define the

situation  where  cavitation  first appears. The  term  supereayitat{on

describes the  situation  wheTe  there  is a strong  cavitation  fiow near

the  nozzle  exit, which  is vcry  beneficial te atomization.  Total hy-

draulic flip describes the situation  where  the liquicl jet comp}eteiy
separatcs  from the nozzle  wall.  Hydrauiic flip occurs  in a  variety

of  nozzles  of  different cross  sectien  provided  that the edge  at inlet

is sharp  and  not  round.  The aperture  flow in a  fiat plate considered

here (Fig.1) is a  nearly  perfect two  dimensional model  oftotal  hy-

draulic fiip. Experiments documenting the transition te hydraulic

flip from cavitating  have been presented by B.ergwerk,i) Chaves et

at.2) and  a  few others.  The outstanding  property ofthe  hydraulic

fiip is the disappearance ofariy  sign  of  the cavitation  that was  there

before the flow detached. Tb our  knowledge, reports  of  the  obser-

vationsofthedisappearanceofcavitatienareforverylowviscosity

liquids, such  as  water  and  diesel oil. In the analysis  ofaperture  flow

which  fo11ows we  find cavitation  at the sharp  edge  for all fiuids with

viscosity  larger than  zero,  but for low viscosity  liquids it would  be

very  hard te observe.

 Our analysis  is based en  the theory  ofstress  induced  cavitation

put forward by Joseph3)･4); the  flew will  cayitate  at places where
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Fig,1 Flow  through  an  aperture  in a  fiat plate.

the principal tensile  stress  Tii >  
-p,,

 where  p. is the vapor  pres-

sure.  The theory ofviscous  petential fiew allews  us  to compute

these stresses  directly and  easi;y  ftom the classieal  potential fiow

solution  for aperture  fiew.

2, Analysis ofstress  induced cavitation

 The  aperture  fiow in a  fiat plate is shown  in Fig, 1 . The magnitude

in the resultingjet  will  reach  some  uniform  value  U  downstream

of  the edges. The halfiwidtlt of  thejet is C.e, where  C. is the
contraction  coerncient  and  e is the half･width ofthe  apertum.  The
complex  potential for this fiow is given implicitJy by

  f(.)=ip+,th=-2q.eu { [ ( g;                    ln cosh  ln U-)]}-tC.eU.  (1)

The  stress  is calculated  by T  = 
-pl

 +  2pD.  The  pressure can  be

calculatedusingBernoulli:sequation

          p+g(u2+v2)=pd+:U2=p.,  (2)

where  p. is the upstream  pressure and  pd is the  downstream pres-
sure  at a  position where  the velocity  rcaches  the  uniform  velocity

U. The veiocities  are  evaluated  using  fremthe potential

      .=;(g/.g/.),  v-s(+/.-g/.)･

It fo]lows that the rate  ofstrain  tensoris

       2D--(,((l,ill;?-adETk/,))f((?d,,
2

.,',-.TtT

')))

 lb  use  the maximum  tension criterion  for cavitation

{3)

(4)

                                      , the princi-

pal axes  coordinates  in which  2D  is diagonalized need  to be found.

In the two-dimensional  case  undeT  consideration  here, the  cliago-

nalized  rate of  strain  tensor  is

       2D=(C  LOA), where  A;2:2.f,,  <s)

Thus the  maximum  tcnsion  Zrli is given by 71i =-T- -p +  paA =

-p.
 + g(u2 + v2)  +  pA,  and  the  cavitation  threshold is given by

Ti i =  
-p.

 . Combining these. we  obtain  Tll +  p. =  -p. + p. +

g(u2 +  v2)  +  "A  ;  o. "le use  SU2 to render  this dimensienless

      ;'u2 =  
nli2P"

 =  
-pP.u7+pPdv

 + 
"2i2v2
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where  the dimensionless parameters are  defined as

    Cavitation number  K=(pu-pd)!Cpd-pv)7

      Reynolds  number  R.  =- peUlp,

and  the complex  flmctions a  ancl fi are  given by

     a-  [eny ± VEiJF=i] 
i,

 fi - [eny ± " ] a3,

With

            f+t(J.eu 7r di tT  th tT
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(7)(8)

(9)

{10)

The  definition (7) for the cavitation  number  fo11ows Bergwerk.J)

For  a flow with  given cayitation  number  and  Reynolds number,

equatien  {6) giyes the positions where  cavitation  inception occurs

in terms  ef  dileU and  ab!eU.

3. Cavitationthreshold

 We  use  water  as  an  example  to illustrate the  stress  indueed cav-

itation. Ihe vapor  pressure of  water  at  200C  is 2339  Pa  and  we

assume  that the downstrearn pressure is the atmospheric  pressure/

pd =- p. =  105Pa. SNle calculate  the pressure using  the Bernoulli's

equation  (2). The pressure does not  depend en  R. and  we  show  thc

pressure distribution for different cavitation  numbers  in Fig.2.

  Thc  pressure criterion  for covitation  is that cavitation  occurs

when  the pressure is lower than the vapor  pTessure. The minimum

pressure in the aperture  flew is the clownstream pressure and

pd =  105Pa >  p. =.  2339Pa.  Thus  the pressure criterion  predicts

no  cavitation  for the  case  under  consideration. However,  wc  will

shew  that  cavitation  occurs  in the aperture  fiow according  to the

tensilestrcsscriterion(Joseph3},4)).

  Next we  include the  viscous  part of  the  stress  and  consider  thc

maximum  tension TLi. The cavitation  criterion  is that cavitation
occurs  when  T  ) O. fli dqpends on  both the Rqynelds nurnber  and

the  cavitation  number.  INie show  the  contour  plot for Tl(pU212)

with  different R. and  K  in Fig.3. Although  the velocity  is continu-

ous  everywhere  in the aperture  fiow, its derivatiye, and  therefore the

yiscous  stress, are  singular  at the sharp  edge,  [[hus at the sharp  edge

for all fiuids with  viscosity  larger than zero,  T  is always  largcr than

zero  and  cavitation  occurs.  In our  analysis  here, we  shall  avoid  the

singular  points and  calculate  thc stresses  at points very  close  to the

edges.  This is partially justified by the fact that in reality  the edges
                               2)
                                 neted  

"...

 Microscopicare  not  perfectly sharp.  As  Chaves et al.

pictures of the  nozzle  inlet stili show  however small  indentations

of  the corncr,  i.e. Iess than 5 micromcters," (The diameter ofthe

nozzle  in their experiments  was  O.2 mm  or  O.4 mm).
 7 )
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Fig.2 Contour plot for (p - p.)1(pU2!2) in the

(xle,yle) plane, (a) K  .-  10; (b) K  
=

 1000. In the flow

fie14p - p. >  O everysvhere.  T'hus there is no  cayitation

accordmgtethepressurecriterion.

  In Fig.3, the curves  on  which  T  =  O are  the thresholds for cav-
itation. On  the side  ofa  T  

=-
 O curve  which  is closer  to the sharp

edge,  T  >  O and  cavitation  appears;  on  the other  side  of  the T  
=

 O

curve,  T  <  O and  there  is no  cavitation.

4. Conclusions

  We  use  the potential fiow through  an  aperture  as  a 2D  model

to study  the hydraulic flip observed  in irijection flows at a  nozzlc.

The pressure in the fiow field is eomputecl  using  BernouHi's equa-

tion  and  the viscous  stress  is evaluated  on  the  potential. The  sness

tensor is transforrned  to  thc  principal arcs  coordinates  and  the prin-

cipal  strcss  Tlt is obtained. If1'i i is larger than the negative  value

of  the vape[  pressure p., the flow will  cavitate.  EMe find that  cav-

itation occurs  for all fluids with  viscosity  larger thari zero  at the

sharp  edges  of  the aperture.  The region  in whieh  cavitation  occurs

depcnds on  the Reynolcls nurnber  R. and  the  cavitation  number  K.

The  cavitation  region  is larger if R. is smaller  and  K  is larger. Ihe

cavitation  is confined  to very  srnall  regions  near  the edges  ofthe

aperture  when  R.  is larger and  K  is smaller.

  Rcsearchers clo not  observe  cavhation  in hydraulic flip. The  rea-

son  rnay  be that the Reynolds numbers  in nozzle  flows are  usually

very  high (in the order  of  thousands  and  tens of  thousand). Thus

even  if cavitation  occurred  at the edge  ef  the nozzge,  the cavities

would  collapse  quickly outside  the small  cavitation  region  (the time
for cEvities  to collapse  is in the order  ofmicroseconds  according  to

chayes et aL2))  and  would  be very  difieult to observe,  The efl

fects of liquid viscosity  on  cavitation  are  apparcntty  not  kuown;

we  could  not  find an  evaluation  ef  these  effects  in the literature.
                              4)

                                suggest  that an  increaseThe results  ebtained  here and  in Joseph

in viscosity  lowers the threshold to stress  induced cavitation.
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Fig.3 Contour plet for T/(pU2!2)  in the (xle,y!e)
plane, (a) K  

-.
 1 and  R.  =.  1; (b) K  =  1 and  R. =  5-

The  curve  on  which  T  =  O is the threshold for cavitation;

cavitation oceurs  inside this curve.
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