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Quantum Gates  Based  on  Adiabatic Controlling Processes in a
         Silicon-Based Nuclear  Spin Quantum Computer
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1Introduction

  Various models  fbr the  experimental  realization  of  quantum  computation  have been  prG
posed[!], Kane[2] proposed the quantum  computation  by nuclear  spins  in a  semiconductor,

where  the nuclear  spin  of  the dopant atom  
3iP

 implanted into the silicon  substrate  is a  single

qubit and  the quantum  state  is measured  by detecting the charge  of  one  e!ectron  around  the
donor  (i,e., 

3iP).
 Although  the  implantation of atoms  with  accuracy  and  the  detection of  the

single  electronic  charge  are  very  diMcult even  in the present state  of  technology,  the Kane's

proposal has the  possibility of  realizing  quantum  computation  by the use  of  multi-qubits,  ap-

plying the several  existing  micro  fabrication techniques of  semiconductors,  Furthermore, the
several  important experimental  techniques for the experimental  realization  of  this proposal,  for
example,  the single  ion implantation method  [3] and  the  single  electron  transistor  [4], haye  been
developed steadily.

  In this paper, we  discuss schemes  for performing quantum  gates in the  Kane's model  based
on  the adiabatic  varying  processes for the controllable  parameters involving in it. So fair, several

authors  have researched  the construction  ofquantum  gates proposed  by Kane. Hill and  Goan  [5]
showed  the schemes  of  several  single  qubit operations,  a  controlled-Z  gate and  a  controlled-NoT

(cNoT) gate by instantaneously vaTying  al1 parameters in the system,  based on  the perturbation
theory  for the  contrelling  pararneters. However, an  instantaneous variation  of  parameters is
only  an  idealized process in real  experiments.  Moreover, the potential errors  could  exist  in their
scheme  since  they  analyze  the system  apprc"cimately.  R)wlerl6] et al.  showed  numerically  the

scheme  of  a  cNoT  gate based on  the adiabatic  controlling  process for parameters and  diseussed
the  effect  of  decoherence for it. It is important to understand  the reason  why  their scheme  works

successfu11y,  comparing  it with  the  more  acceptable  model  than  the  original  one.  We  analyze

the Kane's model  exactly  when  the rotating  magnetic  field is not  applied,  and  show  the scheme

of  a  phase shift  operation  and  a  controlled-Z  gate.

2 Quantum gates  based  on  adiabatic  controlling  processes

  The  Kane's architecture,  as  is shown  in Fig. 1, consists  of  the dopant atoms  in a  one  dimen-
sional  array  embedded  in a  silicon  substrate,  the gates (A-gates) Iocated right  above  each  dopant
atom,  and  the other  gates (J-gates) between the neighbouring  dopant atoms.
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paBuie), mt  ±  (cos(w..t), sin(w.,t),  O), ak  (h =  x,  y, z)  is the Pauli Matrix, ptB is the  Bohr
magnetic  moment  (paBB ==  O.116meV), pt. is the  nuclear  magnetic  moment  and  gn is the g-
factor of  

3'iP
 (g.p.B =  O.071 × 10'3 meV).  The superscript  e (n) in the Pauli matrix  indicates

the  e!ectronic  (nuclear) spin.  The  hyperfine interaction (HY) between  the i-th nuclear  spin  and

the i-th electronic  spin  is Aiate･atn and  is locally changed  by controlling  the voltage  of  the
i-th A-gate. The  value  of  the HY  is O.121 × 10-3 meV  (! Ao) when  the  voltage  of  the  A-gate  is
vanishing,  and  the magnitude  of  Ai weakens  as  the  voltage  of  the  i-th A-gate decreases [2]. The
electronic  exchange  interaction (EE) between the lst and  the 2nd electronic  spins  is Jaie-a2e
and  is locally changed  by controlling  the  voltage  of  J-gate. We  assume  that  it will  be possible
to change  the magnitude  of  the EE  from J  =  OmeV  to J bl  paBB  [2, 5], The  third term  in H(i,2)
is the rotating  magnetic  field, and  plays important  role  in spin  flip operations  i2]. Hereafter, we

calculate  the  temporal  behavior in the  system  when  the  rotating  magnetic  field is not  applied.

B.. (.. 10-9 T)

B(=

   

1' == 100 :TK

FIG. 1: The  sketch  of  the  Kane's architecture.  The  dopant atoms  are  implanted at  20 nm  inter-
vals.  The  static  rnagnetic  field i$ uniformly  applied  in the  direction of  z-axis  and  the  magnitude

of  it is 2T. fiirthermore, the rotating  magnetic  field is applied  in a  direction perpendicular to
z  axis  and  the magnitude  of  it is about  10-3T.  [[lemperature of  the device is 100mK.

  Before ca!culating  the time  evolution  of  the  system  by  adiabatically  varying  parameters, we

have  to choose  the  suitable  states  to  represent  a  qubit. Note  that, in Ref. [5], the  electrons  are

assumed  to  be always  polarized in the  downward  direction. However, this choice  is not  so  good
for the A-gate operation.  The logical states  (IO>L,i and'11>L,i)  of  the i-th qubit should  consist  of

the eigenstates  fdr H': 10>L,i !  ]utl> and  11>L,i ii lu6>, where  iuto> and  lu'i> are  the  ground state

and  the first exeited  state  of  Hi, respectively.  These states  are  no  longer the eigenstates  for cr}"
or  a:e,  because the value  of  the  HY  is non-zero.  When  we  calculate  the energy  difference A61
between lug> and  ruto>, we  find that A6i t･ 2Ai+2g.pa.B;  it is characterised  by the magnitude  of

the HY.  Therefore, the phase' difference between luti' > and  Iu6> is controlled  by vamying  the  value

of  Ai. Next, let us  explain  the  relationship  between  the  above  legical states  and  the eigenstates

of  rr(i'2). We  introduce  the  total spin  operator  S =  (ai" +  a;e  +  a.2"  +  aZe)12  and  the parity
operator  P  which  permutates  the index of  qubit (i.e., i) between the  identical particles. We
find that  [S, H(i,2)] =  [R ff(i]2)] =  O and  H(i,2) =  O,,,H(s,p),  where  s(=  -2, -1, O, 1, 2)
and  p(=  +-)  ame  the quantum  numbers  for S  and  P, respectively,  if the  rotating  magnetic

field is not  applied  and  Ai =  A2, Non-zero parts of  each  H(s,p) are  4 × 4 matrices  at  rnost.

Therefbre, the Hamiltonian H(i'2) is diagonarized analytically.  Introducing lvi> =  10>L,ilO>L,2,
lv±> i  (10>L,ill>L,2 ± 11>L,ilO>L,2)lvXIE, and  lv4> i  11>L,ill>L,2, we  find that lvi>, lv+>, v->,  and

lv4> are the eigenstates  of  H(O, +), H'(-1, +), ff(-1, -), and  H(-2, +), respectively,  if the value
of  J  is vanishing.

  We  achieve  the phase shift  eperation  fbr the  i-th  qubit, keeping JCt) =  O and  Aj(t) =  Ao

(o' l i), and  varying  Ai(t) adiabatically.  Introducing two parameters a  (O <  a  <  8) and  7}rp(> O),
we  assume  the time dependence of  Ai(t) as  fbllows: Ad(t) =  Ao(1-a72) fbr O <  7  <  114, Ai(t) ==

Ao(1  -  a/8  +  a(T  -  1/2)2) for 114 <  T  <  112, and  Aa(t) =  Ao(1  -  a(T  -  112)2) for 314 <  T  <  1,
where  T  =  t/lbp, The  parameter Tbp is just the operation  time  fbr the phase shift  operation.  The

parameter a  is a  dimensionless number.  The  initial state  for the i-th qubit is spanned  by  luo>

-  534 -



Bussei Kenkyu

NII-Electronic Library Service

BusseiKenkyu

rg[] xts k  oe-? 7  mjk  t:tstt4htZWRwt)tZfu"\1

and  lui>. Therefore, the time evolution  operator  UZ(Top) for the i-th qubit, due to the adiabatic

theorem, is written  by Ui(T.) =  T  [exp(-ihTi Jb7b' Ht(t) dt)] fs  e-i6Slu8>(u6I  +  eHi61' lu'i ><uti 1,
where  66 ==  71,,{ Jll(-Ai(s)- (g.p.B +  paBB)2  +  4Ai(s)2) ds}lh and  6S =  Top (gnpanB-paBB+
J[; Ai(s)dls)!h. Generally, the terms related  to luti ><ut2' I appears  in Ui(Tep) due to the structure

of ffi, where  luS> is the 2nd exgited  state  of  Hi. Let us  write  the adiabatic eigenstate  of  Ll'(i)(t)
for each  instant of  time  as  lu',(t)> (i.e,, Hi(t)]uti (t)> =  El(t)luti (t)>), and  so  on,  The  energy

difference between uti(t)> and  lub(t)> is characterized  by the value  of  pBB, Therefore, the
adiabatic  approximation  for the above  Ai(t) is valid,  On  the other  hand, because the maximum
value  of  1A:･(t)Ps characterized  by a  quantity  which  is smaller  than  the  value  of  ptBB. We  obtain

the two  conditions  of  the parameters a  and  Top: (i) 6& - 61 =

 2nT  +  e (i.e., the conqition  to

obtain  the phase difference e between IO>L,i and  Il>L,i for the  i-th qubit) and  (ii) 6g -  6i =  2mT

(i.e., the condition  to obtain  no  phase  diference between 10>Lj and  l1)L,j･ for the other  qubits),
where  m  and  n  are  some  integers.

  Next, we  construct  the  controlled-Z  gate, keeping Ai ==  A2 =  Ao, varying  J(t) adiabatically.
Introducing four parameters Jb(> O), Tl,(> O), 7>,(> O), and  7lr (O <  7b  <  ll2), we  assume  the
time dependence of  J(t) as  follows: J(t) =  Jl,e72 fbr O <  7  <  7b, J(t) =  J6(1 -  n(T -  112)2)
for 7b  <  T  <  1!2, J(t) =  Jh for 112 <  T  <  7h  +112, .J(t) =  Jh(1 -  n(7 -  Tz, -  112)2) for
7'}, +  lf2 <  T  <  7le +  7h  +  l12, and  J(t) ==  J}e(7 -  1 -  o,)2  fbr 7b  +  n,  +  112 <  T  < 7-}, +  1,
where  C : 2!7b, " =  4/(1  

-2z,),
 T  =  tl[lh, and  7h  ==  [l'h/71,. The  operation  time T.  for

the  controlled-Z  gate is given by Tl,p !=  [Ih +  7L. The  parameter  Jh is the maximum  value

of  J(t). The parameter  7b is a  dimensionless number.  The  initial state  fbr the  two  qubis is
spanned  by [vi>, lv±>, and  Iv4>. Therefbre, the time evolution  operator  for the two  qubits,

due to the adiabatic  theorem,  is described by U{i,2)(71,p) =:  T [exp(-ih-i JbTbp H(ii2)(t) dt)] Rs

£ k e-i(a"+Bk)lvk><vic1  ==  (Z)k e-iakivk><vk1)  (£ j･ 
eriP)' lvj･><vj･1). We  obtain  the analytical  expres-

sions  for aic and  fii (ic, j' =  1, +, 
-,

 4), but we  don't write  these explicitly  in this paper  because

they are  rather  complicated  expressions  composed  of  the eigenvalues  of  H(i,2). The phase ak

and  Sk are related  to the process under  which  the value  of  J(t) changes  and  the value  of  J(t) is
constant,  respectively,  The  adiabatic approximation  is valid  for J} <  O.5paBB in our  assumption

fbr J(t), because there  are  the  adiabatic eigenstates  of  H(i'2) between  which  the  energy  differ-
ence  is characterized  by the value  of  Ao as  J(t) -, O.5FtBB. Let us  write  Uhdc E  EI le e-Zak  Ivk> <vk 1
and  qt.t =  £ ke-iflklvk><vkl, We  obtain  the conditions  that Uhd, is equal  to the single  qubit
operation  (a2 x  12)(1i xa.2) (a2 -  10>L,i<Ol -  11>L,i<11 and  li ==  10>L,i<O[ +  11>L,i<!D as  fbllows:
ai  

-
 a ± =  T  +  2m ± T  and  ai  

-
 a4  =  2rn4T, where  rn ± and  m4  are  some  integers, In general,

a  controlled-Z  gate U}.(e) of  the  angle  e is u}.(e) =:  e-igalXa:(1i  x  eigae).  A  centroued-z

gate is UE.(e =  Tf2),  The  operation  e-ifalOa;  between the two qubits consists  of  Uktat and  the

phase shift  operations  and  several  spin  fiip operations.  According to Ref. [51, we  obtain  the final
condition  to determine the pararneters as  fbllows: 2(6+ 

-
 B-) =  T.  Therefore, the  controlled-Z

gate in our  scheme  consists  of  the gate by instantaneously varying  the pararneters in Ref. [5] and

the  correction  term Uhdc.

3Numerical  results

  We  show  the results  for the phase shift  operation.  We  solve  the  equations  of  a  and  Top fbr given
e numerically.  The  integers m  and  n  are  free parameters. We  show  the results  for 7n  =!  -5  and

n  =  
-6

 in [[ebleI, where  the value  of  A.i. is a  minimum  value  of  Ai(t) and  Amin  =  Ao(1  -a/8).

The  operation  time  Top is independent of  the value  of  O, and  O.05ps for ni  =  
-5,

 which  is almost
equal  to the result  in Ref. [5]. We  find that  the  phase shift  operations  are  perfbrmed  by varying

the HY  up  to Ao/2 at  most.  
'

  Next, we  calculate  the values  of  Jt and  7b  such  that  the  operater  Uhd, is equivalent  to (a2 op
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   aAmin!Ao

Tf44.78O.402T125.31O.3363T145.84O.270 T6,37O.203

TABLE  I: The  values  Qf  a  and  A

parameters m  and  n  for any  e arem2n
 fbr e =  7/4,T12,  3T/4, and  T,  The  value  of  the  free

-5
 and  

-6,
 respectively,

12)(1i op a.2), by numerically  solving  equations  (ai -  a4)1(ai  - a ±) =  2m4f(1  +  2m ±)-
find that  severaJ  solutions  exist; fbr exaJnple,  JbfpaBB !  O.1988 (i.e., .16  2t  O.023meV)
7b =  O.1925 for m4  =  1 and  m ± =  O. The  maximum  value  of  J(t) is O,0423meV in Ref. I5]
O,056meV  in Ref. I6]. Our results  are  rather  smaller  than  those values,

Weandand

4Discussion

  In this paper, the schemes  of  the phase shit  operation  and  the controlled-Z  gate in the Kane's
model  have been  researched,  based on  the  adiabatic controlling  processes of  the parameters.
The phase shift  operation  fbr the i-th qubit is perfbrmed by varying  Ai(t) adiabatically.  Its op-
eration  time is estimated  at  about  10-2 pas. The controlled-Z  gate consists  of  two  time evolution

operators  Ltst.t and  Uhd.: The element  of  controlled  operations  between two  qubits  involved in
Ubtat. On  the other  hand, Uhd, is equivalent  to the single  qubit operation  (a; op 12)(1i x  aZ),

by adjusting  the  time  dependence of  the  parameter, Actually, we  have to  use  many  spin  fiip
operations  in the scheme  of  the controlled-Z  gate. However, our  recent  calculation  suggests  that
there  are  potentiaJly errors  in the spin  fiip operations  of  the  Kane's  original  proposal.  And,  it
is important to resea[rch  the temporal behavior of  the system  fbr J(t) >  pBB/2,  because it is
necessary  to vary  the value  of  it from O to paBB  in the  measurement  scheme  of  the Kane's model.
In future, we  would  like to research  the  origin  of  such  errors  in detail.
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