Pxy

(ACM.1)
(ACM.2)
(ACM.3)
(ACM.4)

Pxx

Pxy A Pyx — x=y

Pxy A Pyz — Pxz

—Pxy — 3z (Pzx A Dzy)

Formal Ontology

TARSKI [1935/56]

classical mereology

X y

reflexivity
anti-symmetric
transitivity

strong supplementation



(ACM.5) Ix ¢ = IxVy (Oxy <> 3z (¢ A Oyz))

(ACM.S)
(ACM.3)
(ACM.4)
* (ACM.5)

(DCM.1)  PPxy :=Pxy A —Pyx

(DCM.2)  Oxy := 3z (Pzx A Pzy)

(DCM.3)  Dxy := -Oxy

(DCM.4) ox ¢ :=wixVy (0Oxy <> 3z (¢ A Oyz))
(DCM.5) x+y:=oz (Pzx v Pzy)

(DCM.6) xxy:=o0z (Pzx A Pzy)

(DCM.7)  ~x:=ocz Dzx

(DCM.8) x-y:=0z (Pzx A Dzy)

(DCM.9) mx ¢ :=0oxVy (¢ — Pxy)

(DCM.10) U :=oxx=x

(DCM.5”) x+y :=1zVw (Owz <> Owx v Owy)
(DCM.6) xxy :=1zVw (Pwz <> Pwx A Pwy)
(DCM.7%) ~X :=1zVw (Pwz <> Dwx)

(DCM.8) x—y = 1zVw (Pwz <> Pwx A Dwy)
(DCM.9”) X ¢ :=1zVw (Pwz &> Vx (¢ - Pwx))

Calculus of Individuals

(TCM.51) 3zVw (Owz <> Owx v Owy)
(TCM.61) JzVw (Pwz <> Pwx A Pwy)
(TCM.71) Jzvw (Pwz <> Dwx)

(TCM.81) JzVw (Pwz <> Pwx A Dwy)

(ACM.1)

proper part
overlap
disjoint
general sum
sum
product
complement
difference
general product

universe



(TCM.91)

(TCM.52)
(TCM.62)
(TCM.72)
(TCM.82)
(TCM.92)

(TCM.53)
(TCM.63)
(TCM.73)
(TCM.83)
(TCM.93)

(TCM.54)
(TCM.64)
(TCM.74)
(TCM.84)
(TCM.94)

(TCM.10)
(TCM.11)
(TCM.12)
(TCM.13)

Jzvw (Pwz < VX (¢ = Pwx))

Vz (0zx <> Ozy) <> x=y

Flzvw (Owz <> Owx v Owy)
I1zvw (Pwz <> Pwx A Pwy)
Fzvw (Pwz <> Dwx)

FlzvVw (Pwz <> Pwx A Dwy)
Flzvw (Pwz < VX (¢ > Pwx))

Ilx ¢ > e(1x)

Vz (0Oz(x+y) <> Ozx v Ozy)

Vz (Pz(xxy) <> Pzx A Pzy)

Vz (Pz(~x) <> Dzx)

Vz (Pz(x—y) < Pzx A Dzy)

Vz (Pz(nx @) <> Vx (¢ = Pzx))

JyVvx (¢ — Pyx)

Vz (Pzx <> Pzy) <> x=y

Oxy
Jy Dxy
—Pxy

yVvx (¢ — Pyx)

Oxy

Jy Dxy

—Pxy

JyVx (¢ = Pyx)

Vw (Owz <> 3v ((Pvx v Pvy) A Ovw)) <> Vw (Owz <> Owx v Owy)

Vw (Owz <> 3v ((Pvx A Pvy) A Ovw)) <> Vw (Pwz <> Pwx A Pwy)

Yw (Owz <> v (Dvx A Ovw)) <> Vw (Pwz <> Dwx)

Vw (Owz <> 3v ((Pvx A Dvy) A Ovw)) <> Vw (Pwz <> Pwx A Dwy)

Vw (Owz <> 3v (Vu (¢ — Pvu) A Ovw)) < Vw (Pwz <> VX (¢ — Pwx))

E! (xxy) <> Oxy
E! (~x) & U=x

E! (~x) <> 3y Dxy
E! (x-y) <> —Pxy



1-N
2-N
3-n
4-N

(DL.1)

(DL.2)

IN

(TL.1)
(TL.2)
(TL.3)

a complete Boolean Algebra
8

xNx=x

xNy=yNx

xNy)yNz=xN(yNz)

xNxUy)=x
x<y:=xMNy=x
x<y:=xUy=y

xNy)UxNz) < xN(yUz)
xU@yNz) < xUy)NxUz)

without Zero

lattice
<A, U, N>

1-U xUx=x

2-U xUy=yUx

3-U xUy)Uz=xU(yUz)
4-U xUxNy)=x

zXx > (xNy)Uz < xN(yUz)

distribution law



(AL.1) Ny)UxNz)=xN(yUz)
(AL.2) xUy)NxUz)=xU(yNz)

distributive lattice
modular law

modular lattice

(AL.3) z<x > (xNy)Uz=xN(yUz)
1 0 X'
complement
(AL.4) xNx'=0
(AL.5) xUx' =1

complementary lattice

Boolean
algebra
(TB.1) 0=1 1=0
(TB.2) x =)
(TB.3) xNy)y=x"Uy' xUy)y=x'Ny
(TB.4) x<y © y'<x’
(TB.5) x<y o x'Uy =1
(TB.6) x<y o xMNy' =0

complete lattice

(DL.3) Wiela=a,Ua,U...UaU...
(DL4) Miela=a Na,N...NaN...

(TL4) U ielaU U ielb;= U iel(aUb)
(TL.5) MielaN Mielb;= Miel(aNb)



(TL.6)
(TL.7)

(TL.8)
(TL.9)

law

(TB.7)
(TB.8)

1-x
2-x
3-x

U iel(anb) < an U ielb;
aU Miielb; £ Miel(aUby)

U fel'( Mielayy) < Miel( U jelay)
U iel( M jelay) < M fel'( U ielay)

complete Boolean algebra

weak complete distribution

af Wielb,= U iel(anb)
aU Mielb;= Miel(aUb)

XXX =X 1-+ X+X =X
Oxy — XXy = yxx 2-+ X+y = y+x
Iw (Pwx A Pwy A Pwz) > 3-+ x+y)+z = x+(y+2)
(xxy)xz = xx(yx2)
xx(X+y) = x 4-+ Oxy — x+(xxy) =x
X+ 1 3
0 4

4-x Px(x+y) 1 Ox(x+y) Oxy —

P(xxy)x Plxx(x+y)]x ' Px[xx(x+y)]
Ox(x+y) (TCM.63) Vz (Pz[xx(x+y)] <> Pzx A Pz(x+y))
Pxx (ACM.1) Px(x+y) Px[xx(x+y)]
4-+ Px[x+(xxy)] P[x+(xxy)]x Pxx Oxy

13

P(xxy)x P(x+y)z <> Pxz A Pyz Px+(xxy)]x =



(TCM.20) Oxy — (Pxy <> xxy=x)"
(TCM.21) Pxy <> x+y=y"
(TCM.22) Oxy A Oxz — P[(xxy)+(xxz)][xx(y+2Z)]
(TCM.23) Oyz — P[x+(yx2)][(x+Y)*x(x+2)]
(TCM.24) Oxy — (Pzx — P[(xxy)+z][xx(y+2)])
(TCM.22) Oxy A Oxz P(xxy)x P(xxz)x P(xxy)y
P(xxz)z Py(y+z) Pz(y+z) P(xxy)(y+2z) P(xxz)(y+z) P(xxy)x
A P(xxy)(y+z) P(xxz)x A P(xxz)(y+z) P(xxy)[xx(y+z)] P(xxz)[xx(y+z)]
P[(xxy)+H(xxz)][xx(y+z)] =
(TCM.23) Px(x+y) Px(x+z) Px[(x+y)x(x+2)] Oyz
P(yxz)y P(yxz)z Py(x+y) Pz(x+z) P(yxz)(x+y)
P(yx2)(x+7) P(yx2)[(x+y)x(x+2)] PxHyx2)][(x+y)x(x+2)]
(TCM.24) Oxy W 21T P(xxy)x P(xxy)y Py(y+z) P(xxy)[xx(y+2)]
fth )7, Pzx Pz(y+z) Pz[xx(y+2)] P[(xxy)+z][xx(y+z)] =
(TCM.25) Oxy A Oxz — (xxy)+(xx2z) = xx(y+2)
(TCM.26) Oyz — (x+y)x(x+2z) = x+(yxz)
(TCM.27) Oxy — (Pzx — (xxy)+z = xx(y+z))
Px(y+z) A Dxz — Pxy
e Dxy  Oxy
(TCM.25) Oxy A Oxz — P[(xxy)+(xxz)][xx(y+z)]

(TCM.22)  Oxy A Oxz — P[xx(y+2)][(xxy)+(xxZ)] Pw[xx(y+z)]

Pwx A Pw(y+z) Dwy #) Pwz

Pwx A Pwz Oxz Pw(xxz) Ow(xxz) Ow(xxy) v



Ow(xxz) Ow[(xxy)+(xxz)] Owy Iv (Pvw A Pvy)

Paw A Pay Paw Pwx
Pax Pay Pa(xxy) Iv (Pvw A Pv(xxy))
Ow(xxy) Ow(xxy) v Ow(xxz) Ow[(xxy)+(xxz)] Yw
(Pw[xx(y+z)] — Ow[(xxy)+(xxz)]) (ACM.4)
Pxx(y+2)][(xxy)+H(xxz)] =
(TCM.26) Oyz — P[x+(yxz)][(x+y)x(x+Z)] (TCM.23) Oyz
= P[(x+y)x(x+2)][xHyx*z)] Pw[(X+y)x(x+2)] Pw(x+y) A
Pw(x+z) Dwx Pw(x+y) #) Pwy
Pw(x+z) #) Pwz Pw(yxz) Ow(yxz)
Owx v Ow(yxz) Ow[x+(yxz)] Owx Owx v
Ow(yxz) Ow[x+(yxz)] Vw (Pw[(x+y)x(x+z)] —» Ow[x+(yxz)])
(ACM.4) P[(x+y)x(x+2)|[x+(yxz)] =
(TCM.27) Oxy — (Pzx — P[(xxy)+z][xx(y+2)]) (TCM.24)
Oxy — (Pzx — P[xx(y+2)][(xxy)+2]) Oxy Pzx
Oxz Pw[xx(y+2z)] (TCM.25) Pw[(xxy)+(xx2z)]
Ow[(xxy)+(xxz)] Ow(xxy) v Ow(xxz)
Oxz — P(xxz)z Ow[(xxy)+z] Yw
(Pw[xx(y+z)] = OW[(xxy)+z]) (ACM.4) Plxx(y+2)][(xxy)+z]m
(ACM.4)
Xy
“xxy = 0’
(TCM.10)
X y disjoint
‘xxy =0’
‘Dxy’ XXy
=0 ‘Dxy
(AL.4)
xNx' =0 U#x — Dx(~x) 18
U#x — x+(~x) = U 19 (AL.S)

xUx'=1



(TCM.28) —E!(~U) E!(U)
(TCM.29) U#x — X = ~(~x)%
(TCM.30) U#x A Uzy A Uzx+y = [(~X)x(~y) = ~(x+Y)]
U#x A Uzy A Oxy = [(~X)+H(~y) = ~(xxy)]
(TCM.31) U#x A Uzy = Pxy <> P(~y)(~x)
(TCM.32) U#x = Pxy & (~x)+y=U
(TCM.33) Uzy — Pxy < Dx(~y)
(TCM.28) (DCM.10)
(TCM.31)
(SCTS5) Uzy —>
Px(~y) <> Dxy (TCM.29) (SCT55)
(##)
(TCM.31) Pxy Pw(~y) Dwy (##)
Dwx Pw(~x) (##) (TCM.29) Vw (Pw(~y) = Pw(~x))
P(~y)(~x) P(~y)(~x) D(~y)x  (##)
vYw (Pwx — —Pw(~y)) Pax —Pa(~y)
—Da(~~y) ##) (TCM.29) —Day (TCM.29) Oay
vw (Pwx — Owy) Pxy =m
(TCM.30) P~ (~x)x(~y)]
P(~x)+(~y)][~(xxy)] P~(x+y)][(~x)x(~y)] Uzx A Uzy
A U#xty O(~x)(~y) (~x)x(~y)
P[(~X)+(~y)][~(xxy)] U=x A Uzy A Oxy U#xxy
~(XXy) (TCM.63) SCT36
P(x+y)z <> Pxz A Pyz (TCM.31)
PI(~x)x(~9][~(x+y)]  P[~(xxy)][(~x)+(~y)]
PI(~x)x(~y)][~(x+y)] Pw[(~x)x(~y)] Pw(~x) A Pw(~y)
Pw(~x) (##) Dwx Pw(~y)
(##) Dwy Dwx A Dwy Dw(x+y)
Pw~(x+y) Vw (PW[(~x)x(~y)] >Pw~(x+y)) Pl(~x)x(~y)][~(x+y)]
P~(xxy)][(~x)+(~y)] Pw[~(xxy)] (##) Dw(xxy)
Paw —Pa(xxy) —(Pax A Pay) —Pax v —Pay —Pax
(##) (TCM.29) —Da(~x) Oa(~x)
Oa(~x) v Oa(~y) Oa[(~x)+(~y)] —Pay
Oa[(~x)+(~y)] Oa[(~x)+(~y)] Vv (Pvw — OV[(~x)+(~y)])

PW[(~x)+(~y)] Pl~o][(+x)+(~y)] =



(TCM.32) Pxy » (~x)+y=U Pxy PwU

(SCT54) (~x)+x=U Pw[(~x)+x] Ow[(~x)+x] Ow(~x) v
Owx Ow[(~x)+Y] PU[(~x)+y] PUx
— x=U (SCT51) (~x)+y=U
(~x)+y = U - Pxy (~x)+y =U Pwx (##)
(TCN-29) Dw(~x) Dwy Dw(~x) A Dwy
Dw[(~x)+y] DwU
Owy Vw (Pwx — Owy) Pxy m
(TCM.33) (#t) (TCM.29) ]
(ACM.5)
(DCM.11) >iela; :=1zVw (Owz < Ji (iel A Oxa,)))
(DCM.12) I'liela :=1zvVw (Pwz < Vi (icl — Pxa)

2 iel a;=1zVw (Owz <> Owa, v Owa, v...v Owa,)

I'liela;=1zVw (Pwz <> Pwa, A Pwa, A...A Pwa,)

>iela, = a+ay+...+a

I'Tiel a, ;= a,;xa,x...xa

21

(TCM.100) Ox[2iel a;] «» 3i (iel A Oxa))*
(TCM.101) IxVi (iel —» Pxa;)) > Vx [Px[I Ticel a;] <> Vi (icl — Pxa))]



(TCM.102)
(TCM.103)

(TCM.104)
(TCM.105)

(TCM.106)
(TCM.107)

(TCM.108)
(TCM.109)

>iela+>iel b;= > iel (ai+h)
IxVi (iel — Pxa; A Pxb) > [ [iel axI Iiel b, =1 [iel (a;xb;)

IxVi (iel — Pxa A Pxb;) — P[> iel (axb;)][ax>_ic] b]
IxVi (iel —» Pxb;,) — Pla+] Tiel bj][I Tiel (a+b;)]

IxVi (iel » Px>jel ay) > P[2fel(I'Tiel a ) ][I Tiel(Z]je) ay)]
IxVi (iel » Px>jel ay) > P[Ziel(I Tjel ap][I If e (Ziel ai)]

IxVi (iel - Pxa A Pxb;,) —» ax>iel b, = 2 iel (axb))
IxVi (iel - Pxb,) —» a+] liel b, = I [icl (a+b,)

D.1)  x-y=xUy)y
(D.2) x—y =x—(xNy)
(D.3) x—y=xMNy'

(TCM.40)
(TCM.41)
(TCM.42)

—Pxy — x—y = (x+y)-y
—Pxy A Oxy — x—y = x—(xxy)*
—Pxy — x—y = xx(~y)*



Algebra der Logik

25

membership

universal algebra 26
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