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Abstract In this note, examples of matrices are presented so that those satisfy the rare
situation concerning a theorem of Taussky-Todd.

1. a Theorem of Taussky-Todd

Gershgorin circle theorem is used to localize eigenvalues of an n x n matrix A = (a;;).
Let

n
Ri =) la]
=1

for i =1,2,...,n. Define a circular disc I'; by

for ©+ = 1,2,...,n. Then Gershgorin circle theorem state that each eigenvalue A\ of A
belongs to the union of these discs

Z{Z eC: |Z - CLii| S Rl}, (11)
i=1
(cf. [2], [3], page 66, [1], page 55, [6]). It is rather rare that an eigenvalue of a matrix lies
on the boundary of the above union. In 1948, O. Taussky characterized such a rare case
under the condition that the matrix A is indecomposable. An n x n matrix A (n > 2) is
decomposable if there is a permutation matrix P satisfying

Avq A1,2>

PAP' =
< 0 A272
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where A ; is an m x m matrix and Ass is an (n —m) x (n —m) matrix for 0 < m < n.
If A has no permutation matrix satisfying the above condition, then A is indecomposable.
Taussky’s result is the following. Suppose that A is an indecomposable n X n matrix and
an eigenvalue A of A lies on the boundary of the union (1.1). Then the value belongs to
the intersections of the corresponding circles:

ﬂ:‘zlaf‘i = ﬂ?zl{z cC: |Z — aii\ = RZ} (12)

(cf. [5]; [3], page 67). For most of indecomposable matrices A, the above set (1.2) is emptys;
Is there an matrix A having an eigenvalue in (1.2) for any n > 2 7 We answer this question
affirmatively in Section 2.

2. Construction of examples

First we provide two rather simple 2 X 2 matrices.

-1 2
A = .
The characteristic polynomial p4, (\) of A; is given by

—14++/3i —1—+/3i
2 JA - 2

Examplw 1 Let

pa,(N) =N+ A+1=(\—

).
Gershgorin’s circles for A; are given by
{zeC:|lz+1|=1}, {ze€C:|z|=1}

These two circles intersect at (—1 & v/3i)/2.

1 1
we(0).

The characteristic polynomial p4,(\) of Ay is given by

Example 2 Let

pA2()\) = /\2.
Gershgorin’s circles for Ay are given by
{zeC:lz+1]=1}, {z€C:|z—-1]=1}.

Thses two circles have a unique common point 0.
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These two example have eigenvalues in the set (1.2). We construct an example of n x n
matrix having an eigenvalue 0 in the set (1.2) for n > 3. We define an n x n matrix
— (p™ ; - SRR (n) _
B, = (b;;’) by the following rule. (1) If 1 <i<n-—1,j#1i,j#i+1, thenb;; =0. (2)
Ifi=n2<j<n—1 thenb =0, (3)If1<i<n—1j=1i+1,then b =1 (4)If
i=n,2<j<mn,then b =0. (5)If1 <i<n,j=4i, then

2y
b = exp(v=L(i = /(n 1),
and (6)
b = (1) exp(V T ) = exp(v T2,
By the expansion of det(B,,) in the first column, we have

det(B,) = 1-exp(v/—17/(n — 1)) exp(v/ =127 /(n — 1)) - - - (exp(v/—17)

+(=1)" (=) exp(V T
= exp(v=151) — exp(V=17) = 0.

Gershgorin’s circles for B,, are contained in the closed region

{z€ C:|z—exp(v—10)| < 1forsome 0 <0 < 7}.

The origin 0 is a boundary point of this range. The origin 0 is also the common point of
the Gershgorin’s circles:

{z€C:|z—exp(V—1kn/(n —1))| = 1}

(k=0,1,...,n —1). Thus we got an example for n > 3. These examples are slight
modifications of examples given in [4].
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In this paper, we shall give some comments on (IV 1) - (IV 31) in P.
Riebemboim [1] about companion Lucas sequences. In detail, we shall
give the proofs of all assertions, containing improved proofs of (IV 19),
(IV 30) and (IV 31), and corrections of (IV 9) because there are almost
no proofs in his book and some difficult parts to prove these by his hints.

Let P and ) be nonzero integers with P2 — 4Q # 0. Let a and 3 be
roots of the equation X2 — PX + @ = 0, namely,

_ P+y P

« 5 andﬁz%, WhereD:P2—4Qand’y:\/5.
We have P=a+ (3, Q = af and v = a — 3. We set
Un:a b , Vo =a" + 5"
a—p

We call this pair of sequences U, V,, the companion Lucas sequence.

Throughout this paper, let p be a prime, let O be the ring of algebraic
integers in a field Q() and let P be a prime ideal of O containing p.
Latin letters represent integers. We write here (k) corresponding to (IV
k) in his book [1].

Results from (1) to (7) are easy by the definition. However we cite
these for the completeness of this paper. In particular, (1) is equivalent
to the definition of U,, and V,,, and (1) shows U,, and V,, are integers. We
can easily confirm this equality of two sequences defined by the above and
(1), respectively, because first two term of these are equal and these have
same linear 2nd order recurrence definition. We write U,, = U, (P, Q) and
Vo, = Vo (P, Q), if it is necessary, because U,, and V,, are determined by P
and Q.

'Motomu Kamiya and Takumi Ohyu graduated from Hirosaki University at 23
March 2007, and Kaoru Motoe retired from Hirosaki University at 31 March 2007.
2Post address of Kaoru Motose.
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(1) (1a) Up = PUp_ — QUp g, n>2, Uy =1, Uy = 0.
(lb) Vn:PVn—l_QVn—Qa 77/22, %:P7 %:2

Proof. U, =1, Uy =0, V}; = P, Vj = 2 are trivial from the

definition.
(1a) Y(PUn—1 — QU 2)
= (a+ A" — Y —aB(a" — 5
= o" = ["=~U,.
(1b) PV = QViy
= (a+B)(a" '+ ") —af(a" + ")
= "+ 8" =V,.

(2) (2a) Uzp = U, V,, (20) Vo, = V2 —20Q".
Proof. These equations follow from Uy = 0, V5 = 2 and (3).

(3) Ba) Upin =UpVy, — Q"Upyry (m >n).
(Sb) Vinen = ViV — Q" Vi (m > n)

Proof.

(Ba) AUV~ Q"Unn)
= ("= A"+ 5 - (") (@™ = g
= B = AU
(3b) ViV — Q" Vi,
= (@ A"+ ) = (") )

_ m—+n m—+n __
= « + 0 = Vinin.

= «

(4) (4a) Upsn = UnUnst — QUp1Un.  (4b) 2Viiin = ViuViy + DU Un.
Proof. (4a)
D(UmUn+1 - QUm—lUn>

(0™ = F™) (@™ = ) — (af) (@™ — g (" - )
= (@™ = ") (@ = §) = DU,
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V,,Vi, + DU,
= Win.

(5) (ha) DU, =2V,41 — PV,. (5b)V,, =2U,4+1 — PU,.

Proof.
(5a) DU, + PV, = (o= B)(a" = ") + (ar + B)(a” + 3")
= 2Vn+1.
(5b) YV + PUL) = (a = B)(a" + 3%) + (a + f)(a" — ")
= 29Up41.

(6) (68) U2 = Uy, 1Upps + Q1. (6b) V2 = DU2 + 4Q".

Proof.
(6a) D(Un-1Uns1 + Q")
_ (an—l . Bn—l)(an—l-l _ ﬁn-ﬁ-l) + (Oén_lﬁn_l)(Oé . 6)2
= (a"—p")* =DU;.
(6b) DU: +4Q" = (a" = 3")* + 4(a"3") = V;.

(7a) UV, — U Vi =2Q" Uy, (M > ).
(7b) UV + U Vi, = 2U 4.

Proof.

(7a) A (UnVir — UnVin)

_ Q(Qnﬁn)(oém—n - Bm—n) _ 27QnUm—n-
(7b) VYUnVa + UnVin)

= 2(a™" — ™) = 29U
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Results from (8) to (11) can be proved by the binomial formula. We don’t
use any these results for proof of the results from (12) to (31).

k=1mod2
027 V= 3 (n) PrtDs.
k=0mod?2
Proof.
(8a) 2"'U, = (20)™ — (28)" _ (P+4~)" — (P — )

200 — 23 27y

- n
§ Pn—k k:—l.
(k) 7
k=1mod2

(0) 2V = (2a)" + (20" = (P+)" + (P — )"

= 92 i (Z)P”k'yk.

k=0mod2

In the third and fourth equations of (IV 9), the last terms

(Z) Q%k x 2 for U and for V™, respectively, are false and shoud be

2
correct as in (9b) and (9d).

(9) Let k be a natural number.

S

(9a) In case m =2s+ 1, D°U" = Z(—l)’" <T> Q"”Uk(m_%).
r=0
(9b) In case m = 2s,

DSUIT = <_1)S (?) QSk + Z<_1)T (T) rivk(m—QT)-
r=0

(9¢) In case m =2s+ 1, V" = Z <m> Q" Vim—ar)-
r

r=0

s—1
m m
9d) 1 =25, VM = sk Y () -
(9d) In case m s, Vi (5>Q +;(T>Q le(m—2r)
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Proof. (9a) In case m = 25 + 1,

y ;H)’" (T) Q" Ugn2n
= S (M) o atn e - gy
= 3 (M)t b ()

= i <m) ()™ (=BF) = (aF — BF)™ = 47U,

(D)eer =2 (1) e
= (M) (1) oyttt i
= (M)t ()t ot )
-3 (") R ———

(9¢) In case m = 2s + 1,

s

Z (m)@ Vetm-an

< Oéﬁ kT‘ k(m 2r) +ﬂk(m 2r)}
_ Z (m) {akm r ﬁkr _l_akrﬁkz(m 7")}

m) m r ﬁk (Oék +ﬁk>m — ‘/km.
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(9d) In case m = 2s,

(T:) QSk + ; <T:) QkT‘/}c(m—Qr)
s—1
_ m sk m kr k(m—2r) k(m—2r)
= (S)@ +;(T)(aﬁ) {(aXm=20 4 gHm=20)
_ <7’:)st+ s—1 ( ){Oék(m r)ﬁkr +akr6k(m 7‘)}
r=0
= 3 (M)t @y = et =
r k

(10) Assume m > 2.
(102) Up = > Q"Vpog1 + R where

0<2r<m—2

R 0 if m = 2s,
) @ ifm=2s+1.

(10b) P™ = Z (m) Q" Vip_or + R where
0<2r<m-—2 r

™Q° if m = 2s,
L[ e
(MQ*P ifm=2s+1.

Proof.

(10&) Z Q Vm 2r—1 + R Z am " 15T - ﬁ - Um-
0<2r<m-—2 ﬁ

(10b) > (m> Q" Vipor+ R = Z (m) Q"B =P
0<2r<m-—2 r r=0 T

(11) In case m > 1 and ¢ is odd,
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Proof. We shall show the next Lagrange (1941) equation. In this
equation, we substitute X = o™, Y = —(", n = ¢ and divide both
side by VD = o — 3, we have our result.

Xt yn= 3" (21 L XY (X + Y)Y

0<2r<n

here we set ,L, = L(”;r) for n > 1 and n > 2r > 0. Then

n—r
nlnj2 = 2 for even n and we have also

wLo=1(n>1) and ,L, = 2(" ") for 2 < 2r <n.

It is easy to see the next equation from the definition of , L, which

show , L, are integers.
nly 4+ 1Ly_1 = py1L,, where 2 < 2r <n.
We show this from the above by the induction on n.

Xn+1 +Yn+1 (Xn+Yn)(X+Y) o Xy(Xn—l +Yn—1>
— Z (_1) nLTXryr(X+Y)n—2r+1

0<2r<n
+ Z (_1)7"71,1[,7“71)(7"}/7“ (X + Y)n_QT'H
2<2r<n+1
- X
+ Z {nL + e 1LT 1}XTYT(X—|—Y)7’ 2r+1
2<2r<n

n+ n+1 n+1

where R = (—1) 2 nan 1 X 2 Y 2

if n is odd and R = 0 if n is even.
— Z (_1)Tn+1LTXry’r(X + Y)n+1—27‘

0<2r<n+1
using Lg/» = 2 if s is even.

We use only (1) in the next and we don’t use hint (IV 10).
(12) (12a) U, =V,_1mod Q forn > 2. (12b) V,, = P" mod Q.
Proof. 'V, = PV,_1 mod @ for n > 2 from (1b) and so

V, = P" 'V, = P" mod Q.
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This is also true for n = 1. U, = PU,_; mod @ from (la) and so

U,=P" U =P ' =V, ; mod Q.

We don’t use (IV 9) in (13) but a prime ideal P containing p in the
ring of algebraic integers of Q(7).

(13) Let p be odd.
1
(132) Uy = UpD'2 € mod p.  (13b) Vipe = Vi mod p.

Proof. We may assume e = 1 from the induction on e.
Let P be a prime ideal containing p in the ring of integers of Q(7).
(13a) In case v &€ P,

YUy = o — g = (ak — ﬁk)p = U? = Upy? mod P.

Thus we have Uy, = Upy?P~ L.
In case v € P, namely, a = [ mod P,

kp
Up = Z akp—sﬁs_l = k’pozkp_l =0 mod P

s=1

—1
and so Uy, =0 = UkDpT mod p as D = 42 = 0 mod p.
(13b)

Vip = o+ 8% ="+ 8" =VP=V, modp.
~1
The next is a special case of (13) by DPT = (%) mod p. Thus we use
neither hint (IV 10) nor (IV 9).
(14) U, = (%), V, = P mod p.

In (15) and (16), we only use that symmetric polynomials of o and 3
are polynomials of P and () with integer coefficients. Hence we don’t use

(3) and (9).
(15) U, | Upn.

Ukn . :
Proof. We can see from the next that M s a symmetric poly-

nomial of o, [ with integer coefficients and so a polynomial of
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P =a+ (3, Q = af with integer coefficients. Thus our result

follows.
Upn,  aFm — ghn nyk—1 n\k—2 an n( anyk—2 k-1
o= P = (") T (") T A (B) (BT

(16) If k is odd, then V, | V.

Vin ..
Proof. We can see from the next that —kn g integer as the same
n
reason in the above.

kn kn
“//k:vn _ Oéoénign _ (Otn)k_l—(()én>k_2ﬁn+' . ._an<ﬁn)k—2_’_(ﬁn>k—1.

If n > 2. and if there exists » > 1 such that n | U,, denote by p(n) =
p(n,U) the smallest such 7.

(17) Assume the existence of p(n) and (n,2Q) = 1. Then n | Uy is
equivalent to p(n) | k.

Proof. We set k= p(n)g+r, 0 <r < p(n). It follows from (7a)
that
UkVomyg = Upm)gVe = ZQp(n)qu-

We can see n | Uymyg by (15) Uy | Up(n)g- Thus we obtain
n | 2Q°™aU, by the above and n | Uy. From (n,2Q) = 1, we have
n | U, and so r = 0.

Conversely, if p(n) | k then n | Uy follows from n | Uy, and
Upn) | Uk

(18) follows from only (1) and hints (IV 12), (IV 5), (IV 2) and (IV 6)

are not neccessary.

(18) (18a) If P and @ are even, then U,, and V,, are even.

(18b) If P is odd and @ is even, then U,, and V,, is odd.

(18c) If P is even and @ is odd, then U,, = n mod 2 and V,, is even.
(18d) If P and @ is odd, then U, and Vj, are even in case 3 | n,
and U,, and V,, are odd in case 3 [ n.

(18e) If U,, is even, then V,, is also even.
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Proof. (18a) is easy from (1).
(18b): We have the next from (1).

U,=PU,.1=U,-1yand V,, = PV,,_1 = V,_1 mod 2.

Thus U, =U; =1and V, =V; = P =1 mod 2.
(18¢): In case n is even, we have from (1),

U,=-QU, >=U, o=---=Uy=0mod 2 and
V.= -QV, 2=V, o=---=V;=2=0mod 2,
In case nis odd, U, = —QU,,_» =U,,_o=---=U; = 1 mod 2 and
Vi=-QV, o=V, o=---=V; =P =0mod 2.

(18d): (la) and (1b) mod2 are the same Fibonacci sequence.
Up=Up1 + Un—2a Uo = 0, Uy=1
Vo=V + Vo, Vo=2=0, V; =P =1mod 2.

0 if3]|mn,

d2.
1 i3 fn

Consequently, U, =V, = {

(18e) is clear from the above results.

In the proof of the next, (19a), (19b) and (19c¢) follows from only (1),
(19d) follows from using prime ideal P 3 p in the ring of algebraic integers
of Q(v), and (19e) follows from (7) and (14). We don’t use (IV 8) and
(IV 15).

(19) Let p be odd.
(19a) If p | P and p | @, then p | Uy for all & > 1.
(19b) If p | P and p [ @, then p | Uy if and only if k is even.
(19c) If p fPand p | @, then p [f Uy for all k > 1.
(19d) If p | D and p f @, then p | Uy if and only if p | k.
(

19e) If p [ @D, then p | Uy () where ¥(p) = p — (%).
Proof.  (19a) is clear from (1).
(19b): We have Uy = —QUj_5 mod p from (1).
In case k is even, U, = (—Q)gUO = 0 mod p.
In case k is odd Uy, = (—Q)%Ul == (—Q)% #% 0 mod p.
(19¢): We have from (1) that

U, = PU,_, = P*'U; = P 2 0 mod p.
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(19d) : We obtain o« = 3 mod P from (a«—f)* = D € P. We have
also a € P from af = Q ¢ P. It follows from the next equation
that Uy, € P if and only if p | k.

k __ nk
(e g _ ak—1+ak—26+. . ‘+Oéﬁk_2+ﬁk_1 = k‘Oék_l mod P.
a_

(19¢): We obtain form (7) that

Ui =

2QU,_, = U,Vi — U1V, 2U,41 = U, Vi + UiV,
Thus p | Uy follows from (14) and
2QU, 1 = UVi—UV, = P((%) — 1),

2011 = UVi+U1V, = P((%) +1) modp.

In the proof of (20), we only use the definition of companion Lucas

sequences and so any hint is unneccessary.

(20) Assume e > 1 and U, = pa for a prime p.
(20a) If p/|s, then p*/ | U,s.
(20b) If (p,ak@Q) = 1, f > 1 and p°® # 2, then p*™/ || Upipr and

Unk .
Tk is odd for p® = 2.

Proof. From the assumption, o™ = ™ + p®ay and

U _ ams _ 6ms _ (ﬁm +pea’)/)8 _ 6ms
" a—p3 gl
— Z (‘j) ﬁm(s—i) (pea)i,yi—l

i=1
= Sﬂm(sfl)pea + s(s;l)ﬁm(s—2) <pea>2,y mod pe+2_

(20a) We shall show by the induction on f. In case f = 0, our
assertion is trivial. In case f = 1, It follows from p|s and the above

equation that
Uns = 507 Vpfa+ 252 5m02) (pfa)?y = 0mod p+'. (%)

We assume p“™9|U,,, for p?|s. We set s = pt if p9™|s. As p**9|U, .,
we have p*t9*t U, = U from the assumption and the above.

15
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(20b) p¢t7|U,,s yields for s = p/k by (20a). Thus we shall show
Ups Z 0 mod p**/*1 by the induction on f.
In case f =1, from p° # 2 we have as s(s — 1)/2 = 0 mod p,

5(5;1)Bm(s—2) (pea)zfy = 0 mod pc*2.
Hence it follows from (#) and s = pk that
@m(s_l)Ums = SQm(s—l)pea _ kam(s—l)pea 3_& 0 mod pe+2.

by the assumption (kQa,p) = 1. We assume U,,, Z 0 mod p*+/+!
for s = p/k. We set s = pt for s = p/'k. As U,,; # 0 mod p+/*!
from the assumption, Uy, Z 0 mod p°/+2 follows from the above.

Unk .
For p¢ = 2, Tk is odd by
"N = l{;Qm(k_l)2a % 0 mod 4.

We set notations as follows.

5 1 if ) =0 mod 2,

!

<’T): 0 if P=0and Q=1 mod 2,
—1 if P=Q =1mod 2.

VYaps(p) =v(p) =p— (%) for p #£ 2 and 2 — (‘g—ﬂ) for p = 2.

waﬁ(pep) - pep_lqvbaﬁ(p)? wa,ﬂ (n) - Hp|n 77Zqu,ﬂ(pep)-
Aa,p(n) = lemy{ta 5(p™)} where n = [, p. From the definition, we

have Ay (1) | Yas(n).
(21) If (n,Q) = 1 then n|U,, ;) and hence n | Uy, ;(n)-

Proof. We set n = len p°. It follows from the definition of
Aag(n) that ¢os(p) | Aaps(n) and Uy, spee) | Us, s by (15).
Thus it suffices to prove p | Uy, sper) = Uper-14, () and more
simply p | Uy, 5(p) for p In by (20a).

In case p # 2, if p /D, we have p | Uy from (19e), and if p |D,

then ¥q5(p) = p and Uy, ) = Up = <%) = 0 mod p by (13).

In case p =2, @ is odd. We set t = 1), 5(2) = 2 — (0(,2_B>
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In case P is even, t = 2 and 2|P = Uy = Uy,_ ,(2)-
In case Pis odd ,t =3 and 2|P* — Q = Us = Uy, ,(2)
The last assertion is clear because we have n | Uy, ;) from
Aas(n) | Yap(n)-
1=(D/p)

(22) If p f2DQ, then Vi) =2Q 2 mod p.
Proof. Assume (%) = 1. Then we have from (5b), (19¢) and (14)

V, 1 =2U, — PU,_, = 2(%) =2 modp.
Assume (%) = —1. Then we have from (5a) and (14).
2V,s1 = PV, + DU, = P*> — D =40 mod p.

(23) contains (IV 23). We don’t use hint (IV 19).

(23) Assume p [2DQ.
(23a) Vi( ) = 2Qw(p ((Q) + 1) mod p.

(23b) DU?M = 20 7 ((—) ~ 1) mod p.
Proof. (233,) We have from (2b) and (22).

) vo) _ Dy vp
2

p—1

Thus using (%) =@ 2 modp,

(i =20 (3) 20 =% (9) 10

(23b): we have from (6b) and the above (23a).

2
DUW) = Viw

We only use (1) in (24) and we don’t use hint (IV 12).

17
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(24) If (P,Q)=1, then (U,,Q) =1and (V,,Q) = 1.
Proof.  We obtain the next form (1). These prove our assertions.
U,=PU, 1=---=P"'U; = P" " mod Q,
Vo=PV,.1=---=P" 'V, = P" mod Q.
We don’t know how to use hint (IV 16) in (25).
(25) If (P,Q) =1, then we have (U,,V,) =1 or 2.
Proof. Let r be an odd prime divisor of (U,, V,,). Using (5),
DU, =2V,41 — PV, and V,, = 2U,, 11 — PU,,

we have r is a divisor of (U,41, V,11) and hence of V3,. We have
also from (2b).

0=V, =V?—2Q" = —2Q" mod r.

Hence, by (24) we have a contradiction 0 = (V,,,Q) = 1 mod r.
If (U, V,) =0 mod 4, then we obtain from (6b) .

0=V?=DU?+4Q" = 4Q" mod 16.
Thus @ is even. This contradicts to (24) because (Q,U,) is even.

We can see easily (26) yields from (27) using integers Vg, Q¢ instead of
integers P, () which define the companion Lucas sequence.

(26) If (P,Q) =1 and (m,n)=d, then (U, U,) = U,.

Proof. Setting m = dm/, n = dn’, we have

adm’ . ﬁdm’ O&d . ﬁd
Un = : = U,y (Vy, QHU,.
TR (Va, @%)Uq
where U, (Vy, Q) means companion Lucas sequence defined by Vj
and Q7. Similarly,

den/ . ﬁdn’ &d . ﬁd 4
Let r be a prime divisor of (Vy, @¢). Then we have a contradiction
from (24) that r is a divisor of (Vy, Q) = 1. Thus (V, Q%) = 1 and

our proof will be complete from the next (27).
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(27) If (P,Q) =1 and (m,n) =1, then (U,,U,) = 1.

Proof. We may assume from U; =1 that m > 1,n > 1.
There exists natural number s,¢ with ms —nt = 1 by (m,n) = 1.

Using (7a), we have
UmsVnt - Unths = 2Qnt

Setting a = (U, U,), we have from (15) U, |U,,s and U, |U,; that
a is a divisor of 2Q™. Let r be a common prime divisor of a and
Q™. Then we have a contradiction r |(U,,, @) = 1 from (24). Thus
a=1or2. Ifa =2, then () is odd. In case P is even, 2 is a common
divisor of m and n from (18c). In case P is odd, 3 is a common
divisor of m and n from (18d). This contradicts to the assumption.
Hence (U,,,U,) = 1.

(28) follows by the same method as (26) and (27).

(28) Assume (P,Q) = 1 and (m,n) = d. . If % and 5 are odd, then
(Vm7 Vn) - V:i

Proof. In cased = 1, it follows from (2a) and (26) that b = (V,,,, V)
is a divisor of (U, Vi, Uy Vi) = (Uam, Uay) = Uy = V4. On the other
hand, it is clear that V; is a divisor of b by (16). Hence (V,,,V,,) =V}
for d = 1.

In general, we can see for natural numbers ¢, d.

Ve = o + 3% = V,(V,, Q%).
Thus we have for m = dm’ and n = dn/.

(va Vn) - (‘/dm’a Vdn’) - %(Vda Qd) - Vvd

(29) If (P,Q) =1 and p(n) exists, then n | Uy is equivalent to p(n) | k.

Proof.  If p(n) | k, then n | Uy follows from (15) Upwmy | Uk.
Conversely if n | Uy, then we have first (n,Q) = 1. In fact, if p is a
prime divisor of (n,Q), then p | n, n | Uy and p | Ug. On the other
hand we have a contradiction p | (Ug, @) =1 from (24) and p | Q.

19
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Now, we set k = p(n)g+1, 0 <r < p(n). It follows from (3a),
(4&) and (15) Up(n) ’ Up(n)q that

Qp(n)qUT = Qp(n)qu - Uk‘/p(n)q - _Uk:-l-p(n)q
= QUk_lUp(n)q — UkUp(n)q+1 = 0 mod n.

Thus n | Q°™U,. Hence n | U, from (n,Q) =1 and so r = 0.

We shall give slight improved proofs of (IV 30) and (IV 31). We use (7b)
and (4b) instead of (IV 4) and (IV 5), respectively.

(30) Ifp /2QD and (g) — 1, then
Unip-1 =Un, Vigp-1 =V, mod p.

Proof.  Using (7b), we have the next from (19¢) U,_; = 0 mod p
and (22) V,—1 = 2 mod p.

2Un+p71 = Up,lvn + Un‘/;)fl = 2Un mod p.
On the other hand, using (4b), we have similarly,
2Voip1 =V, Vy, + DU, U, = 2V, mod p.

(31) Let e be the order of Q mod p. If p f 20D and (%) — _1, then
Un+e(p+1) = Un; Vn—|—e(p+1) =V, mod p.

Proof.  We shall prove V;,11) = 2" mod p by the induction on 7.
Clearly, Vy = 2 and We have V,,; = 2Q) mod p from (22). We
assume this equation holds for » — 1 and r.

It follows from (3b) and Fermat little theorem that

Ve = VeginVort — @ Vi nypa
= 2Q"-2Q — Q"™ - 20" =2Q" mod p.

In particular, V;,41) = 2Q° = 2 mod p.
Using (19¢) Up+1 = 0 mod p and (15) Ue(pr1) = 0 mod Upyq, we
have Ue(p41) = 0 mod p. We obtain the next by (7b).

2Un+epr1) = Uepr1) Vi + UnVepy1) = 2U, mod p.
On the other hand it follows similarly form (4b) that

2Vn+e(p+1) = ‘/e(p—i-l)vn + DUe(p+1)Un = 2V,, mod p.
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Juav—, 206H, 2006.

BHE, F/A T NOMEGEEEAEE CHER CE2% 54 7)) v bORESM 7 H ok
RV HEEGERBA 1Y), 7ua 74 7R, 104-115H

(7l ]

Makoto Fukuda, Kimiyoshi Deguchi, Masanori Suzuki, Yuuichi Utsumi, 3-dimensional patterning
using fine step motion in SR lithography and a brief current status of SR lithography in Japan,
The 50th International Conference on Electron, Ion and Photon Beam Technology and
Nanofabrication (EIPBN 2006), 10B, p. 507, Baltimore Marriott Waterfront, Baltimore, Maryland,
June 2, 2006

FTENE—, ¢ FOBIEOMES L O, HAEM Y SESEM  No.06-28, EFEfO=— X & BlIR
FZLTHERIZOWT ~FHUHIEEM O S 6 ~, WHHS, 20064E 5 FH26H.

WNHZ, WE 73 ARBRO BRI X % 95748105 & BB, B AR RS SRR ) s
=, Al HALKRSY:, 20064FE 3 H11H.

fNAEZ, L7 da~xA 7 b—2a YHEBEBIEY I 2L —3 3 X AEFHMEFGE, HAM RS E
7308 XA R R EE I B A Ry, B/ AKX ESE 77, 20064E12H 1 H.

T.Inamura, Cavitating Flow in Coaxial Injector of Liquid-Fueled Rocket Engine, The Korean Society
of Propulsion Engineers, Bukok (KOREA), 2006-5-18.

H. Sato, High Temperature Creep of Magnesium Alloys, Quest Lectures in Materials Engineering in
University of Tennessee, University of Tennessee at Martin, 20064 1 H26 H

Hiroyuki Sato and T. Miyano, Simple Relations Similar to the Omega in Tertiary Creep of
Magnesium-Aluminum Solution Hardened Alloys at 600-650K, International Conference on
Prosessing & Manufacturing of Advanced Materials, THERMEC2006, JThe Minerals, Metals &
Materials Society, Vancouver, Canada, 20064-7 B 7 H

[2&%E (KA —EE2EGL)]

AAFA A - P51 i - A S A, THIAH BE 0 & 2 Sl IE Sl LS B 1) 2 A E O 7 — & 4kKAF %, HARY & —
N o Y v 7 RS AR A R 4 A R SC4E (2006), 103-104H.

INAZEE - PSR X, JERS-1 GBI L — & % o 7 el e iy 5 350 o0 JiUm) 3R L2 BE - 2 P28, HA) £ —
Nt v v v TR EEAO N AEAN R 2% E R SCHE (2006),  209-210H.

INAR G, B, RPN I8 T 5 JERSLT BRIV —F D7 a2 X7 bvikz I L7z
RO R EEA,  FHE B H A A 2 A SRR S 233 I e 4R 4% (2006) , E KM 5 233-11.

LA, fLNE— FORMEEAFEICIED CEARME S 2 oFH, FHIE Byl #2742 w4 S 3R 45233 [ i 78 4
22(2006), EHF5233-12.

MEB - EHE - BARRK - Ffil—52, Dyl23 23NV 7 OBSMIAREIC KIET Ag IO EE, 4574102006
SRR L5 - BEERS, KIOKEE, 2006455 H17H.

WEARRK - A B - 5 HE - Ffil—2, Dyl23 75V 7 ORI & IE3 Dy2l] & & [ILE 0, 5
74 20064F BEH N T4 - MEE%, KBRS, 2006455 H17H.

EIUPE— - i —o7% - AERER] - AEREEE - % — - A LW - FBE— - SFBI5 4, Dy-Ba-Cu-O 2NV 7 i
HIEROBEMIIFNEIC LUITTRE T = — VO 2E, 574020064 B AR L5 @B EE S, KoK
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A. Murakami, H. Miyata, R. Hashimoto and K. Katagiri, Effects of Dy211 content on bending
mechanical properties of Dyl23 bulks at room temperature, Applied Superconductivity
Conference 2006, Seattle, USA, September 1, 2006.

A. Murakami, H. Miyata, R. Hashimoto and K. Katagiri, Effect of Ag content on mechanical
properties of Dy123 bulks, 19th International Symposium on Superconductivity, Nagoya, Japan,
October 31, 2006.

R. Hashimoto, A. Murakami, H. Mivata and K. Katagiri, Effect of Dy211 content on fracture toughness
of Dy123 bulks, 19th International Symposium on Superconductivity, Nagoya, Japan, October 31,
2006.
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FHZKE - P ESKE - fE)IE— - BEEAIK - Dragomir N. Nenchev, 755 O $ % VA7 L8]
D E T AL & HIEF ORI oW, BEEFERIE T, 20064EH 5 H25H~27H

FREEFIR - A KB - NEH —, A3 2 oA S8R o SHEREE) 2 B9 2 M),  &Hll B Bl e
BAL S ER 220 I e 46 4%, BRI 5 229-2, A LEESHMER, 200646 H 9 H.

B - BAIRGE - RO 24 - ZHE - BOEFJEE] - B - SRHEAT, TRIRRLREA S 2 v 7225 B
ANENIRAOEY £ > —, SE143IMIBARTEE A 2Bl %, BARTRSE, 2006. 2. 10.

B - AR - RO 24 - ZHE - BOEFHEE] - B - SRHEAT, TRIRRCRA S 2 v 7225 Bt
NENIRIAE) & Y —, HHRRMIMERES, X255 779 EHFK, 2006. 3. 25.

PN - A HSER] - SeH R - B OEE] - SRHBEAT, UV VLK B2 Ty 27 ) — PZT IEBHEBEOE
W&y —= 7, KRB HE113MEFEE A, FERSY:, 20064 3 H16H.

ZEHE - SRR - P IEE] - R - YT, EREME Lo 7ova YRS oI R ORHG, fE2300
YA suw Y LRV AT LAY YRV T A, U R—= MER, 200645107 5 H.

EVEET - BT - W E - BFEE] - RHETT, 74 VT T AT A4 V7B AN AR &R
WK, RIMBAH 1140 K2, i@ R, 20064-10H 13H.

HORs - & - BEFER], “FAEET 7 F 22— %D 7200 TiNiICu ERiLREEED Ty F 2 77,
P14 K%, B Ry, 20064£10 H13H.

SRR - 2 - BIPdiE] - WEE R, ‘e 7ova YRS ToNHGIoRE E AFM 12X 5T,
LB 1140EE K2, LB KT, 20064£10H13H.

HTAHY - SEHBEAT - IS EEA - JENGSE - ZEHE - W EF], A v Fy THIRY—Y 2 ) - AT LD
DX A 7u=— VT LA O, KEBMHRE1140EE RS, JLiEE RS, 20064510 13H.

MBS - S HES - 3EAKRFE— - Dragomir N. Nenchev, #IEEIN IR & 305 B2 724784
B, 7 MEHIEBRESEE Y AT A4 YT 7 L= 3 YEMEEE S, AR, 20064E12 8 14H.

BICIBEE - MR A - AH3EZ - ZEK5 — - Dragomir N. Nenchev, $rE S 2 @l 3 % 720 O %474
BAWTFE, aRT4 7 A - 20 bu= 7 ZGEES2006, BEERHEIX, 20064 5 H28H.

L F B RRE - BIOEE - FERB—-D.N. Ay F 7 - fBHEE "AFrr7uRy hoRE B
RT 47 A~ XS bu= 7 AiE#E42006, FRLAHTREX, 20064 5 H27H.

FERF—-FHRY, BRNT T4 v 27405 T72—2D%, [No.064]aXF 4 7 A-AH va=2 Ai#
06 s am S, 1P1-D01, 2006.

F NS - ZERFE — - W= - D2 - pEEEE - B - BARHE - EEOL, SRR T omAskE L
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#, 1P1-B13, 2006.

FERFE—, AW, EWENE RTRICBTA Y7 I 7 va Ry b oWHBEERE, [No. 06-4] 17K
TATZ R - AT A=y AGEES 06 AL, 2P2-A27, 2006.

FEARF — - WEEE - Pierre Blazevic, Vincent Hugel, Patrick Bonnin, 727 74 77 4 ¥ K72 flw/z L
AF¥a—uaRy MHEESA VY 72—, BT7HEEHWHBHIESR S AT AL Y77 L= 3 VY
A 2 SI12006, 1G1-6, 2006.

WS - fIFE - WG - A58 Z, Open Wedge B EE 5] ) i 212 BT 5 2 KRR i
B E oA g, HARBMSAE BISRINA F 0 V=7 ) v S, Il hiEar Ry ay
% —, 200641 H13-14H.

AR - g - EIIADE, PR RO L 7 fux A ZL—2 g VG L S WERICRE
FTHRAZIRO B, HARBEW S Wbyl e B3R EM R EHRHS, Wb &/ Wb EIAKRY,
20064F3 H 4 H.

P E-EIIAE, 2REEOBRENRICKITTIILY bavf 7L —2 a3 Y OFE OARERKES 3
FH Sy 30 RN IER E S, WhE /Wb XA KF20064E3 H 4 H.
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JSE SBAVIRR A2, s/ bR, 20064F 3 H14H.

RSN ) FZ - MNE Y1 - RS, ) > 7 SPRIEEHEH B 2 b v & 2 7l g o $2 i+ il 2 >
AT A, HAREMA S BB B4R a#RE s, G/ bRy, 20064F 3 H14H.

IS v - E)IRIZ, 205 ARS8 5 BEH IR TTIEIR DS L & W B I T T8, H AR & K
ASHR AR R 2 LS /AR RS, 20064E 3 H14H.

FEAZ - I - R LFR, 2B XNV 77— AIRRICBIFA L7 bux A 7L —2 9 Vi
B L & WEREE, ISHYBH AR - ZmYHEsF 120 LSTEHRIZ BT 5 JE-f#% - 6 R
e TPRE, BZW/AL - 5 - 577 EEE, 20064 7 H13-14H.

H. Yajima and K. Sasagawa, Dynamic Measurement of Pressure Distribution of Bi-ski Seat Interface,
5th World Congress of Biomechanics, Munich, Germany, 2006-7/29-8/4.

J. Narita, K. Sasagawa, H. Miyata and S. Toh, Development of Measurement System of Contact
Pressure Distribution in Human Small Joint, 5th World Congress of Biomechanics, Munich,
Germany, 2006-7/29-8/4.
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FE)FZ - K ESAE - MINE T - SRR, ) 7 SIRREG B EE R by 2 Z O TR - A by ¥
Y TEMTETE Y AT A, HARBEW 200645 K42, REAR REAR K, 20064F 9 H18-22H.
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J HIRES: - S8 ADE - KIS - AteARZ, S50 0 w212 3507 % JHea KRR BA £ o F i o) 407 11
G, H33M HARERIRANA A A H =7 2548, Fids/RKEA v, 20064F11H 3-4 H.

KR ASE < HE)IRE - fNE )Y T - T ERUR, ) ¥ 2 RHEEFE I EE A b v 2 7 & TR o8 E ) 546
WE > AT L, EI3MHARERNA A XD =7 Z545, Wi/ REA Y&, 20064611H 3-4 H.

K. Sasagawa, N. Yamaji and S. Fukushi, Threshold Current Density of Electromigration Damage in
Angled Polycrystalline Line, 2006 Asian Pacific Conference for Fracture and Strength, Sanya,
Hainan Island, China, 2006-11/22-25.

B A - )RS - G Z - A1G482, OWHTO 12 & 2 B3 KRB i By B~ 5228, 2540Mm H A
AEARERE TR aU SRR &, G/ b RS:, 20064611 H25H.

FE)FZ - K EAE - MINE TS - TR, R T A2 w2 o ERFRHEEA My 30 70
BERETWE S AT &, 5400 B ARERE TR HA6iBR L, AlG/HALRS:, 2006411 H25H
RRATBE R - JE o W . - SR B A - M e,  MIBEI A~ O IR DM Z2IC & - THER T L2 EEOFE, HARGE

By, e, 20064E5 H31H.
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KREIEM - ADNEEE - fiA R, 7 ZIVNBARO ELILASEHC K 35 5
20064F 9 H30H.

Ai HAESE - FATEE - BRI R - JE 7 IFE - BiH A - fRASRE R, RS R0 ) v ANREIA L E T 5
Whge, HAMBARBARAL 2, BE, 2006412 21H.

RATBE T - KERIESK - BRI - AR, WEMECOE W] - O i 22 b LIS B 1T A MR O B ¥,  H AWK
kb arsy, MR, 20064F12H22H.

N REORC- R BER, 2 ANVHAF YT — 3 3 YOERORENC KITTHE (5B 2M ARG
OFEANSEE), HAWMARBR A LA, Bt 20064512 22H.

REATRETS, B Zefhifl & mohifbaha, HABEM =24 RC215 A%t flax, U, 200643 H 6 H.

REATBE DS, WRZEfisr, PRUSH S emiged, 241, 20064F 3 H29H.

RaATREDS, iR oMRE & AT T, BHAT 7 /2 ¥ —, BOL, 20064F 8 H24H.

T.Inamura, New Spray Modeling, ICLASS, Kyoto, 2006-8-30.

REtS B, WAk b€ ¥ 7, HAREARER ALY & BRI AV F =52, B, 20064E 9 H13H

H. Toyota, M. Yaegashi, T. Ono, M. Shimada, Y. Jin, Development of Accelerometer Using
Multilayered Optical Bandpass Filter, American Vacuum Society 53th Symposium, San
Francisco, 2006.11.13.

7 DB ER, MEMS I o 8EH S E 88 — U~ OBEE L, E5IRIARIRS: & /T EE &
Dy — AF%ES, BARIKAE, 2006, 1. 27.

T. Ono, H. Toyota, Y. Fukuda, M. Shimada, Y. Jin, Tatalum Oxy-nitride Film Deposition by Electron
Cuclotron Resonance Plasma Sputtering for MIM Capacitor, American Vacuum Society 53th
Symposium, San Francisco, 2006. 11. 13.

N ER, 7T A~ 2 R L7z S an S RE TE B, 25 5 MIBART KR & VT R L O ¥ — AR, BAHITK7,
2006. 1. 27.

AT - N RES, MIM ¥ v /83 ¥ — OBSMGHN- T - AR5, FISEREFILYEGH#ES, R L
HRE, 2006. 3. 22.

I - NIPRER - AF N, MIM F v 28y & — O BESIEHE- T - I ERSY, FISEESILYHE AT
ey, B RS, 2006. 3. 22.

/NERPRER - B - RS E - fREHEE R - WSHES - Ar A, ECR-Ta205B o MIMAHE, 5523001555 B AL
FH4xER, OB, 2006. 5. 24.

fRHSER - s - BHE - ADNEREL - REEMRE - LB, ECR 79 X<kl Xk % Ge BE LD
B & AR, SE23mEF RIS S, 5, 2006. 5. 24.

INIFARER - B - mH=ER, ¥ F 7 257354 AH ECR-Ta205 O E LS, GARIKFEFEEET =
7 inBART, BAET, 2006. 9. 19.

7 /ANERES, MEMS IR EE Y o 8 EH S BN Y — U ~NOBERNE, AR KPS 7 = 7
inBART, BAHI, 2006. 9. 19.

=L - g E] - S - DB RER - REER - R, GeO2/Ge WHFFEICZIZTT ECREH T
T A WB ORI, FISEKFIL A, ARy, 2006. 8. 29.

AT - EAET - NI ERER - TEEE - AIAHEIE, Ge-MIS ¥ v /83 % —d C-VIFEICE O N2 2E 7
JAPEE BRI R 2 —F 52, SFISERF I M S, v RE:,  2006. 8. 29.

FHEF - OLZEH - mEHER - BEZE - DERAR - =352 - pINER - R, ECR&ER 77 A~
4 Ge02/Ge E~® ECR-Ta205 O & FitE, “FISERFINW At s, avfi R, 2006. 8. 29.

TEENR S - MR R - RRAT RIS, N2 7 U T odBARYEIC X B AW B A Bl EAT, H AR AR
FHEEE36INI S E B AR R Ak, Wb &, 20064E 3 H 4 H.

H. Sato, H. Oikawa, Transition of Creep Behavior in BCC, FCC and HCP Solid Solution Alloys of
Binary Systems, The Minerals, Metals and Materials Society, 2006 Annual meeting, San Antonio,
TX, USA, 200643 H16H.

H. Sato, Quantitative Evaluation of Acceleration Creep in Magnesium-Aluminum Alloys at 0.65 7\,
16th European Conference of Fracture (ECF16), European Structural Integrity Society,
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Alexandroupolis, Greece, 200647 A 4 H.
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farges, AuifEdE K, 20064 8 H.

g Z, 06Tm 2B 5 I0REVEROGEI 7 ) — 7REOBRALER SN, HASESSS - K
&, PEKY, 200649 H.

HEmER], A2, Mg— Al BERORANT ) — 7T 3HE & O3 A EOZA L, HAREE S48 A AL SZ
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g —722, LR, FHERZ, St MEEERITICBIT 5 B BRYEER O Z L0 EiH%%, P18
EREEHANKI 2, HaL, 20064E 5 H18H.

TekaE, Tt FEEIREZ, 7+ — % — I A MEKEREICE 25/ AVEEDB X OEO 2, 184
BEHARNKK A4, Wt 200645 H18H.

EEE—%, Lithid, Bf7%z, FHEREZ, S BERELAETICBT 2 TR EROR Z I, 56
AARRBEY YRV 7 A, IR E, 20064E12H 8 H.

Bfide 2 - Lt - GHREE - LS Bkl - rWNIEHE, L—%T7 7L —3 3 »Ii2X % PMMA LIZERK S
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WP, AR, THthml, Sz, GHEIHE, B44RUREES Y RT A )R, 20064E12H 8 H.

B g2 - AL S BERE - ArNIERE, PMMA IR S NI EDO L =T 7L —2 a YIZX BHK, F
W TR ERE Y > R U A, HEEE, 20064F 3 H17H.

Hiroyuki Torikai, Akio Kitajima, Masao Takeuchi, Blowout of a Diffusion Flame over a PMMA Plate
with Laser Ablation, 31* International Symposium on Combustion, Work-in-Progress, Heidelberg,
8 August 2006.
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WA e, [ A —VC - Ty by Y oL EmBIN], HEAT A Y —V V& LRI RSP T2
TR, BART RS0 ERL EREEA DL D A=V, 20065E10H24H.
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ERF—, BT AT L, HA, FE2006-317877, 20064F12H.
Mk —, BHUEIHE, 77—V KREDOTHKITE, FEE2006-74331, (2006).

[2E]
Y.Furuya, Top 500 Scientists to 2006 World" s Most Influenced Scientist Award, Inter. Academy of
Biographics, (2006. 6)
HONER - SKRE - HERL, HARSEYS - JL 65 e RS - 3hE, Sk SAW 7
INA A X 2 ORfFERFE" (20064E11H )
FEARF — WAIEE, Pierre Blazevic, Vincent Hugel, Patrick Bonnin, SI2006# 7 il &, 727 74 77 4
YR EHWELVAFa—uRy MHRES V¥ 72— A, 2006.
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Hiroyuki SAITO : MARQUIS Who's Who in the World 2007 CKEl#-1:4%) 12 2 L TOWFEEEARD
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A (5 BBz D FREEA)
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REASRE TS, 2% Ml SR e 2 L B 3~ 2 W98, fkifk, 15, 2-13, 2006.
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