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Computation of the coefficients in perturbation expansions

Nobuo KATAOKA and Hiroshi NAKAZATO

(Received April 18, 2008)

Abstract In this note we express the coefficients of the perturbation expansion by the
matrix entries of the perturbation matrix and the perturbed matrix. We also present
computer programs to perform the computation of the coefficients.

1. Introduction

Perturbation theory of linear operators provides an efficient method to analyze eigen-
values and eigenvectors of linear operators and matrices. The book [5] is a standard
textbook of perturbation theory. The first author of this note is studying this subject
based on this book. The second author applied well known formulas in perturbation
theory to some mathematical problems in [2,3]. Some standard textbooks in quantum
mechanics treat the perturbation formula (cf. [7]). Many active physicists use perturba-
tion methods (cf. [1]). The theme of this note is rather elementary. It is to write down
some famous formulas by using matrix entries. The authors think that it is worthwhile
to present some elementary formulas on perturbation theory in such forms because of
its possibility of applications to numerical analysis of eigenvalues of large size matrices.
This note is based on the master thesis [4] of the first author and the papers [2,3].

2. Perturbation of Hermitian matrices

Suppose that H is an n xn Hermitian matrix and 7" is another n x n Hermitian matrix.
We consider a 1-parameter family of Hermitian matrices {H + T : k € R}. It is known
that there are n analytic functions \;(k) satisfying

det(\I, — (H + kT)) = ﬁ(/\ —Xi(kK))
j=1

for every x € R. In the case \; = \;(0) is a non-repeated eigenvalue of H, the implicit
function theorem implies that the analytic function \;(k) near x = 0 is determined by
the condition

det(Xi(k) — (H 4+ <T)) = 0.
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By its analytic dependence on &, the function A;(k) is represented by a Taylor series
0.]
Ai(k) =X\ + Z)\(J)FL],
j=1

for a sufficiently small |k|. In a celebrated textbook of Kato, the formula to compute
the coefficients A9) is provided by using the traces of some matrices. The aim of this
note is to write down such formulas by using matrix entries of H and 7. We treat
only the coefficients AV, A& A() and \®). We assume that the eigenvalue problem
for H is already solved and we know the complete information on the eivenvalues and
eigenvectors of H. Corresponding to this assumption, later on we assume that H is a
real diagonal matrix.

For column vectors

f = (f17f27"' 7fn)t € Cnvg: (g17g27"' 7gn)t eC"

its inner product is defined by

(f,9) = f1ig1 + f292 + - + faTn- (1)

For an n x n complex matrix A = (aij){1<; j<n}, its trace tr(A) is defined by

tr(A) = a1 + a2 + - + anpn. (2)

An n x n complex matrix T = (¢;;) is said to be Hermitian if its entries satisfy
tij = tji, (1 < i,j < n), where tj; is the complex conjugate of ¢t;. We consider a real
diagonal matrix

A
A2

An

where we assume that every off-diagonal entry of H vanishes. We take a standard
orthonormal basis

1 0

0 0
51: . 7"'7571:

0 1

of the n-dimensional vector space C™. Then the following equation holds

HE = N&i, 1<1<n. (3)
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Suppose that T' is an arbitrary n x n Hermitian matrix expressed as

t11 tin

to1 ton
T = )

tnl tnn

Each entry t;; satisfies the equation

Suppose that \;(k) is the eigenvalue of the Hermitian matrix H + 7" which converges
to A\; as k — 0, where we assume that the multiplicity of the eigenvalue \; of H is 1, that
is, A\; is a non-degenerate (or non-repeated) eigenvalue of H. By the implicit function

theorem, the eigenvalue \;(k) is expressed as
Ai(g) = N 4+ AW £ K20 1 BAG) L@ L oK), (4)

The formula to obtain the coefficients AN, X2 XB3) X4 was given in [5]. The aim of
this paper is a more explicit presentation of these coefficients.

In [5], each coefficient A(™ is expressed as the trace of some (non commutative) poly-
nomial in S, P; and T', where these operators on C" are defined in the following.

We define a 1-dimensional orthogonal projection P; on C" for 1 < j < n as the

following
P& = (£, &) &- (5)
In the sequel we choose i € {1,2,...,n} and fix it. We define an operator S on C" as
the following
1
S = P;. 6
> b (6)
1<j<n
J#

Since we frequently use the operator P; for the fixed ¢, we denote it by P.
We shall express the coefficients A(™ for n = 1,2, 3,4 explicitly.

Firstly we compute the coefficient A(1).

A =tr (TP) = tr (PTP) = Y (PTP¢;,¢;) (7)
7=1

n

= (&, &) (T, &) &, €5) = D (€5,6) (T&, &) (€6, &) -
j=1

=1
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Hence we obtain a well known formula

AN = (¢ &) . (8)

Secondly we compute the coefficient A(?). We have

A2 —tr (PTSTP)
= —(TST¢;, &) = — (STE, TE) - (9)

It follows that

(STE, Te) = Y (T&, &) (&, T&)

1<j<n Aj = Ai
j#
_ Z (T&,&5) (T&, &)
- Aj— A
1<j<n
e
Z |<T§i7€j>’2.
1<j<n Aj = Ai
X
Hence we obtain a well known formula
T&, &)
A2 = u
> o (10)
1<j<n
IEx

The above formulas (8) and (10) are popular and written in many standard textbooks.

We shall compute the coefficient A3).

A®) =tr (PTSTSTP) — tr (PTS*TPTP) (11)
=(TSTSTE;, &) — (TS*TPTE;, &)
=(TSTE;, STE;) — (TPTE;, S*TE;) .

We refer to [5], page 30 for this formula (11). We shall write down the coefficient (11)
by using the matrix entries A;’s and t;;’s. We shall use the following expressions

—(TPT¢;, S*T¢;). (13)

The coefficient A®) is the sum of (12) and (13).
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The expression (12) is computed as

TE,
wsre.stey = Y T8 merg ¢
1<j<n Y v
j#i

Z Z (Aj =) (A — \i)

(T, ) TE.6) (T6. &) (T&. &)
2 oot Z Z e

(T&, &) (T&, &) (T, &5)
(Aj = A) Ak — Ai)

Skj = Sik,
Skj + Sjk = Sjk —i—@ = QRe(Sjk).

Here we use the symbol

hold:

= Sjk. Then the following equations

Therefore we have

| Z n |<T5@-(, i>|_2 ggj,sﬁ s Z ) Re<<T(5;;§i-> A<T)£(Akék_> g)fk,w (14
J#i Chk#i
Next the expression (13) is computed as
—(TPT&, S°T¢;) = — ; @T@ (TPT¢;, &)
i%
J#i kA
> fad A5>_| g&@ )
J#i

By the above results (14) and (15), the coefficient A(®) is expressed as the following.

Proposition 2.1 The coefficient A®) of the series (4) is given by the formula:

\3) 3 (T, &) — <T£ia£i>§ ’<T£ia£j>|2+2 3 Re ((T'€, &) (T, &) <T€k,§i>)'

(A = Aj) (N — k)

1<j<n (Ai = A7) 1<j<k<n
J# gk #i

(16)
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By using the formula in [5] p. 91, we express the coefficient A) as

A = —tx (PTSTSTSTP) + tr (PTS*TSTPTP) (17)
+tr (PTSTS*TPTP) + tr (PTS*TPTSTP) — tr (PTS*TPTPTP)
= — (TSTSTSTE, &) + (TS*TSTPTE, &) + (TSTS*TPTE;, &)
+ (TS*TPTSTé, &) — (TS*TPTPTE;, &)
= — (STSTE;, TSTE) + (TSTPTE;, S°TE) + (S*TPTE;, TSTE;)
+ (PTSTE;, TS*T¢) — (PTPTE, TSTE)

We shall write down these coefficients by using the matrix entries A;’s and ;;’s.

Similarly to the case A, the coefficient A4 is expressed as the sum of following five
terms from (18) to (22).

— (STST¢;, TSTE;), (18)
(TSTPT¢;, S°T¢;), (19)
(S*TPTE;, TSTE;), (20)
(PTSTE;, TS°TE;), (21)
— (PTPT&, TS°T¢;) . (22)

We compute the first term (18) as the following (cf. [2], [3])

TSTE;, &;
—(STSTE;, TSTE;) = — § <)\'+)\'§]><§j;TST§i>
1<j<n J !
Jj#i

_ (ST&, T&)) (T, &k) [y
> 2 (Aj = A0) (A = Ai) T k)

_ (T&,6) (T&, &) (T&), &) |
- 192571 1§;§n 1<1<n (/\j - )‘i)</\k _/\i)()\l _)\i) <§Z7T£J>
j#i k#i 1474
_ Z (T&, &) (Ték, &) (TE;, &) (TE&LES)
1<j<n 1<k<n 1<1<n ()\j_)‘i>()‘k_>‘i)(>\l_)\i) )
j#i k#i 144
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We compute the second term (19) as the following.

(TSTPTE, S*T&)y = > T8 ipsrpre, &)

1<j<n )‘j - )\a
i%i
(T, &) (Ery &5)
= (STPTE;, T¢;)
1<j<n 13%71 (A = Ai) (A — Ng) J
J# k#i

(T, &) (TPTE, &) (&, TE))
(A =27 (= \)

,_.
<A

I
AN
(]

IA
3
-
~IA
= A
3

Yo~

(T€i,&5) (T, &) (i, TE) (T, &)
(A= 2% (A = N)

,_.
<A

I
AN
(]

\H\Q
IN
3
—

~IA

<IN
3

(T€;,&) (T&, &) (T&, &) (T€, &)
(A =27 (N = \i)

,_.
<A

I
AN
(]

\H\K)
IN
3
-

~IA

EHVAN
3

We continue similar processes. We compute the third term (20) as the following:

(STPTE;, &5) (&5, TSTE:)
N — A

(S’TPT&, TSTE) =

(]

-

<A

<A
3

(TPTE, &) (&, &) (TE;, STE;)
(Aj = Ai) (A — )

—
< A

AN
(]

IN
3
—
=~IN
= A
3

(PTE;,TE;) (T, &) (T€5,61)
YRR OYEDY!

-
<A

AN
(]

IN
3

-

~IA

=N
3

(T€i, &) (&, TE;) (T, &) (T5, &)
(A= X)* (N = Xi)

-
<A

AN
(]

IA
3

-

~IA

=N
3

(T&i, &) (T, §5) (T&, &) (T, &)
(A= X)* (N = i) '

M
(]

-
<A
IN
3
-
~IA
<IN
3
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We compute the fourth term (21) as the following.

(PTSTE;, TS?TE) =(TSTE, &) (&, TS*TE;)
= (ST&,T&) (T&, S°T&)

(T&, &) (&, TE) (T&, S*TE;)
2 N

(T&,&5) (T, &) (STE, &) (T, &)
(A = A) (A — i)

Il
AN
(]

IN
3
-
ESIVAY
<IN
3

Z (T€:, &) (T, &) (T, &) (&1, k) (T, k)
(A= A) (A — ) (A — \g)

1

IN

n

I
N
(]

IA
3
-
>IN
= A
3
~IA

5
(A = Aa) (A = A)?

I
AN
(]

IN
3
-
>IN
<A
3

(T, &)° (T8 k)"
(A = A O = A)°

Il
AN
(]

IN
3
—
=N
<A
3

=

We compute the fifth term (22) as the following.

— (PTPTg;, TSTE) = — (TPT&;, &) (6, TS TE)
=— (PT&,T&) (T&, S°TE;)
= — (T¢,&) (&, T&) (T&, S°T¢:)

_ Z (T, &) (T, ) (ST, &5) (T, &5)
N —

(T, &) (STE, &) (i &) (T, &5)
B 2 2 (Aj =) (A — i)

j <n 1<k<n

J
#1i k#i

_ (T&, &)1 (T, &) (&, &) (T, &)
B 2 2 (A= 2% (N = \)

1<j<n 1<Ii<n
i 1#

_ Z (T&, &)1 (T, &)
= . )
1<j<n (Aj =)

i

We classify the above terms by their different types of summations. We obtained the
following proposition.

Proposition 2.2 The coefficient A4 of the series (4) is expressed as
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AG = AW AW AW A, (23)
)

where A\~ (j =1,2,3,4) are given by

(T6, &) (T, &) — (T8, &) = 1(T€, &)

4 _
T 1ggz:gn (A =)’ ’ 2
J#
(e, &) (176 &) = 1(T6, €01°)
4 _
EE i = A =) | )
ikt
S 1<g-<zk<n [<()‘i = A)7 (A = ) ' (Ai = A7) (i —Ak)2>
k£
xRe ((T'€;, &) (T, &) (T, )], (26)
O T 3 Re ((T€;, &) (T, §k) (T, &i) <T€lafj>). (27)

(A = A7) (N = M) (Ni — A)

1 n

< A
o A

n 1<k<l
PR

SUA

J
#

3. Programs using computer software

We shall provide programs to compute the coefficients AL A@) NG A@) for arbitrary
real symmetric matrices T'. We provide two programs. The first one is a program using
"MATHEMATICA”. The second one is using "MATLAB”. Each one is applicable to
an arbitrary pair of an n x n real diagonal matrix H and an n X n real symmetric matrix

T within the capacity of the computer which we use. For instance, we assume that

3 5 6 8
T 5 2 7 4
6 7 1 3
8 4 3 0
0 000
I 0 0 00
0 000
0 001

We used the formulas (8), (10), (16) and (23). We refer to [8] for the detail of the
programming using ” MATHEMATICA”. In the following we use the symbols: A1 = A\(}),
A2 = M) 231 is the first term of (16), A32 is the second term of (16), A3 = \(3),
M1 =AY a2 =2 M3 =20 A4 =AY and M =A@,

T ={{3,5,6,8},{5,2,7,4},{6,7,1,3},{8,4,3,0} };
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H = {{0,0,0,0},{0,0,0,0},{0,0,0,0},{0,0,0,1}};
A = Diagonal[H];
n = Length[H];

1=4;
(For this example we can apply our formula only to i = 4. However if H has no repeated
eigenvalue, we can apply our formula to ¢ less than the number n of the row of the matrix
T).

AL = Tl )

A2 =0;

Forlj = 1,7 < (n+1),j++,If[j # i, A2 = A2+(((T[l5,4]])"2)/(A [[il] = A [[7]])), A2 =
A2]]

A31 = 0;

Forlj = 1,7 < (n+1), 4+, If1j # i, \31 = A31+ (T (U, 411~ Tl =TI 1) ) /(
A — A [G])°2)), 231 = A31])

A32 = 0;

For[j=1,j<(n+1),j++,Forlk =1k < (n+1),k++,If[j < k&&j # i&&k #
i, A32 = A32+ (T[[7, i]] = T([k, 1]+ T[[a, K1) /(CA [[d]] = A [[5]]) = (A [[d]] = A [[K]])), A32 =
A32]]]

A3 = A3L + 2 % A32;

M1 = 0;

Forlj = 1,7 < (n+ 1), + +.1f[j # i, M1 = M1+ ((T{[j,i]] *2) = (T 7]] -
Tl 1)) — TI " 2)/(A (] - A [])"3, M1 = Md]]

A2 = 0;

For[j=1,7<(n+1),j++,Forlk =1,k < (n+1),k++,[f[j # k&&j # i&&k #
A 42 = A 42+ (T[] 2) = (T[G K2 - I K] 2) /(A (3] — A [G])°2) # (
A [[2]] = A [[K]])), A2 = A42]]]

A 43 = 0:

Forlj=1,j<(n+1),j++,For[k =1k < (n+1),k++,[f[j < k&&j # i&&k #
i, M3 = M3+ (=T[4, i) + T[[k, K]/ (CA [[] = A [l ]]) (CA ] = A [[k]) " 2))) +
(=71, o] + {5, 51D /(A 2] = A [[]]) 7 2) * (A [[d]] = A [[KID)))) * (T'[[Z, 5] * T'[[k, i]] =
T, K]}, M3 = A3]]

M4 = 0;

Forlj=1,7<(n+1),j++,For[k=1,k<(n+1),k++,Forll=1,l < (n+1),l+
+, Iflk <1&&l # j&&k # j&&j # i&&k # i&&l # i, 4 = N4 + (T[i, k]| = T[[k, j]] *
T, ] =T 0D/ (CA [l = A [51]) = (A [[2]] = A [[K]]) = (A [[2]] = A [[7]])), Ad4 = Ad4]]]]

AM =M1+ M2+2x M3 +2x)\4
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By using this program, we compute A(™ and get the following result.
2D =0, A& =89, A\® =1009, \* = 6925.
It follows from (4) that

M(k) = 1+ 89x2 + 10093 + 6925k + O(KP).

We provide a program using MATLAB. We refer to [6] for the detail of the programs
using MATLAB. We use the following symbols: ¢l = A, ¢2 = A, ¢31 = the first
term of (16), ¢32 = the second term of (16), ¢3 = A®), ¢41 = /\§4), c42 = )\é4), c43 = /\é4)7
c44 = \Y and ¢4 = \@),

T=[3568

5274

6713

8430];

H=[0000

0000

0000

000 1];

a = diag(H)";

n = length(H);

1 =4;

cl =T(i,1)

c2 = 0;

for j=1:n;

if j7=1

2 = 2+ ((T(j,) " 2)/(ali) - a(j)):
else

c2 = c2;

end

end

c31 = 0;

forj=1:n;

if j7=1

31 =31+ ((T(5,5) — T(2,4)) = ((T(4,2)) " 2))/(al(i) — a(j)) " 2;
else

c31 = c31;
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end

end

32 = 0;
forj=1:n
fork=1:n

ifj<k&j=i1&k =1

€32 = 32 + (T(j.1) + T(k, )  T(i, )/ (ald) — a(5)) * (a(i) — a(k)));
else

c32 = ¢c32;

end

end

end

c4l = 0;

forj=1:n

if j7=1

cdl = Al + ((T'(5,4)"2) = ((T'(,J) = T(4,2))"2) = T(5,4)"2))/(ali) — a(j)) " 3;
else

c4l = c41;
end

end

c42 = 0;
forj=1:n
fork=1:n

if i =k&jiT=1& k=1

A2 = cd2+ ((T(j,i)"2) (TG, k)"2) — T, k) 2))/(((a(i) — a())"2) % (a(i) — a(k))):
else

cd2 = c42;

end

end

end

c43 = 0;

forj=1:n

fork=1:n

ifj<k&j =i& k=i

43 = 43 + ((T'(G,5) — T(,2))/(((a(i) — a(5)) ~ 2) = (a(i) — a(k)))) + (T(k, k) —

T(i,))/((a@) — a(4)) * ((ai) — a(k))"2)))) * T, j) * T(k, ) + T(4, k);

else
c43 = c43;
end

end
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end

c44 = 0;
forg=1:n
fork=1:n
forl=1:n

ifk<l& i =i&j =& =l&kT=i&l™ =1

A = A4+ (T(L,3) ¥ Tk, )+ T, k) < T (i, 1)/ ((a(i) — a(5)) * (a(i) — a(k)) (a(i) — (1))
else

c44 = c44;

end

end

end

end
cd=c4l +c42+2xc43 + 2 *x c44
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