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II SECOND QUANTIZATION OF SCHRODINGER
EQUATION WITH TIME-DEPENDENT BOUND-
ARY

We consider the interacting spinless N-particle system confined in a volume
whose size is changing in time. The Hamiltonian is assumed to take the form

N
> Vixi,x) (2.1)

N
H=> T(xi)+
k=1 k#l(=1)

N

where 7(xz) = —(h® /2m)V2 is the kinetic energy and V the time-independent
potential energy of the interaction between two particles with g the coupling
constant. The variable x; denotes the spatial coordinate of kth particle. Spin
variables are also easily incorporated. The Schrodinger equation is given by

'ih%\l/(xl---xjv,t) = HU(x1 -+ Xn, ) (2.2)
with appropriate boundary conditions [1].

To deal with varying volume V(t) we take a standpoint that the system
is enclosed by perfectly rigid walls which move to cause the change in vol-
ume. In this case the many-particle Schrodinger equation should be solved with
time-dependent boundary conditions {2]. Namely the N-body wave function ¥
satisfies )

\I’(Xl"'XN,t) =0 (2.3)

if any one of xi is not included in the volume V(t). Since the introduction
of mode variables which is time independent is essential in our argument, we
reproduce in what follows necessary steps in the pathway to the second quantized
form of (2.2),(2.3).

To solve the Schrédinger equation with time dependent boundary conditions,
we first expand ¥ in terms of a complete set of function ¥ g(x,t) at any instant
of time that satisfies the boundary condition. Explicitly ¥ g(x,t) is given by

(1=1,2,3n;=1,2,...,00) (2.4)
where E = (ny,ng,n3),x = (z1,%2,z3) and we have assumed that the system

is in a big box with sides L;(t) (¢ = 1,2,3). The expansion of ¥(x; - -- Xy, t) is
thus given by

U(xy---Xnyt) = Y C(Bj-- By, t)p(x1,t) - ¥my, (Xn,t).  (2.5)
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We call this expansion the mode ezpansion and ¥ g the mode function. The
important fact here is that the mode is specified by the time-independent index
n;. We sometimes call E or n; themselves the mode (indices) in what follows.

We put this expression into (2.2), multiply ¥ g, (x1,t) - ¥e,(xn,t) and
integratc over Xx; ---xy inside V(t). Then we get a set of equations for the
coefficients C’s;

. OC(Ey---En,t il L, 0
in (lat vt Z;. ZW(Ele—zh—a—ElW)tC(El---Ek_lWEkH---EN,t)
g N
!
v LY S mEmww),

k£l (=1) W W/
X C(E1 v Ek_]_WEkJ,.]_ s Ez._;lW'EH.l s EN, t), (26)

where, using dot for time derivative,

V(t) P
(EL]T—zh——IW)t = (EkIT—-th W), = f x5, (%, 8)(T (x) =i Ybw (5, 1),
(2.7)

V(t) V(t)
(BLE|VWW'Y, = / / dx' Vg, (X, )P (X' )V(x, X )bw (%, ) wr (s £).

(2.8)
There are some important differences here compared with the case of time-
independent boundary condition. Indeed we notice that the mode function
depends on t leading to the appearance of the term (Ey|ihZ|W),. But the
concept of mode itself is independent of time.

We have to incorporate the statistics of particles. For simplicity we tem-
porarily restrict our argument for non-interacting boson, but the similar discus-
sion applies for interacting boson or fermion. The wave function ¥ is symmetric
under the interchange of the coordinates. Then the symmetry of C under inter-
change of mode indices follows, namely,

C(---E,----E,--u,t) = C("'Ej"'Ei"',t). (2_9)
We arrange all the levels (specified by three-component vectors n) available for
E; in an appropriate order and call these levels state 1, state 2,...etc. Sup-
pose that, in any one of the sets (Ey--- Ex),(Ej--: Ely),..., the state 1 oc-
curs 7, times, the state 2 occurs ny; times and so on. Then we notice that,
even if (Ey-- - EN),(E{---EY),..., are different from each other, coefficient
C for all these sets have the same value C(11--.22-.---. ,t) which we call

&~

n: n2
C(ning N, t).
Introducing the normalized coefficient f

| N! i
f(nlng e Nooy t) = (m) C(n1n2 crr Nooy t), (2.10)
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(2.6) can be written as follows (for noninteracting case),

) o, t , . 0.
ih f(nl’nzat Moo ) = Z(tIT—zhali>tnif(nln2"'noo’t)
+ Z(iIT—zh-—-—lj) \/ni(n; +1)f(ny - ng 41 ng, t)
i

(2.11)

Herc the summation over ¢ or j implies the summation over the states.
Let us introduce time-independent operators which satisfy

ool =65 lonwl=lol, oll=0.  (212)

with 2, j corresponds to the mode of expansion (2.5).

The eigen-state |n;) for the number operator ¢jp; becomes

ol eilng) =njln;) (n;=0,1,2,...,00). (2.13)
Then the time-independent abstract state vector is defined as

[ams -+ moo) = Ina)lna) -+ - Ineo). (2.14)

We now rewrite (2.11) as the equation of motion for the state vector (1)) =
anng_,,nw f(ning - neo,t)|ning - - - na). Noting the relation .

(W + Dl ool 1oemf = 1ovnl) = plpglaing o only),  (215)
we finally arrive at

in20) = 30T - in 2 1j)ee o312 (0). (2.16)

This is the second quantized Schrédinger equation for free boson system with
moving wall. The case where the interaction potential V 'is present and where
the particles are fermions can be discussed in a similar manner. We find that
a set of equations (2.6) with the statistics of particles included is equivalent to
the following second quantized equation.

er~"I‘I’(t)) = H(t)|¥(t)), (2.17)
H(t) = Z(?IT - zh IJ)t‘Pz oi+d Y GilVIRe! ol orpr, (218)
1,5,k,1
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oo olle =805, loi0sle = ol 0lle =0 (2.19)

where [---.---]+ denotes the anticommutator for fermion and [-:-,--- ]- the
commutator for boson. We stress here again that the operators and abstract
space (Hilbert space) have been introduced time-independently.

Now we specify the system to be considered. For this purpose the mode
function (2.4) is employed with L, and L3 independent of time for simplicity.
Kecping in mind that (i|%|j): becomes the integration of ¥;(x,t)d¥;(x,t)/dt
which is the products of trigonometric functions inside V' (t) we get

Ht) = HV(@),V(t)

= Zhwn(t)‘PLﬁon
n nnl

+ % 2 <n1n2|Vln4ns>¢LlwL,wnswn. (2.20)
nl"'n4

where

3 1 hn;m 2
hwn(t) = Z2Tn(L-(t)>’ (2.21)

=1

o,

2n1 nl (1

fnn/ == (__1)1’11 —nl nln;)éngn’ztsnsng' (2'22)

'"'1

We have also recovered the mode index n = (n,,ny,n3) for. E (or z). The oper-

.I.

ator py or pn does not depend on time so that time-independent Hamiltonian
contains ¢t only through V(¢) and. V(t) because the potential V is assumed to be
time-independent. The term proportional to V(t), which is Hermite of course
because fnn’ is an antisymmetric matrix, describes the effect of mixing among
different modes brought about by moving wall.

The second quantized Hamiltonian given by (2.20) is our first result describ-
ing the system confined in a box with sides L,(t), Lo, L3.

IIT EXPRESSION FOR INCREASE IN EN-
ERGY

Let us assume that the system described by the Hamiltonian (2.20) is in a
thermal equilibrium at initial time ¢; and then evolves into non-equilibrium
state following the Schrodinger equation under the time-dependent Hamiltonian
(2.20). For such a case we derive below the expression for the increase in energy
at time ¢t (AE(t)) compared with that of the initial time.
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First, define the time evolution operator for the state in Schrodinger repre-
sentation. Using the time order operation, it is given by,

. et
U(t,t') = T exp {—-;;/ dsH(V(s), V(s))}. (3.1)
tl
Differentiating the Hamiltonian in Heisenberg picture with t we get
OH(t
-(%U(t, t) T H@ U, tr) = U, t)f I;i VU, tr). (3.2)

This leads us, by integration, to the following formula;

Ul(t, t,)TH(t)U(t, tr) = H(tr) + /t dt’U(t’,t,)T OH(¥) U(t',tr). (3.3)

t; ot
Now the expectation value of any operator O is defined as
(0, = Trlp Ut tr)TOU (1, 1)), (3.4)

where py is the initial equilibrium density matrix. We choose in what follows
pr which represents the grand canonical ensemble.

PI e PHI [Tre=PHI (3.5)
Hy = H(t;)-uN (3.6)

(l

Here we have assumed V(t7) = 0 and N is the number operator and T = (kB)?
denotes the initial temperature and p is the chemical potential.

Operator O in (3.4) can explicitly depend on ¢ which is called kinematical
time development (for example, the explicit dependence on V(t) and V(t) if O
is the Hamiltonian). The dynamical time evolution, on the other hand, is the
one caused by the Hamiltonian.

The increase in energy AFE(t) is given by using (3.3) as

AE(t) = (H(t):— (H(tr)), (3.7)
= dt'Tr{p U (¥, tr)! agt(,t’) U(t,tr)} (3.8)

I

/; A Tr{p U, t) [V X1 (t) + V() X2 (U, t1)}(3.9)

where
X1(t) aH(ggz;)V () (3.10)
X0 = 2% (‘;gz’t)v“)) (3.11)
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The operator X; is related to the usual pressure operator while X, is a new
operator which appears because H depends explicitly on V. It is one of our
main purposes to prove that X, has no effect up to next leading term in the
adiabatic expansion (see Sec. VI).

The similar discussion to get the expression (3.8) or (3.9) has already been
made in Ref. [3] by another approach. The crucial difference from the cor-
responding expression in Ref. [3] is the appearance of the term X,. This is
the operator corresponding to the force exerted on the system by the external
parameter if it has non-vanishing second time derivative V.

Before closing this section we show below explicit forms of X;(t) and X3(t).
They are the force operators conjugate to V and V respectively and are given
as follows.

X)) = Zag;?ft ehon+5 E av5$°:)4ﬂawlxwl,¢na¢m (3.12)
ITLV(t
+ V(t)2 ;fnn ‘Pn‘Pn (3.13)
|4
= X?() Vﬁgxz() NG RPY
X0 = -yg LA S P (3.15)

Here the definition of X?(t) and the simplified notation may be clear. The
conventional operator of pressure is X7 (t) as will be shown below. Both X;(t)
and X;(t) arc Hermite operators of course.

IV . ADIABATIC EXPANSION

Now we concentrate on the adiabatic expansion of AFE(t) assuming that the
time variation of V/(t) is small. For this purpose we expand AF(t) according
to the total number of dots (time derivmtives) in each term of expansion. First

few terms are given by; V, V, (V,(V)?), ( V, VV,(V)?)..., etc
In the expression (3.9), U(t' tr) is seen to depend on V(s) and V(s) in the
interval t; < s < t. We expand V(s), V(s) in U(t, t;) as follows.

V(s) VE)+V({E ) (s—t)+--- (4.1)
V(s) = V(@E)+-- (4.2)

Of course, we can take other expansion scheme, but later we will see that the
above choice turns out to be particularly suited for our purpose.
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Keeping up to the order V, the expansion of H(V(s),V(s)) in U(t',tr) is
given as follows,

: : QH(V(t),V(t)) .
H(V(s),V(s)) = HWV({),V({))+ (a(V()t')( ))V(t')(s-—t')+...
= H(V(t"),0)+ V() Xa(t") + X)W () (s =t") ++--.
| (4.3)
Then U(t',t;) becomes
Uit',tr) = T||U@i,tic1)=T] (1 - -AtH(t
#tn) = T][Untim) =[]0 - FAtHE)
M
= [la-zatHV(¢),0)
=1
L i i
’ ‘(4! ' 0yt ’
+ > [ II a- FAtH(V(¢ )»0))] [—EAtV(t H{(te = ) XT () + X2(t)}
k=1 Li=k+1
k-1 ;
, ~ —AtH(V(t),0 4.4
x[gu LALH(V(Y),0))| + | (4.4
where we have discretized the time interval into M steps of size At.
Let us introduce
: :
U'(ty,t;) = exp {—ﬁ(t1 —t)H(V(t'),0)} (4.5)
which realizes the time evolution with volume fixed to the value V(t'). Thus we
get
U(t',ty) = Ut tr)

. t!
- % / dt"U'(t',t")V(t'){(t" _ t')Xi)(t') + Xz(t’)}Ul(t",‘t,)U’(t’, tI) 4o

tr

(4.6)

where the relation U'(t",t;) = U'(t",t')U’(t', t1) has been used. From (3.9),(3.14),(3.15)
and (4.6), up to the order (V(¢')%,V(t')), the following expression of AE(t) is
obtained; '

AE(t) = ftdt’V(t’)Tr{mU’(t’,tz)TXi’(t’)U’(t’,tz)}

ty

t . !
+ /dt'%f/(t')z dt"

t; ty
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o TT{pIU’(t,, tI)T [U’(t’, t”){(t" - t,)X?(t,) + X2(t’)}U’(t” t")’ X? (t')] U,(t,, tl)}

Y/ a (V(t") - ((t,)) YTr{psU' (¢, 1) Xa () U' (¢, 1)} (47)

Let us discuss the operator Tr{p;U'(¥, tI)T .- U'(t',tr)} appearing in the above
formula. The time evolution operator U’(t, ;) is the adiabatic limit of U(t, tr)
in the sense that we have made all the derivatives of V(') go to zero (see (4.1)
to (4.5)). The expectation value in the form Tr{p;U'(t’,tI)TOU’(t’,t;)} =
Tr{U'(t',tr)pU'(t',t I)TO} can be interpreted as a thermal equilibrium average
at time t'; Tr{peq.(t')O}. The state characterized by peq.(t') is obtained from py
by an adiabatic change effected by U’. Therefore by a standard argument (see
for example Ref. [3]) about the adiabatic theorem, peq.(t') represents an equi-
librium state characterized by parameters which take different values from that
characterizing pr. Here peq.(t') corresponds to the grand canonical distribution
of certain temperature 7' = (k3’)~! and chemical potential yx’ into which the
system has developed through the adiabatic change of the external parameter
V(t).
Now employing the notation

(- Veqrr = T,,.{e—ﬁ’(H(V(t'),O)—u’N) .. ,}/Tre—ﬁ’(H(V(t’),O)—u’N)

we rewrite (4.7) as
t .
8B = [ dVENXE e
. ts

t i t'
+ /t, dt’EV(t')z_[ dt"{(t" = t)xh (@ =, V() + x5, (" =, V(E')}

I

+ [atine - ﬁ,((”t?) Nt eq (4.8)
Here we have deﬁned
Xn( ¢ -t V(t ) = <[X1 " X (t ])eqt’
X21('" -t ,V(t ) = <[X2(t” ,X1 (t )])eq-t’ . ' (4-9)
where .
X(s)=U'(s, ) X (t)U'(5,¥) (4.10)

In (4.8), at every instant ¢’ of the time integration, all the averages are taken
by equilibrium thermal state which is obtained by an infinitely slow change of
the volume V(s) from s = t; to t’. We arrived at this picture because we have
chosen the expansion scheme (4.1), (4.2).
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Equatioﬁ (4.8) is our main result. The first line describes the adiabatic
limit, that is, the equilibrium thermodynamics while the second and third lines
represent the leading non-equilibrium correction to the equilibrium thermody-
namics.

V  EQUILIBRIUM THERMODYNAMICS

In this section we examine the first line of (4.8), or

V(t)
AE(t) = — /V V() ()

where —p(V(t')) = (X?(t'))eq.r- The expression p(V) is interpreted as the

pressure of the system. Indeed noting that X?(t) = 0H(V(t),0)/0V (t), we see
that

1 9
g ov(t')
0

= WOl (5.2)

w\ T

-p(V) =

where 2 is the thermodynamic pbtential.
Indeed, for non-interacting case, it is easy to show the well-known expression
(for example, see Ch. 2 of Ref. [1]),

' 3 3
1 /2m\22 [*° €3
! — — ———— — e ————————————
p(t ) T 4x2 ( 12 ) 3 ‘/0 deeﬁ'(e—#') - K (5'3)

where x = 1 for Bose system while £ = —1 for Fermi system.

VI NON-EQUILIBRIUM CORRECTION

In this section we discuss the second and the third lines of (4.8). First, it is
easy to see that the third line should vanish. To see this, consider the Feynman

rule for (X3(t'))eq.t. Let us define the following non-interacting part of our
Hamiltonian H(V(t'),0) — u'N,

Hy = Z hwn(t')cplcpn ~uw'N (6.1)

and corresponding density matrix,

po = e~ P Ho | re=F'Ho, (6.2)
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Then we notice that
Tr{poAB:--C} =real (6.3)

where A, B,...,C represents gp:r; or ¢,. This is simply because the contractions
(propagators) are real;

@0 om = fpr(wWn)bnm, ‘Pn‘/’ = (1 + & fp (wn))bnm, (6.4)

where 1
fﬁ' (wn) = eﬂl(hwn "”") — [\‘,. (6.5)

Calculating (X2(t'))eq.t+ by perturbation in terms of interaction V, which is also
real, we end up with the sum of the terms each of which is represented by a
diagram. These terms are real except for the over all factor ¢+ coming from the
definition of X;(t') given in (3.15). Therefore (X2(t'))eq.» is a pure imaginary
quantity. This contradicts with the fact that AE is real, therefore (X2(t'))eq.t’
vanishes. Noting that f,,: is zero if n = n' (see (2.22)) it is a trivial task to
confirm (X t))eq ¢+ = 0 for non-interacting system. We have also confirmed
this fact by a direct calculation up to first order of V.

Next we go to the last term in the second line of (4. 8) and evaluate the
expression :

/m dt"o(t' —t"xs, (" =\ V(") = P/ dw Xzz(w) + szl(w =0) (6.6)

where
o0

'2,1(t" _ tl, V(tl)) = / g_‘_"_le ((4), V(t'))e—i(-o'(t”..t') (67)
—c0 «T

and P denotes the Cauchy’s principal value integral. Here we have considered
tr as —oo. This is natural: in order to get finite energy increase AFE, the
infinite time interval is required because the rate of the change in volume V is
very slow. The simplified notation xz1(w, V(¢')) = x21(w) is employed in what
follows. Note that we have used the fact that x,,(t"” —t', V(#')) is a function of
t" — t' and V(t') which is clear from its definition (4.9). We can shoe that x2;
has the following properties.

x21(w) = XZII("W) (6.8)
x21(w=10) = 0. ' (6.9)

Thus the expression (6.6) also vanishes.
The only remaining contribution from the second and third lines of (4.8) is

thus
i dwa w) zdx11(w)
dat"o(t' —t" -tV =
[ oy -eng -, vie) = ip [~ gexnl) 2 ol .
(6.10)
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Here the definition of 11 (w) is the same as (6.7). Since it is known that x;11(w) =
—x11(—w), the first integral on the right-hand side of (6.10) vanishes. Now
the sccond and third lines of (4.8) of the entire first order correction of non-
cquilibrium thermodynamics to the equilibrium one becomes

oy 1 dxu(w, V(t))

! 12 ! : ! 11\W,

= — . 6.11
/_m ar'v(t')’y(t') with Y(¢') o 70 - (6.11)
The function Y (¢') is proved to be positive as follows. Let us observe a well-
known fact [4] that '

wxi1(w) >0, (6.12)
then we reach the conclusion that
d !
xu(w, V(t)) = lim xu( = lim _______waz(w) 20 (6.13)
dw w=0 @0 w w—0 w

because x11(w =0) = 0.

We have assumed above that x{,(w) is continuous at w = 0. However,
strictly spcaking, this property depends on detailed form of Hamiltonian (and
the dimension of space). For example, if x"(t” — t',V(¢')) has a long time tail
as t” — oo then Y can be negative or even negatively infinite depending
on the shape of the tail. Our precise statement is thus there is one to one
correspondence between non-negativeness of Y and the continuity of x{;(w) at
w = 0, which may be checked experimentally.
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