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   The  use  of  the power-law  formalism is illustrated by modeling  yeast cthanol  produc-
tion in batch culture  at  high cell densities. Parameter values  arc  estimated  from experi-
mental  data. The  results  suggest  that  ethanol  kl11ing ofviable  cells  and  lysis ofnonviablc

cells  arc  major  determinants of  system  behavior, whereas  catabolism  of ethanol  and

inhibition ef  ccll  growth  by ethanol  appear  to  be insignMcapt under  these cxpcrimental
conditions.

  In recent  years interest in fermentation-
derived fuels and  chemicals  has increased
sharply.i)  Amongthcfermentationproducts

of  significant  economic  concern  is ethanol.2)
As  a  result,  there  is considerable  rcsearch

interest in improving  ethanol  production;
one  experimental  approach  that  appears

promising is yeast fermentation at  high cell

densities with  on-line  extraction.e)  We
have chosen  to model  experiments  related  to

this  system  as  an  illustration of  the power-law
formalism presented in the  previous paper4)
because of  the abundance  of  data obtained

under  well-controlled  conditions.s)

  We  begin with  a  simple  unstructured  model

of  yeast ethanol  fermentation in a  batch

culture  at  high cell  density. We  rcfine this
model  by introducing in successive  stages

additional  parameters to reflect  relevant

phenomena.  At  each  stage  the  parameter
values  of  the model  are  estimated  from  the

cxperimentaldata.

  This  preliminary modeling  of  ethanol

production (a) illustrates thc  use  of  the  power-
law  formalism4) and  (b) demonstrates that

even  without detailed knowledge of  the

underlying  mechanisms  one  can  formulate
reasonable  first-order rnathematical  models.

In these models  ethanol  killing of  cells  and
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lysis of  non-viable  cells  are  important deter-

minants  of  the behavior of  the total system,
whereas  ethanol  catabolism  and  inhibition

ofcell  growth by ethanol  appear  to be insigni-
ficant.

            Simple  Model

  We  begin with  a  simple  model  as  shown  in
Fig. I, We  assume  that  the substrate

glucose (Xs) is utilized  in the production of

ethanol  (X4), a  process catalyzed  by ceilular

enzymes  that  are  functional in viable  celis

(Xi) but not  in nonviable  cells (M). Glucose

also  is used  for the growth  of  viable  cells, and

ethanol  activates  the  conversion  of  viable

to nonviable  cells.

  The  power-law equations  describing this

model  are  the  fo11owing :
     .

    Xi=aiXig"X3gis-BiXLhnX4h"

    I2..,plXlh"X4hi`
                                (1)
    Xa=-P3XthsiX3hss
    .Xt4=ct4Xlg"Xsg"

There is one  equation  for each  variable.

The  change  in each  

'variable
 with  time  is the

diffhrence between its net  rate  of  synthesis

and  its net  rate  of  degradation. Each net

rate  term  is a  product of  power  functions,
one  for each  reactant  or  modifie!  that  afil:cts

that  net  rate.  The  a  and  fi coeMcients  are

apparent  rate  constants  that  are  positive
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Fig. 1. Simple model  ofethanol  production by yeast.
   Xi  is the concentration  of  viable yeast cclls;  Xh

   is the  cenccntration  of  nonviable  yeast cells;  Xb

   is the  concentration  of  the  substrate  glucose; and
   X4  is the  concentration  of  ethanol.  See text for
   further discussion,

real  by definition. The  g and  h exponents

are  apparent  kinetic orders  that are  positive
real  because there  are  no  inhibitions in this
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2. Paramcter  estimation  for the  simple  model  of

ethanol  production by yeast, The ercperimental

data  of  Wang  et aL3,fi)  are:  upper  panel, (D)
viable  cells  (calculated from measurements  of

total dry weight  and  viability), (O) nonviable

cells  (calculated from measurements  of  total dry
weight  and  viability), and  (o) total dry weight;
bottom panel, (O) glucoge, and  (D) ethanol.

The  smooth  curves  in each  case  were  drawn  by
computer  for the  modcl  in Fig. 1 with  parameter
values  that  minirnize  the  squared  deviations from
the experimental  data, These values  are:  ai=

O.OOOel40, gii=2.63, gia=O,631, 6i==O.OOOO0484,
h,,=O.306, h"=2.65,  fi3=O,eOO125, hsi..,2.68,
hss=O.867, a4=O.547,  g""=O.493,  g4s==O.436.

model.  An  inhibitory interaction weuld

be represented  by a  negative  exponent

associated  with  the  concentration  of  the

  The  parameter values  in these equations

have  been estimated  from the  data of  Wang
et al.3'5) by using  a  computer  algorithm6}

based on  the Gauss-Newton  methocl  Dfintera-

tion. Theresuits are  shownin  Fig. 2.

  There is a  good  fit to the data for glucose,
ethanol,  and  viable-cell  mass.  There  is
clearly  an  overestimate  of  nonviable-  and

total-cell mass,  particularly at  later times.
These  results  suggest  an  obvious  modification

in the  simple  model  of  Fig. 1. By  allowing

for the  possibility that  nonviable  cells  may

lyse, we  lewer the  estimate  for nonviable-

and  total-cell mass.

Fig.

       Simple  Model  Plus Lysis

  Lysis of  nonviable  cells  is indicated in the
model  of  Fig. 3, everything  else  remains

unchanged  from Fig. 1. The  corresponding

equations  in the power-law  formalism are

    M=aiXigiiX3gis-BiXihifX4hi4
    r2=::BzXlhiiX4ht,m62X2h2t
     . (2>
    .de =::  -BsXlhsiX3h,,  

..

    X'4=a4Xlg"X3g"

where  fi2 and  h22 also  have  positive real  values.

  The  results  fbr this model  with  optimal

parametervaluesareshowninFig.4. Again,
there  is a  good fit to the  data  for glucose,
ethanol,  and  viable  cell  mass,  but in this

case  the fit for nonviable-  and  total-cell mass

is considerably  improved. The  fit to the

experimental  data is statistically  better than
that  in the previous casc,  even  though  two

additional  parameters  are  required.

onvl"bhetbii    -

 (X2)

Fig, 3. Siinple model  ef  ethanol  preduction by yeast
   with  cell  lysis. See legend for Fig. 1 and  text for

   further discussion.
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Fig. 4. Pararneter estimation  for the  simple  model  of

   ethanol  production by yeast with  cell  lysis. The

   optimal  parameter  values  are:  ai=O.OOOO140,

   gti=2.63,gis==O.631,fii=O,O(N)OO`l8tl,hii==O.306,
   hi4==2.65, fi,=O.281, h,2,=O.341, fi3tt,O,OOO125,
   h3i=2.68, has=O,867, a4  ==:O.5{t7,  g4i ===OA93,  g43==
   O.436. See legend for Fig. 2 and  text  for further
   discussion.

     Simple  Mode!  Plus Lysis Plus

          Ethanol Catabolism

  Since there  is evidence  for ethanol  cata-

bolism,7'io) we  have asked  whether  this

phcnomenon  is significant  under  experimental

conditions  with  high  initial cell  densities. A
model  to represent  this additional  feature is
shown  in Fig, 5, everything  else  remains

unchanged  from Fig. 3. The  cerresponding

    Xi==aiXigiiXsgtsX4g"-BiXihtiX4hi,
     `
    X,=Bl&hit&h"-B2X2fitt

    Xs ==  -PsX,h,,x,h,, (3)
     i
    X4=a4Xig"X3g`,-B4Xih,iX4h"

where  the  extra  parameters gu, 64, h4i and
h44 have  positive real  values.

  Thc  results  for this model  with  eptimal
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Fig. 5. Simplc rnodel  of  ethanol  production by  yeast

   with  cell  lysis and  catabolism  ef  ethanol.  See

   legend for Fig. 1 and  text for further discussien.

equations  in the power-law  formalism are

parameter  values  are  shown  in Fig. 6. There
has been a  slight  improvement in the  fit to
the  data for glucose, ethanol,  and  viable

cell  mass.  The  fit for nonviable-  and  total-

cell  mass  is also  quite good. However,
this improvement  over  the  previous case

requires  four additional  parameters  and  is

only  marginally  significant.

Fig.
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6. Parameter estimation  for the simple  model  of

ethanol  preduction by yeast  with  cell  lysis and

catabolism  of  ethanol.  The  optimal  parametet
values  are:  ai=O.OOO0430,  gn=  1.00, gi3==1.09,
gu==O.495, fi:=O,OOOOO0487, hii==O.336, hi4=t
3.11, fi2;O.172, h,,±O.293, fia==O.OOO125, h3i==

2,68, hss=O.867, a4==4,23,  g"=O.611,  g4s='
O.104, 64==2.79, ha=O.628,  h"=-O.0796. See
legend for Fig. 2 and  text for further discusston･
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