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IEEE standard 754 is widely used as a standard of floating-point arithmetic. Most of CPUs in

today’s computers support IEEE standard 754. Using double precision arithmetic following IEEE standard 754, the

authors have proposed fast methods of verifying the accuracy of a numerical solution of a linear system. In this paper,

an accurate and fast verification method for a linear system is developed using residual iteration method. The residual

iteration requires the availability of high precision computation. Up to now, extended precision, i.e. multiple precision

and quadruple precision are used for the accurate computation of the residual. However, such higher precision arith-

metic systems are not necessarily available on all computers. Therefore, the residual iteration using such systems does

not have the portability. In this paper, an accurate, fast and portable method for a linear system using the fact that an

algorithm of accurate dot product can portably be implemented and applied to the residual iteration. Finally, numerical

results are presented showing the effectiveness of the proposed verification method.
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function v = DotEFT (x, y)
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for i=2:n
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BV T\w5 729, TIEEET54 DRSS R B /NS i B A
WCRIFEV AT LATHNRDE— 5 TIVICERETES
Z b b (V4312 MATLAB TOEEGI % /RT).

3.2 BEMERILE
B —RXAREX) OFEBERIETIE, >EToEH
DIFEREE 2 B4,
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A% nXnfrile L GEL—K AR Ax=b % ##<
&%, condA)=|All|A" | 2 F0FMKEE V. 22
T, bidnRIENRZ MVTHAB. b b+AbIZEILL
728 &, Rl cond(A)Ab DF —F—TEALT A, L7z
Mo T, FHEROKELZMETIX, HEXT MO
LOBEAHEOKE 2 EIL %552 3. IEEE754
ReXE R R B /N E CEHE T 2354, IRBOBEIL
ér/«2—-53=1110 X108 THDLDL, FHEF O
(1018 7B &, ADBEORAT A HMEET
DEMEHMOREEIIREBOEE T I b0k vh L
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(10 FRE X ) RELFUBeROMEL BSEM 2
BLRATYS, 72721, KX THO MBEOHHIZ
A DEHHD? 010 LY /PhSVIETH L. Tk
Db EMHEIKECRIEICTT A BERIEEICOWT
&, SCHE8) xBE S o,

COFEBTIEZIIEETH LY, RADEREFICE

T A TRE L EBERNRETE T VT X 4

4 ZOEBIIHIASHLNTB D, EHEBIZBanach D Fa/h
EROBEBENEFETH S EEBDNDEDOT, BanachiZBH b
DET A,

Dot2 % iV /- ZERAEFIC L ) LELR BT RIEL
ZR()OEPHEERL D ET S, 72, 010)T
X, BREELEE r=A T -b OELMEF ZFTEL TV
5705, WEEMREOBRTIX, S50 |r-F|sq kil
FTEILRI MV g ERDBLENH L, 127201, 2
DONT Mx,ye R LTxsy i, §XTDi
L Tx<y BBV LDOZ L EERT S, £2°T,
DotEFT % U'SumEFT % Fi\» TE BB IS ERE O EME
EFDBRAERRERD B MATLABD 7V I AL
EEFE LTREFIIRLTEL.

L7245 T, 1EEE754 DGR R/ N B A& 12
WHOFE AT ATHNE, RHXICBITLT VT
AL TRTCER—F T VIZEETELZ L0 bR b

4. HEGI

ST, BELETVTY) XLOEMEEEDR
Bz AT o 1B MEEBROF P SO M E BT 5.
41 BERAEOMA
THNDZHEAT O (10%) P& 2 BB & LT,
CINOV MTF R REATE L T HMEEE X D n X n
BV MTBIH 32D GL)) BisrEh, EThHEE

_ 1
hi=v57=1 (15)

TEHRINLITHITHAB. 2T, n=11 DN
V MTHH A2, BR b O FORER s & 0T 74T

5l K=s-H, 2REATH & T 8L —RHEAEE R
BH.F7, x= (1,1, )T BERTH B LD 12450
N7 Mz b=f(K-(1,1,...,1)T) T A, ZDL X,

ADMEREELZV. ThbDL,
ICDWTOEL—RGERR

11 RTER7 P v x

Kx=b (16)

2D, KDZEMEHIE, cond, (K) =|K|.|K']. =
123 .. X105 TH b, TNEFRFLTREL-EHE
POBEEFRENEREBERIET DT T L2 HWT
MATLAB T\ #% L TFIZRT.

>> K = myhilb(11); % K the 11 x 11 Hilbert matrix
>> b = K*ones (11,1); % b: a right-hand side vector

>> R = inv(K); % R an approximate inverse of K
>> X8 = R*b; % xs! an approximate solution

of x =Db
>> xs(11)
ans =
0.99945068359375
>> [e,alpha] = vlin(Kb,R,xs,0) % e: verified er-

ror bound of xs
e =

3Ial—Yay HIsEE3IE
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0.01427499840825
alpha =

0.04138183593750
>> xs = iter ref (KbRxs); xs(11)
finement of xs

% lst iterative re-

ans =
1.00000026822090
>> e = vlin(K b,R xs,1,alpha)
e =
3.004930254062938e—-006
>> xs = iter ref(Kb,Rxs); xs(11)
finement of xs
ans =
1.00000000032014
>> e = vlin(Kb,R xs,1,alpha)
e =
1.220669425188106e-008
>> xs = iter ref (KbRxs); xs(11)
finement of xs
ans =
1.00000000000023
>> e = vlin(Kb,R,xs,1,alpha)
e =
2.285908904331256e-011
>> xs = iter ref (KbRxs); xs(11)
finement of xs
ans =
1.00000000000000
>> e = vlin(K,b,R xs,1,alpha)
e =
5.576489225820260e-014
>> xs = iter ref (KbRxs); xs(11)
finement of xs

% 2nd iterative re-

% 3rd iterative re-

% 4th iterative re-

% 5th iterative re-

ans =
1
>> e = v1lin(Kb,R,xs,1,alpha)
e =
- 1.166207784303186e-016

>> X8 = iter ref (KbRxs); xs(11) % 6th iterative re-

finement of xs

ans =
1

>> e = vlin(Kb,Rxs,1,alpha)

e =
0

ZOFNIIBVTIE, R=inv(K) LW IasHicd - T,

75 K AT % SR EFE/ N EE TRO T
5. LOBREOO, FHHE SN R I K OEPHAT
Pz > T b, R(16) 0MIEUMFG L LT, 7k
REERERES/NOTEETHE LM (xs =R &
W TROE) 2 REAL TS, ¥, ) &
wvmmi~mﬁb»x®%u§5®&ﬁ%§Tﬁ;
EDOHESI o TS, $72, viin T1HHOA BN
LTw5% alpha i |RA —I||°° DERTHY, alpha<1
THMIREFRNICL LEERESTEL LS. Th

R 184E9 A e

175

i, BAEEDO LR T A RE72012, fle L
Txs D—D DK %%réﬁté@f@éA@%A
&, BEREx= (1,1, DT THE050, MNIELUT
4 %7 B LA _5%%75%5 ZENRTRNS.
ROGETI, FHELZEM#E i =xs Db DHEE
N B‘Cﬂmiutjﬂf CEOWCEREL-EREEREE
REFETTT 5L viin 2L o TEHELTWS, Z08
B, BEe=[Aab-x|_ 11427 x102 LT TH%
LDORIED ‘Qﬁ‘ﬁf%ﬂ’fw

FOROEHEF TR, 3IHCRE L -SHENEE
FICEDWIREREEICL Y, —BIREL xs &
FELTWA, LT, 2O 111G xs (11) & ER
LTwWh, ZORKERPS, SEPEO/NESLLT 7H H
WCEEENHAIENRTINE. FOXRDGHTIEZ
DFEE |Ab —x|_<3.004 - x10° LT THH LD
RELVIELNLTYS

UTFZ h#ﬁDLénfw . —HOERERETIE
103 REDF — 7 CRERE L7ZMOIE L VWHi T 2
Tw&, 6[0l H O KA THR % DOHT (least significant digit)
TTIELCEE SN b2 55, F 72, 1EFHE
bFOZEERELCHETETWAZ E%b b

42 REHOME

ZEUE 0 (101) ICHE L T/ S WS, FEORIT
2Sn=1000 L BIEIOREICH L TR RMEEF L L
THY EWTA. $hbb, AiZ1000 X 1000FEATH TZ
DEFIHEHTHLET 5.

>> n = 1000;

>> A = randn(n);

>> b = A*ones(n,1);

>> cond (A)

ans =
2.450763206290818e+004

% A an n X n random matrix

% condition number estimator

IV, ADEKEIE 010 BETH 5. b= A*ones
1);25b»bE912, b=4-(1,1,..,1)TL LT

HR()EEBLTWS., 2751, WOBREDFEIZLDY,

COBEDOR () DRER T x=(1,1,..., )T L ETR

HHIEIEETA.
COEHICLTHERLIZAE b ERHWT, Ax=b D

WBERIEE2ETT 5.

>> R = inv(3);

>> XS = R*b; xs(1000)

ans =
1.00000000000102

5 BERRe=0LWwHIZ L
THHILEEBRT 5.

X, OB IRERZIOLD
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>> [e,alpha] = vlin(ab,R xs,0)
e =

2.219658324896038e-011
alpha =

8.249229812288443e—010
>> X8 = iter ref (ADb,Rxs); xs(1000)
ans =

1.00000000000002
>> e = vlin(3d,b,R,xs,1,alpha)
e =

1.107097103095627e-016

ZOBITIE, —EIDKRERBETIEITHEAHTEITELY
BRVBOENTVWAEI LD L. T, KHLTR
ELTV L ERBERERIETT S 7 L0850 v — Tk
EFiZ 52 TWAI EVbhs, ZOHICHEL, &
EEXEBEICHELZWRROBERIET O 7 5 4
vlin pre THEZFH TS L

>> e = vlin pre(Ab,R xs)
e =
4,566030510093495e-011

Lo T, AR, AUBIFFSo TV EIEELX Yy —7
WM TETWRWI Edbhb, 22T, 1) D%
ELR % SR> B B[] (A O LU MR 2000 5 BER) L%
TEABEICETE L 2 WIEROIBERIE 7 T 75 L THE
FEREE T 5 e (KGR Tl & Mz EEHERS B AR SEE D 5
HEFB L)) LRELBREE IR T AR5 j{ffm%
L7 BT Ok (Frik Ot EREH L I1E58) 23112

?.§¢K%Ltﬁim%%ﬁt§,§&otumm
Gy LTRIARERL, b=A-(1,1,..,1)TE LT,
XD EBT-FHErFHLZbDOTH L. ), BER
FEDREMIZIE A DIEWHATHIR 2 FHE T AR L &
TWwi\w, EEICHW/ 2 Y ¥ 2 — %13 Mac Power
Book G4 (1.25GHz CPU) TEIEIZH W /- E5E1XS1ab¥ T

R1 FEERLEOZOOFEEER [sec] (83,4F28V)
5RO LU S B OBE I L Mgt
B2 E L TCWAE»ERLTWVES)

n LU | EEERIEE g R R AR
200 0.02 0.04 (2.00) 0.04 (2.00)
300 0.04 0.14 (3.50) 0.17 (4.25)
400 0.07 0.31 (4.42) 0.35 (5.00)
500 0.13 0.50 (3.85) 0.63 (4.84)
600 0.21 0.87 (4.14) 1.01 (4.81)
700 0.30 1.31 (4.37) 1.53 (5.10)
800 0.45 2.23 (4.95) 2.37 (5.23)
900 0.59 2.89 (4.90) 3.07 (5.20)
1000 0.81 3.84 (4.74) 431 (5.32)

& 5. SlablE MATLAB I\ 7- BUERTE Y — V7225, 15
ERIEXPTELLIHIICKRESNAZDOTH Y,
MATLAB & [E#%, LAPACK #b &2 LC, Th#f#
WRFTLTEA VI TNV EROoTWA,

IR (LU 5) 2 51E T A5HE 0 2 O R E/NE S
HE O EE (flops & ) HAL2MBRETH 515 . float-
ing point operations D& TH 5. ) IZUAEE % T
—@E &z HE2/3nflops TH S, —F, EEREER
FETE D BB AR AR O R BLEATEI R 2 5HE 4 AR
EFEOTWLEWOT, TR0 2HEHE T 2 FHO 4n?
flops Th b, &oT, BEV/MNISEEOEHOIL T
23, BERIEC 2 2 5t EREEIIEEE O H L
®D ED I LUSREORTERBO6ME L 25, £11C
KL EBROMESEFMICBYTIEIORIZ 20
BRIEEE b 6L W AR ko TwA, ZNIFTH
DIEDFEAATLASIC & o THEE S /- 5&:# LBLAS
PREIATObNRLTWAEZ EICERTE, $hbb, KE
LBLASIZF v v ok y NREFRIZT A L) 14T
FIOBEETET A L) ICERINTVE, TTADH
FEOHIZL ZORBLIIEI ENTWED, 1775|D
EOFPHEMETVIT) XLTEHETELEDNDT, 20D
BBILORENL DENPINSL. Lz T, HER
BRI ELR EFESTHOBTHAEI L2 b, EBED
FHEEERE/NUTEREOR KO L D IXEHES
TWBDTH A,

70, BHERERIEEORERE & L WEERE
EORERMI, BREVEHEENRTE L REDR
HIZAWTWAOT, Lo TwaA, ZIZFL
F—=F—ThHAHILIMHRINI. T bbb, BED
AEICBVWIERBEZNESTELZ A TH £0EHRED
¥irom) THY, LI EHEELNEESIEEICET
HFE AT B/ NN EE TONEE B ICET MO
—EDERT LPREELLL 2w L b INIEHE
MO EBENS, Thbh, HLVEERILEL
BEREREEOBESE L) 22, BHBER
VEBEENTVEI DDA

i

AHFFEIE SR A A RHERT TR R #h B & (RERUHEAERT 78
[FEREE AR X BRI E ¥ OMET ] No.17002012) D
Bx2ir7-.

A WERIEIOTIL

T, EBOBERIEICHAW:-:Tu 7 4%R
g6 INHIEMATLAB DB TH 5.
6 % WHITRITlEax b

YIal—ay HAEIE
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LTI, #1121 TwoSum, Split &z ¥ TwoProduct
Thh.

function [xy] = TwoSum(a,b)

% TwoSum error-free transformation of suma + bto x + .
X =a+ b
t=x-g

(@a-(x-t)) + (b-t);

function [ahal] = Split(a)

% Split: error—free transformation of a to ah + al.
¢ = (2727 + 1)*g
ah =c¢ - (¢ - a);
al = a — ah;

function [xy] = TwoProduct (a,b)
% TwoProduct: error-free transformation of
% product a x b tox + y.
X = a*b;
[ah,al] = Split(a); [bhbl] = Split(b);
¢l = x — ah*bh; ¢2 = ¢l — al*bh; ¢3 = ¢c2 — ah*bl;
y = al*bl - ¢3;

BT, #1#1Dot2, SumEFT } U'DotEFT T &
5.

function res = Dot2(xy)
% Dot2: calculation of dot product as if computed in
% quadruple precision
n = length(x);
[p,s] = TwoProduct (x(1),y(1));
for i=2m
[hr] = TwoProduct (x(i),y(i));
[p.g] = TwoSum(p,h);
s=8+ (qg+ 1)

1

end
res = p + S;

function g = SumEFT (p)
SUMEFT: error—free transformation of surmation
input
p. a real n-vector
output
G a real n-vector st. sum(qg) = sum(p)

o® o° o oP

e

q=p
for i=2:length(q)

lq(i),q(i-1)]1 = TwoSum(g(i),q(i-1));
end

function v = DotEFT (x,y)
DotEFT: error-free transformation of
dot product to summation

oe

o

% input

% X y. real n-vectors

% output

% V. a real 2n—vector s.t. sum(v) = dot(xy)
TR 1849 A

177

n = length(x);
v = zeros(2*nl);
[t,v(1)] = TwoProduct (x(1),y(1));
for i=2n
hv(i)] = TwoProduct (x(i),y(i));
[t,v(n+i-1)] = TwoSum(t,h);

n

end
v(2*n) = t;

=R D MATLAB TOEEEOH % LT IR
T, 272, 71&:“‘)Z‘A¢0)R&(}“xx X, #hE
N A OFEPAATH, Ax = b OFPIEE FT.

function xs = iter ref (A bRxs)
% iter ref: iterative refinement for an approximate
solution of Ax = b using accurate dot product.
input
‘A a real n x n matrix, b: real n-vector
R an approximate inverse of A xs: an approximate
solution of Ax = b
output
xs: an updated approximate solution of Ax = b

N O° P o o oP

e

Q

[mn] = size(d); % size of A
r = zeros(n1);

for i=1mn % residual A*xs — b by Dot2
r(i) = Dot2([A(i,:)},b(1)], [xs; -1]1);
end
7z = R*r; % approximate solution of Az = r

XS = X8 — 7, % update xs

DT, BRELRRESEL F0BERRYEHET
57075 0%, 127250,

system dependent (’setround’,mode)

BADE—-FOEELXT 54549 T, mode = 'nearest’
ZEBRIEEADHDE— FIZ, mode = —inf 1L, —e A
DHDE— FIZ, mode = +inf id +oo FRAIDHA D E—
FIZENEFNEET LI L EERT.

function [rmid,rrad] = accresidual (3,b,xs)
accresidual: accurate computation of A*xs — b and
its error bound

input

o oP° o

% A a real n X n matrix, b: a real n—vector
% Xs: an approximate solution of Ax = b
% output

oe

rmid: an approximation of A*xs — b
rrad: an error bound of rmid

oe

system dependent (’setround’, nearest’);
n = length(b);

rmid = zeros(n1);

rrad = rmid;
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for i=1n
v = DotEFT([A(4,:),b(1)]’, [xs; -11);
v = SumBEFT (v);
mid(i) = v(end);
system dependent (’setround’, +inf);
rrad(i) = sum(abs(v(lend-1)));
system _dependent (’setround’, nearest’);
end

WRIC, EIL—RGEK Ax = b DREERFET VT

A L& PTICRT.

function [e,alpha] = vlin(ADb,Rxs,mode,alpha)

a0 o oe

o S o° o P P o o

o\

vlin: fast verification of an approximate solution
xs of Ax = b.
input

A a real n x n matrix, b: real n—vector

R an approximate inverse of A, xs: an approximate

solution of Ax = b

mode: If mode = 0, then compute alpha st.

alpha >= norm(RA — IL,inf).

Otherwise, skip calculation of alpha.

output

e: an error bound of xs

alpha: alpha >= norm(RA — I,inf)

mn] = size(d);
if mode == 0
I = speye(n); % I n x n identity matrix
system dependent ('setround’,-inf);
% rounding to —infinity

Gl = R*A - I; % lower bound of R*A ~ I
system dependent (’setround’, +inf);

% rounding to +infinity
R*A — T % upper bound of R*A — I
max (abs (Gl),abs (Gu) ) ;

% upper bound of |R*A - I|
alpha = norm(Gy,inf);

)

% alpha >= norm{RA — I,inf)

Gu
Gu

end

if alpha < 1
[rmid, rrad] = accresidual (A b,xs);

% accurate residual and its error bound
system dependent (’setround’, +inf);
t = R*rrad;
vu = R*mmid + t;
system dependent (’setround’,-inf);

vl = R*mmid - t;
vu = max(abs (vl),abs(vu)); % vu >= |R¥(A*xs - D) |
d = 1 - alphs;
system dependent (’setround’,+inf);
e = norm(vy, inf) /d; % error bound of xs
system dependent (’setround’, nearest’);
else
error ('verification failed);
end
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